Vizing theorem. X (&) ¢ s (xG) %8

k, simple

For multigraphs we have two mnequalities:
1, X/(G) $ B+ /u-\» L ONX (M v mw(/cipuﬂ‘\”j

9. ‘X/(G) < %A e xtermak cose: @

Homework:

Determine X (K, )
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Proof.
Wain tedanidque: Kempe chain

. o—a e _e e WX twal QG poft\r\
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we follow a proof by Ehrenfeudnt, Fabor, Kierstead.

Stronger clawm to Pprove:

ASSUM:. 1) dov <k
2) for every u~Vv, dw <k
2) for at most one u~Vv, dw#k
4) -V is k-edge-colorable.
Then (G is k-edge-colorable.
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we folow a proof by Ehrenfeudnt, Fabor, Kierstead.

Stronger clawm to prove:

ASSUM. 1) dw <k

2) for every u~Vv, dw <k

2) for at most one u~v, dw=tk

4) G-v is k-edge-colorable.
Then (g is k-edoge-colorable.

s ()(lC(,,\ ¢ BLE) v\ | woreover, if vertices of degree A (G)

nduce a forest (no cvele),

then  xle)=A(6)
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Proof of the stronger claim by induction on K

Based on nduction. k=-0/ k=1

TInductive assumption: the statement holds for K-1.

Our task: to prove i+ for K

Let G be a graph together with a vertex v such that
G and v satisfy the four conditions.






S‘(’BPL Ardd Penda,n+ edges so that:
diw)-k, dew)-dw)=-- -d@,)- k1.









StepZ. Color edges of G-v using k colors.






{

Fi=

Stepd.  Define X.:

vertices U missing color |
X, =1

'X,)_ - iu-a.}

Ky =3tka, Wy S

‘Xq :{u.\,u%, Uy, u.,)}
























{

Fi=

Stepd.  Define X.:

vertices U missing color |
X, =1

'X,)_ - iu-a.}

Ky =3tka, Wy S

Xq :iu.\,u%, Uy, u.,)}



Observation:

™ V
v \‘X{\: Q-\&—\

=\

D
2
./
7 L
4 : < 5
4 L
I/
171 -
'1

we wish to make these sets of nearly equal size.

How +to do that?



Observation:

K
Ll = 2% =)

=\

Show that at least one [X =1
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Construction of graphs of makimum degree 2

which are not 2-edge-colorable.

A gadget:

Tn every 3z-edge-coloring of fhe gadoet paralel edges

of one side receive a same color and the three

other pendant edges receive 2 dif ferent colors.
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Corollary. The graph obtamed from K, ,
by subdividing one edae

15 not 2-edge-colorable.

<
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Homework. The Petersen graph is not 2-edge-colorable.




Edge-coloring
vertex-coloring

Gr
L (G)

A =X
—_—>
AL 2Kk-7
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Bemeke theorem: (L)< 9((1__(@.)) < (Ley) ]

A graph 15 Hhe line graph of a graph G
f and only if (t does not have any of the

followmng ¢ graphs as a subgraph.
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Strenthening Vizing theorem (Kierstead)

——

If H 15 a graph with no wmduced K, or K
then  X(H) € tw@G), wW(G)+13



Iwmproving Vizing theorem for bipartite graphs:

Theorem. If (G is a bipartite graph, then
X(@) = 2@

We will prove it using a win-max theorem



Definition:

m(@): size of maximum matching of G

\

A set of edges with no common vertex

¢ (&) order of a4 winimum OO\fr of G

fr set vertices that cover all edges

3 N
| )"
I O

Theorem. If G is a bipartite graph, then

m(G) = ¢(@)
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T Xample
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Lemma. ITf G is a bipartite graph with at least one edge,

then 1t has a vertex u which belongs to every

maximum matdning,

Proof. In fact we prove that for every edge uv one of

u or v satisfies the condition of the lemma.

Toward a contradiction, suppose for an edage uv fhere

are matdangs Wiy and W, eadr of makimum size

where WM, misses the vertex u and W, misses the vertex V.

A
77
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PN

Consider The subgraph induced by Wy (J ™My,

Let P be the connected component of this subgraph

that contains the vertex W.



v
L4 TP
' >, f N\
| ’ |
Claim1 P s a path (not a cycle).

ClamZ. P starts with a red edge and ends with a green one.

Claim 2. The vertex V does not belogn to P.

Becawse G is brpartite, Last vertex of P is in the same part as u,

but VS U the gthey ot
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AN

—

Tn P switch red and green




Theorem. If G is a bipartite graph, then wm(G) = ¢(G)
Proof. BY duction on m(G).

Tf m(@)=0 thenV
Also if M(G)=1 then V4

Assume that the clam s valid for m(G) < k-1
and let G be a bpartite graph with m(G) =k



Theorem. If G is a bipartite graph, then wm(G) = ¢(G)

Let A be a vertex whidh 1s i every maximum matdang,

Consider (G-u.



Corollary. Tf G 15 a K-regular bipactite graph, then X (@) =k



Corollary. For every bipartite graph (3 we have

X(G) = AG)



Corollary. Line graph of every biparfite graph G satisfies:

X(L(G)) = w(@))

Valid for every induced subgraph of LIG)



Perfect oraph: A ograph G where every induced subgraph 11—,L satisfies

X(H) = w(H)



Homework.

1.9n0w fhat for kx2 the odd cycle C,,,

ond 1ts complement are not perfect.

2% Gnow that there are graphs with
wW(@) =2 and X(@G)=k  (for every k).

2™ Show that for every g and k fhere ekists

a gradh G whidr has no cycle of length smaller

than 9 and has daromatic number k



