DU(G, ) Pouble Cover of (G, ¢)
vertices: two copies of \/(O’l) \/L(G') v \/12 (G’])
edges: x I x\ Is a positive edge, then

X~ & X, ~

x 1t X\ IS A hegative ed@e, then
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(G, @) De((, 6)

switdh at a switdh the place of
vertex X X, with X,

\

Example I \I —
S
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EDC/(O’U (0) £ xtended -Double C/O'\/er O‘F (6]) 6)

vertices: two Copies of \/(O’l) \/L(O’l) V \/,lz (O’])

—

If av is a positive edae, then
XM & X, ~ Y

PoSItIVe edges:  x

x 1f ayv is a negative edge, then
X~y & X, ~ M)

negative edges: X ~ X,
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Example
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Special examples

I
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First defintion of SPO(A), the
Signed Projective Cube of dimension d

SPC(O) the projective cube of dimension O. Q

SPC(1) the projective cube of dimension 1. O

spe(d) = EDC(SPC(d-1))
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SGCOV\d d@}cm’l‘f\()n (Where the namwe comes from)

%Ldi HMP@I"O(MD@ of dimension d
(# ten e o)~ g

@-l', - sign to the edges corresponding to 2
+ sign to all other edges

SPC(A) 15 obtamed from (HM,@.' ) by dentifying

antipodal pairs of wvertices.
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Tlf“rd d@‘F.IY\.I‘I'.IOY'\ (as augmented cube)
SPCd 1S obtained from -H y by considering i+s edges as

positive edges and adding a negative edge between eadh

palr of antipodal vertices.
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—‘\:Or‘\'h deﬂmﬂoﬂ (as Cavley graph)

SPC(d) — (Zdz/ ey €y, O, L 33)

Loy €y, O, ¢, J5 can be replaced with any basis as positive

elewents and therr sum as the negative elewent.

Homework Prove that all these defimitions result m a same signed graph.


Reza Naserasr


Reza Naserasr


Reza Naserasr


Reza Naserasr



?I‘F‘H/\ d@fm'ﬁ'\()ﬂ (as Ppower graph of Qd)

Vertices: Subsets of Vvertices of C o

(those of ewven order)

Edges: A~B if ther symmetric difference is an edoe of O—d-ﬂ‘

Signature: sign of AB is the same as sign of the edoe

It corresponds to, Le. ALP.


Reza Naserasr


Reza Naserasr



Sixth definition

D@f‘“\‘i’i()ﬂ O]C #wpercube as & POSB‘{’ (o reminder)

]
ViH,) = -

EMH): A~B if AcB ¥ [B=|Al+1
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SPC/O( as a projected poset
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SPC: @
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Properties of SPC(d)

x Lts negative gicth 1s d4.

x T very negatfive cycle 1s of same parity as d+l.

* Every positive cycle 15 even.

Proofs are left as homework
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Theorem. 4 signed graph (G 6) maps to SPUA) if and only If

T(G) can be partitioned wto € ,E,, . € sucl Hot

(G, €j for each 1,15 switdh equivalent to (G,0)

Proof
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Theorem. 4 signed graph (G 6) maps to SPUA) if and only If

T(G) can be partitioned wto € ,E,, . € such tha t

(G, €), for each 1 is switdh equivalent to (5,6)-

Corolary A geaph G s 4-colorable i and only if E€(G) can

be partitioned mto 3 sets €%, 1{% such that:

"eatn €. contains an odd number of edges of eadn odd cycle

and an even number of edges of each even cvele!
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Conjecture. Given a signed planar graph (G, @), \f
INaserasr,

Guenl g (G, 6) > 9, (SPOA) for every yeZ,

then (G, ) — SPC (d).
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Conjecture. Given a signed planar graph (G, @), if
g2
9.,(G, 6) > 9 (SPUA)) for every eZ,,

then (G, 6) —> SPC (d).

[Naserasr,
Guenin]

Comments.

1. To formulate the conjecture for odd values of d, B Guenn

introduced the wotion of "switdn" homowmorphisms of signed graphs.

2. The conjecture 15 expected to lold on larger classes of signed graphs:

planar < Kg—mmor«free = oK _,-)-minor

5

2 T+ generalizes the four-color theorem and it 15 strongly related +o

some related conjectures.
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Comments

Folding Lemma. I (G, @) i1s a signed planar connected graph
[Klostermever-zhang,

Naserasr-Rollova-Sopena) Where 901(@1 @):OQ ) 'Hﬂem |+ has /8 Pla\ﬂar

image where every face is of length 9 (G, ()

Corollary. Tn a winmum counterexample to the conjecture for SPC(d)

every facial cvcle s a negative cvcle of length d+1.
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Fraction daromotic number.

(n, k) -coloring of G assignment of colors from [n] to the vertices
of G sudh that 1 eadn vertex gets k colors,

2. adjacent vertices have no common color.

)(k(@):: min ¢n | G admits an (n, k)-colorings.

)(k(&)
k

X (G)=1nf
Note: Given ;—) > to decde If an mput graph G satisfies

XF (&) ég s NP- complete.
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)(k(@) - minmum number of colors used to assign k-colors 1o

each edge sudh that eadn color class 1s a matdning

X_(6)
=

X_ (G) = inf

Follows from the defmition:

Given a color | and a subset Z. of vertices,

at wost %_I edges induced by Z are of color i
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Follows from the definition:
Given a color i and a subset Z. of vertices,

at wost %_' edges induced by Z. are of color i

Thus, the total number of colors is at least: € ()|
B
2

Focusing on odd subsets we have:

X (@) > 2E)

for every odd subset Z of vertices.
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Defnition

MG = max § ZIE(Z)IE |
2 odd 17| -1

Theorem. For any multigraph G we have
X.(G) =max {A(G), \(@)3.

Corollary. Tf G 1s a k-regular wultigraph, then X;(O’l):k

f and only for every subset Z of V(&) with (2] being odd

the edge cut (Z, V\2) has at least k edges.

Proof of the corollary is left as a homework.
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Conjecture. For every planar multigraph we have

[1Sevymour)
(@ = Ty @)l

Note : Restriction to planar cubic graph s the Tait's

statement whidh 15 edquivalent to the 4CT.

Conjecture. ITf G s a planar k-regular multigraph where

(restrictio to

special casey  for every odd subset Z of vertices, the edg cut

(Z ,N'\Z) is of size at least k, then ¥ (G) =k.
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Conjecture. Given a signed planar graph (G, @), if
case . ?'
fooe @ g (G, 6 > 9, (SPU) for every yeZ,

then (G, 6) —> SPC (d).

Conjecture. T G s a planar k-regular multigraph where

1P, case k) .
for every odd subset Z of vertices, the edg cut

(Z , '\ Z) is of size at least k, then Y (&) =k.

Theorem For d=k, Ald) holds if and only f B(k) holds
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Proof of the theorem
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