signed graph: A graph where eadn edge is assigned a sign
+ Positive - negative

Notation. (G,6 )

sigha ture
gra.ph

Examples;




Wain terminology:  positive cvcle negative cycle

(balanced cvcle) (unbalanced cycle)

i

reflecting the fact that the rule of

"“Friend of a friend is a friend"

applies.
posiJri\/e/neqah\/e closed walk

Balanced signed graph: signed graph with no negative cvcle

Antibalanced signed gro.ph: where odd cycles are negative
even cycles are positive.



Switching (what wakes I different from 2-edge-colored ographs).

To multiply signs of edges mcident fo a vertex +o -

Switdning at all vertices of a subset X of vertices:

To multiply signs of all edges n the edge cut ()(,\/—)() to a -



Parallel terminologies

“kesgming  switdhing
ottd” negative

edd—cyrie.  negative cvcle
—parte balanced

G,s) in place of (G,5) where £ is the set of negative edges
(ie. 5 - ¢7'(4)

=—\7,8) , G-.=(a,s)



From classic graph theory

- dharewatic number

_ fractional darematic number
- owreular dacomatic numwber

- edae-dncomatic number
- fractional edge-chromatic number

-ninor
“Nemomorplyism



Wotivating results and conjectures

to study coloring and homomorphisms of signed graphs:

The four-color theorem: every planar (simple) graph can be

[Conjectured: Guthrie, 13521 ‘PY‘OPGY’M 4*00[0r6d‘
[Proved: frppel, Haken, 19%6)

Reformulation of it: Every bridgeless cubic planar (multi)graph

[Tart, 10490)
can be 2-edge-colored.

Hadwiger's conjecture: Every graph with no K -wminoe 15 (k-1 - colorable.

Jaeger conjecture: ©very f(k-connected agraph admits a circular (2k +1) -flow.

(dual W planar case) Every planar graph of girth at least £ (k) maps to C

2 K+

Original conjecture f(Q=4k works (disproved). [Han, L, Wa, Zhang, 2018]

planar case: £(K)=4k rewams open
odd-girth 4kt mstead of orth is propesed by C.Q. Zhang

Best result so far: £ (K)=@¢k works.
[Lovasz, Thomassen, Wu, Zhang, 2.012)



How may theory of signed graphs help?
1. Stronger results

Thearem. Every ¥, -mior—free graph 15 3-coorabe,

m\ﬁ NP-hard for general graphs

how to generalize so to mclude bipartite graphs?



How may theory of signed graphs help?

2. Fill the gap i theories

Example. T, (G) obtamed from G by replacing each edge
with a path of length 2k-1.

Theorem. X(G) < 2K+ <= T, (&) — C
2 1<+
Lindicator construction,

Hell & Nesetrl]

Question. How to capture 2k-coloring?



How may theory of signed graphs help?

2. Developing proof tedmiques that are not possible for graphs.

We plan to present two such examples m these lectures.



Homework. Given a graph G how many wnon-eduivalent

signatures we have on 57

Hint. Number of connected components is important.



Question. Given two signatures 6, & 6, on a agraph (3

how can we decide if ((,6)=(G,5,)7?

A "NO" answer: f a cvcle C is positive in one and

negative In the other



Question. Given two signatures 6, & 6, on a graph G

how can we decide i ((,6)=((,6,)7?

A "NO" answer: if a cvele C 15 positive in one and

negative in the other.

A NES" answer: otherwise, ie. when every cvcle has a

some signe in both signatures.

Question: Do we need to dneck all the cycles?



Observation.

Any two signatures on a tree are equivalent.



T: spanning free of G

T n (G,Gf)

T (G,GQ




Hararv. (G, & ) is switdh-equivalent to (G,+) if and only if i+ is balanced.

no negative cycle

Zaslavsky. (@, ;) and (G, 6,) are switdr-equivalent if and only if

every cycle of G has a same sign in both



Two theories to develop on singed graphs
~theory of minor (a brief mention)

-coloring and homoworphism  (cur mamn focus)



A minor of (&, @) is obtaned by

- deleting (vertices or edges)

- confracting a positive edge

- switdhing



A minor of (G, @) is obtained by

- deleting (verfices or edges)

s can kil a cycle but woud not dnange s sign

- contracting a positive edge
\_4 does not dhange sign of cycle
- switdhing
\% also does not




Homework. Determine the class of signed graphs which

do not have a -MINor.

wWhidh members of the previous class can be

switdhed +o all negative edges?

What can you savy about the daromatic number of

the graphs n this subclass?



An odd K,:

fr subdivision of a (plane) K, where eadn face 1s an odd cycle.

An example




Homework. Show that a graph G has no odd Ky (as subgraph)

f and only if (G,-) has no (Kﬁr’ J-minor.

