H@W}WPMSW\.
L betweem etructuces A o similor neture

A YY\,&FdOL'V\(% O‘? the (9"{0%/7( set t0 the gTOWMK set

wle oYe serves e main strugtwres .
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Example. 2 _ SAT

(ix\;&\\!; -“i'x'ﬂﬁ(m%) (X\ /;)_(1))(4(,) s ( ‘)) = (S-T)¥§J <T'T’T) ) T ( \)
L clauwses oM twip\e» Ybur \F,F,F\
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Core of G:
(The) swallest subgm\o\\ ¢ ot ¢ such that G — G

Exa,m p\e

VASIEYAN

Homewovk, Prove +thet, up @ 0MoIphism, the core of

agmph is dnique.
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2. What is the most naturol
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signed graph: A graph where eadn edge is assigned a sign
+ Positive - negative

Notation. (G,6 )

sigha ture
gra.ph

Examples;










Wain terminology:  positive cvcle negative cycle

(balanced cvcle) (unbalanced cycle)

i

reflecting the fact that the rule of

"“Friend of a friend is a friend"

applies.
posiJri\/e/neqah\/e closed walk

Balanced signed graph: signed graph with no negative cvcle

Antibalanced signed gro.ph: where odd cycles are negative
even cycles are positive.



Switching (what wakes I different from 2-edge-colored ographs).

of .
To multiply signs edges incident to a veetex to -

G= Y, £ &)

Switdning at all vertices of a subset X of vertices:

to multiply signs of all edges in the edoge cut ()(,\/-—)() to a -
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Parallel terminologies

“kesgming  switdhing
ottd” negative

edd—cyrie.  negative cvcle
—parte balanced

G,s) in place of (G,5) where £ is the set of negative edges
(ie. 5 - ¢7'(4)

=—\7,8) , G-.=(a,s)



How may theory of signed graphs help?
1. Stronger results

Thearem. Every ¥, -mior—free graph 15 3-coorabe,

m\ﬁ NP-hard for general graphs

how to generalize so to mclude bipartite graphs?



How may theory of signed graphs help?

2. Fill the gap i theories

Example. T, . () obtamed from G by replacing eadn edge
with a path of length 2k

Theorem.  X(G) < 2K+ <> T, () —> C

21«41

Question. How fo capture 2k-coloring?



How may theory of signed graphs help?

2. Developing proof tedmiques that are wnot possible for graphs.

We plan to present pne such an example in todayvs lecture.
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Homework. Given a graph G how many wnon-eduivalent

signatures we have on 57

Hint. Number of connected components is important.



Question. Given two signatures 6, & 6, on a agraph (3

how can we decide if ((,6)=(G,5,)7?

A "NO" answer: f a cvcle C is positive in one and

negative In the other



Question Given two signatures 6 & 6, on a graph G

how can we decide f (61;61)5(0’1;5'2)?

A "NO" answer: if a cvcle C 1S positive m one and

negative in the other.

A MES" answer: otherwise, e. when every cvcle has a

same signe I both signature.

Question: Do we need to dneck all the cycles?



Observation.

Any two signatures on a tree are equivalent.



T: spanning free of G

T n (G,Gf)

T (G,GQ




Hararv. (G, ) is switdh-equivalent to (G,+) if and only if it is balanced.

no negative cycle

Zaslarsky. (@, &7) and ((,6,) are switdr-equivalent if and only if

every cycle of G has a same sign in both



Two theories to develop on singed graphs
~theory of minor (a brief mention)

-coloring and homoworphism  (cur mamn focus)



Homoworphism &  Homeomorphism

Given two structures of same type a mapping of ground elements
of one +o the ofher where the wam structures are preserved.

Example. Group () 5 (5%
Homomorphism TC(X‘\‘%):WC (K)*f(\d)

Topology (T 0,) f, (T, 0,)

Homeomorphisim

Aéoq:mf(jg()é OZ



Homomorphisms of graphs 6] _%L}

£ V(G) = V(H)
X~ = f(x)~fy)

Homework. X(G)= smallest number of vertices of

a homomorphic wage of (G where

tiere exists no loop.



Homomorphisims of signed graphs:
Before formulating a defintion must decide what are the wain structures.
Vertices form fhe ground sets. Tdges are main part of the structure

- View 1 Sign of edges are part of the wam structure.

- ViewZ2. Signs of cycles and closed walks are part of the main structure

(n this view two switch equivalent signed graphs are regarded +o be identical)

View 1 leads to the notion of homomorphisms of 2 -edge-colored graphs

(studied smce 1930's)

Our main mterest s based on the View 2, but fhere 1s a strong

connection fo View



Homowmorphisims of signed graphs.

Pefinition. Given signed graphs (§,67) & (H, 1) a mapping

of V(G)yto V(H) (and €(G) to EM)) is said to be

a homomorphism of (G,6 ) to (H, 1) If i+ preserves

djacencies, (incidences) and signs of closed walks.

T+ 15 said to be edge-sign prserving homomorphism if

it furthermore, preserves signs of edges.

D M
Q { /3/77

Examples



Comment. The edge mapping is mplied unless (H,rn) contains a,digon.

Theorem. Signed ograph (G, ) admits a homomorphism to signed oraph (H, m)
if and only f for some switching (G,6’) there exists an

edge-sign preserving homomorphism of (G, 6') +o (H, m).



Observa.tion

Any signed graph admits a homowmorphism to K:.

'

Given k-free signed graph (G,5°) we defie X (G,6) to be the

A notion of dacomatic number:

minimum  number of vertices m a Kfq‘lree homomorphic image of (6;,6“ ).

Question. Given imteger nx1, what is the largest Xh(e,)s)

over all possible signatures?

Comment. The answer 15 closely related to the Ramsey
number R(P, P).



Observation. Tn a mapping of (4,6 ) to (H, ) the mage of

every closed walk s a closed walk whidh has
& same (parity) of length and a same sign

This leads to four notion of girth:
9.,(G8): length of shortest positive even closed walk,

@10(@,5): length of shortest negative even closed walk,

@O,l(@;,s'): length of shortest positive odd closed walk,

@,H(O’I,G’)l length of ghortest negative odd closed walk.

Example. ?><J’
«—

2 4 \:\__.. . . R ‘ o |
%0 GR=2, 4 (GaS=4, 9 (Ge)=D, 9 (G




The mamn no homomorphism Lemma.

Tf Go) —> (H, ) Hhen,

for 6\/6!”\4 € ZZZ



A wmam duestion:
when do the conditions of the no-lhomomorphism Levmma

(or similar but stronger conditions) become sufficient™



€ xample

For (H, m)=(K, -) and all planar signed graphs.



£ xample

For (+, 1)=(K;, -) and all planar signed graphs

satisfying stronger condition of

). Go) > 9 Hm 2



