Ramsey theory

Smple example:

Given any set of (@ people either there are

2 among them sucdh that evervone knows everyone

else, or there are 2 among them such that no one

knows the other +wo.

Thn this statement @ can be replaced with any mteger
larger than 6 but it cawnot be replaced by 5



Example of 5 people not satisfying the condition



In language of graphs

A 2-edoge-colored graph eadn edge is either Red or Blue

(this coloring 15 not proper coloring).
Given a 2-edge-colored complete graph Ky and integers
P & 9 what we are interested in Is:

e ¢ither p vertices where every edoge is Reod

o or g vertices where every edoge 15 Blue



Rawmsev's Theorem

Given any two positive integers P & 4 there exists an

nteger R(PA) sudn that for nyR(PA) every 2-edge-colored

contans either a Red \4? or Blue Kq.

Pefmition. The swallest possible dnoice i this theorem

for BB 4d) 15 called Ramsey nuwmber of P and 49



€ xamples.

- R(P,2) ="

- /2(5/%):<0



Proof.

We have R(P, 2) = R (2,P) =P
For the other values of P& we apply nduction on P44,

taking P=0=2 as the base of mduction B (2, 2.)=4.

Thus we assume that R(P,49) exists whenever P+0<K and

consider o par of P&EI with P+a=K+1,




Proof.

We have R(P, 2) = R (2,P) =P
For the other values of P& we apply nduction on P44,

taking P=0=2 as the base of mduction B (2, 2.)=4.

Thus we assuwme that BR(P,4g) exists whenever P+0<K and

consider o par of P&EI with P+a=K+1,

Thas [R (P,a) < R(P,A-) + R(P1,4).







Generalizations:

N
-Hk: k-uniform complete hypergraph on n vertices

vertices: an n-set (e.g. i1, 2, ...n§= [n])

[n) )

Hyvper edge set: all k-subsets of [n]) ( .

L-edge-colored k-uniform complete hypergraph:

each hyperedge is assigned one of the L colors.

Ramsey's theorem (iven integers k, v, v, ... o k22,00

—
\V4
\T

there exists an integer (K, ¢, ¢, --. () sudn that
for ny K, 4, ¢ -+ ) in any l-edge-colored k-uniform on n vertices
hypergraph there exists an index | for whidh we have:

aon r.lusumlosenL of vertices whidh mduces a k-uniform

hypergroph all whose edges are colored with the ™ color



TInfinte Ramesy theory

(Given.
- An infinite set A
- A positive nteger k (k-subsets to be considered)

- 4 set of [ colors (1, 2o, --()
- A coloring @ of the k-subset of A.

conclusion.
An infinite subset A of A where all k-subsets

have a same color.






Kénig's Lemma:

Tn every locally finite, connected, nfinite +ree

there exists an wmfiite path



Extremly difficult question:

Determine R(PA) or  R(r, ¢, .

what 15 known:

P (2 2)=0 A
R (2, 4)=9 R (4, 5) = 25
Q(%/ 5) :14’
?(5) (0):/{%

R (2,10) € §40,41,42.3

+2

R(2, +) s of order

-

l

)

n general

\Q log+
tvery triangle-free graph on n vertices has
an idependent set of order 4 ({n logn)



WMos+ special cases that are open:

42<P(5,5) <45
102.< R(0,0) €165



Best upper bound:

R(P,9) < RPI1) + BR(P1,49)




Best lower bound:

total number of 2-edge-colorings ?




Best lower bound:

total number of 2-edge-colorings 7

total number of 2-edge-colorings where

a given KP IS monodaromatic?

0
s .Lff (Y\P\ Z 9_( ﬂ | e there exist om @dgzcgbyv‘mﬁ W tthg Wt

A oot LC K.

)
S Q0,9 leow) 29"



Lower bounds by (alggbraic) constructions:

T an addifive) group

Soa subset of [T, normally assumed to satiofy XesS =xeS

Cavley graph (V,S)

vertex set: elements of

-edge set: X -y & X-yeS



£ xamples

C(,2) \/6 Wisbins

Other names: Wagner oraph

(n classification of ¥, -minor-free graphs)






-'T"oleldv (_’:/*—/‘)

g . . , ‘
(T';‘\')? an additive group with O as identity

(—:..D,‘)'- a wultiplicative group with 1 as identity

-

Both are commutative and, moreover, a(b+c)=ab+ac

Finite Field: a Field where F 15 a finte set.




teld (F,+,9)

(F/’\’)? an additive group with 0 as identity

(F——D )~): a wultiplicative agroup with 1 as identity,
Both are commutative and, moreover, a(b+c)=ab+ac

Finte Field: a Field where F is & finite set.

Bxamples: 29,245, Ty, T5) T,y Toy 26’ Zq7
2;2 X ZLZ ?



GF(4) Feld on 4 elements

x 1O 1 2 %

+1 012 %




(qolios theory A fiite field of order ¢ exists If and only If

d=p" for a Pprime number P.



(Golios theory, £ fiite field of ocder g exists I and only if

d=p" for a prime number P.

Question. How To buld GF(G)?

Note: Any two fiite fields of a sawe order are isomorphic



for n=1, e. 9=", (&Pﬁr,X) s the finite field of order P
Tor ny 2 we consider a polynomial T(x) of degree n whose

coefficients are from Z, with the property that T 15

rreducible on ZP X7,
s £ 2 a0

Homework. There exists such a polynomial  for every n > 2.

Theorem. ZP{K]/F(K) i« the field of order p".



Examples

TIn GF(2) the polynomial f(x) = x"+x+| is irreduciple.

To buld GF(®) we take x3+x+’l

2 Jou wmay replace it with  x+1)

(that means each time you see an X
coefficent of polynomils come from GF(2), thus {0, 15, and, therefore,

all coefficent are 1 mn this example.



Examples
In GF(2) the polynomial f(x) = K"+x+| s irreducible.

To buld GF®) we take ><3 +X+1

>

(that means each time you see an x~ vou way replace it with x+1)

coefficent of polynomials come from GF(2), thus £0, 15, and, therefore,

all coefficient are 1 in this example.
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Quderatic Residues:

Solutions of x=a~ in GF(4)

Examples: QR (25 = {15
QR (Z}) = §1 2,-35.

Homework: TF d=1 (mod 4), then -4 & QR (GF(9))

Tf 9=2(mod 4), then ¢ QR (GF())



Paley graph of order (=1 (med 4),

(Gﬂ:(q), QR(GF (4)))



Paley graph of order 5



Paley araph of order1t



Analogue of Ramsey theory for oriented graphs:
Ty Tournament of order n

T‘l’n: transitive tournament of order n

Theorem. For every k fhere exists an f(k) sudn that for n (k)

every T, contams a copy of TT .