Theorewm (Catln). Graphs with no odd Ky are 2-Colorable.

Restate the theorem in the language of signed agraphs.

Propose a generalization.

Find a statement of "odd Hadwiger conjecture’ and compare it

to Your generalization.



(H; ﬂﬁ—minor problem
Taput: A signed graph (G, G).

Outout: VES if (H, 1) is a winor of (G, s ).

- No otherwise.

Polynomial time solvable as shown m PhD. thesis of

Tony Chi Thong Huvnh



Graph-minor theorem (by Sevymour & Robertson)

Tn any infinite set of graphs there are twoe graphs

of whidh one is a minor of the other.

Extension to special classes of Watroids, which includes signed graphs,

5 announced n 2011, by J. Geelen, B. Gerards, G. Whittle.



Homoworphism &  Homeomorphism

Given two structures of same type a mapping of ground elements
of one +o the ofher where the wam structures are preserved.

Example. Group () 5 (5%
Homomorphism TC(X‘\‘%):WC (K)*f(\d)

Topology (T 0,) f, (T, 0,)

Homeomorphisim

Aéoq:mf(jg()é OZ



Homomorphisms of graphs 6] _%L}

£ V(G) = V(H)
X~ = f(x)~fy)

Homework. X(G)= smallest number of vertices of

a homomorphic wage of (G where

tiere exists no loop.



Homomorphisims of signed graphs:
Before formulating a defintion must decide what are the wain structures.
Vertices form fhe ground sets. Tdges are main part of the structure

- View 1 Sign of edges are part of the wam structure.

- ViewZ2. Signs of cycles and closed walks are part of the main structure

(n this view two switch equivalent signed graphs are regarded +o be identical)

View 1 leads to the notion of homomorphisms of 2 -edge-colored graphs

(studied smce 1930's)

Our main mterest s based on the View 2, but fhere 1s a strong

connection fo View



Homowmorphisims of signed graphs.

Pefinition. Given signed graphs (§,67) & (H, 1) a mapping

of V(G)yto V(H) (and €(G) to EM)) is said to be

a homomorphism of (G,6 ) to (H, 1) If i+ preserves

djacencies, (incidences) and signs of closed walks.

T+ 15 said to be edge-sign prserving homomorphism if

it furthermore, preserves signs of edges.

D M
Q { /3/77

Examples



Comment. The edge mapping is mplied unless (H,rn) contains a,digon.

Theorem. Signed oraph (g, 6) admits a homomorphism to signed graph (H, m)
if and only if for some switdhing ((,6") there exists an

edge-sign preserving homomorphism of (G, 6') +o (H, m).



Tmportant wnote:

Notions of “isomorphism” and ‘auntomorphism” depend on

our view and dhoice of homomorphism: edge-sign preserving
homomorphism or switch omomorphism. Associated defmitions

ke "vertex tfransitive’ and "edge-transitive’ dnange accordinglv

under edge-sign preserving homomorplism @ @ under switdn homomorphism
the only automorphism: Dinedral group Ty (& elements)
Thus Gy is!
OL = 0‘ @ @ verteX—transitive &

b = C edge - transitive.



Pefinition

o Core of a signed graph (0, €) 15 & winmal subgraph of
(G, ) to whidh (G, ¢) admits a homomorphism

* A core IS a signed graph which is 1ts own core.

Heomework.

Ay two cores of a signed graph are isomorphic.

(with respect fo botih notions of homomorphims).



Hovvxework.*

How wany non isomorphic signed graphs we can build

on the Petersen graph?



Observation. ITn a mapping of (&,6) to (H,n) the image of

every closed walk s a closed walk whidh has
& same (parity) of length and a sawe sign

This leads to four notions of girth:
9.,(Ge): length of shortest positive even closed walk,

%,0(@s): length of hortest negative even closed wal,

@01(0’1,6’)1 length of shortest positive odd closed walk,

(ﬁ,H(O’l,é“)i length of ghortest negative odd closed walk .

Example. ?><J’
«—

2 4 \:\__.. . . R ‘ o |
%0 GR=2, 4 (GaS=4, 9 (Ge)=D, 9 (G




The mamn no homomorphism Lemma.

Tf Go) —> (H, ) Hhen,

for 6\/6!”\4 € ZZZ



A wmam duestion:
when do the conditions of the no-lhomomorphism Levmma

(or similar but stronger conditions) become sufficient™



EX&LW\PlG [the four-color theorem)

For (H, m)=(K, -) and all planar signed graphs.



"E)(a,VV\Ple [Grotzsdn's theorem)

For (+, 1)=(K;, -) and all planar signed graphs

satisfying stronger condition of

9 C,6°) > @ (H )+ 2.



