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Abstract. In this work, we study the notion of circular coloring of
signed graphs which is a refinement of 0-free 2k-coloring of signed graphs.
The main question is that given a positive integer `, what is the smallest
even value f(`) such that for every signed bipartite (simple) planar graph
(G, σ) of negative-girth at least f(`), we have χc(G, σ) ≤ 2`

`−1
. We answer

this question when ` is small: f(2) = 4, f(3) = 6 and f(4) = 8. The re-
sults fit into the framework of the bipartite analogue of the Jaeger-Zhang
conjecture.
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1 Introduction

The theory of graph homomorphism is a natural generalization of the notion
of proper coloring of graphs. It’s well-known that the C2k+1-coloring problem
captures the (2k + 1)-coloring problem via a basic graph operation: Given a
graph G, let G′ be the graph obtained from G by subdividing each edge into a
path of length 2k−1. ThenG′ admits a homomorphism to C2k+1 if and only ifG is
properly (2k+1)-colorable (see [6]). Moreover, a graph admits a homomorphism
to C2k+1 if and only if its circular chromatic number is at most 2k+1

k .
A famous question relevant to the C2k+1-coloring of planar graphs is the

Jaeger-Zhang conjecture (introduced in [17] and studied in [16],[1],[8],[5] among
others):

Conjecture 1. Every planar graph G of odd-girth at least 4k + 1 admits a ho-
momorphism to C2k+1, or equivalently, χc(G) ≤ 2k+1

k .

Using the notion of circular coloring of signed graphs, we explore the theory
for (negative) even cycles. A signed graph (G, σ) is a graph G (allowing loops
and multi-edges) together with an assignment σ : E(G)→ {+,−}. The sign of a
closed walk is the product of signs of all its edges (allowing repetition). Given a
signed graph (G, σ) and a vertex v of (G, σ), a switching at v is to switch the signs
of all the edges incident to v. We say a signed graph (G, σ′) is switching equivalent
to (G, σ) if it is obtained from (G, σ) by a series of switchings at vertices. It’s
proven in [15] that two signed graphs (G, σ1) and (G, σ2) are switching equivalent
if and only if they have the same set of negative cycles.
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A (switching) homomorphism of a signed graph (G, σ) to (H,π) is a mapping
of V (G) and E(G) to V (H) and E(H) (respectively) such that the adjacencies,
the incidences and the signs of closed walks are preserved. When there exists a
homomorphism of (G, σ) to (H,π), we write (G, σ)→ (H,π). A homomorphism
of (G, σ) to (H,π) is said to be edge-sign preserving if it, furthermore, preserves
the signs of the edges. When there exists an edge-sign preserving homomorphism

of (G, σ) to (H,π), we write (G, σ)
s.p.−→ (H,π). The connection between these two

kinds of homomorphism is established as follows: Given two signed graphs (G, σ)
and (H,π), (G, σ)→ (H,π) if and only if there exists an equivalent signature σ′

of σ such that (G, σ′)
s.p.−→ (H,π).

Observe that the parity of the lengths and the signs of closed walks are
preserved by a homomorphism. Given a signed graph (G, σ) and an element
ij ∈ Z2

2, we define gij(G, σ) to be the length of a shortest closed walk whose
number of negative edges modulo 2 is i and whose length modulo 2 is j. When
there exists no such a closed walk, we say gij(G, σ) = ∞. By the definition
of homomorphism of signed graphs, we have the following no-homomorphism
lemma.

Lemma 1. [13] If (G, σ)→ (H,π), then gij(G, σ) ≥ gij(H,π) for each ij ∈ Z2
2.

1.1 Circular coloring of signed graphs

The notion of circular coloring of signed graphs defined in [14] is a common
extension of circular coloring of graphs and 2k-coloring of signed graphs.

Given a real number r, a circular r-coloring of a signed graph (G, σ) is a
mapping ϕ : V (G)→ Cr such that for each positive edge uv of (G, σ), ϕ(u) and
ϕ(v) are at distance at least 1, and for each negative edge uv of (G, σ), ϕ(u) and
the antipodal of ϕ(v) are at distance at least 1. The circular chromatic number
of a signed graph (G, σ) is defined as

χc(G, σ) = inf{r ≥ 1 : (G, σ) admits a circular r-coloring}.

For integers p ≥ 2q > 0 such that p is even, the signed circular clique Ks
p;q

has the vertex set [p] = {0, 1, . . . , p−1}, in which ij is a positive edge if and only
if q ≤ |i− j| ≤ p− q and ij is a negative edge if and only if either |i− j| ≤ p

2 − q
or |i− j| ≥ p

2 + q. Moreover, let K̂s
p;q be the signed subgraph of Ks

p;q induced by
vertices {0, 1, . . . , p2 − 1}. The following statements are equivalent:

1. (G, σ) has a circular p
q -coloring;

2. (G, σ) admits an edge-sign preserving homomorphism to Ks
p;q;

3. (G, σ) admits a homomorphism to K̂s
p;q.

The next lemma is a straightforward consequence of the transitivity of the
homomorphism relation.

Lemma 2. If (G, σ)→ (H,π), then χc(G, σ) ≤ χc(H,π).
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1.2 Homomorphism of signed bipartite graphs

Given a signed graph (G, σ), we define Tl(G, σ) to be the signed graph obtained
from (G, σ) by replacing each edge with a path of length l with the sign −σ(uv).
For a non-zero integer `, we denote by C` the cycle of length |`| whose sign
agrees with the sign of `. The negative-girth of a signed graph is defined to
be the shortest length of a negative closed walk of it. In the following lemma,
the k-coloring problem of graphs is captured by C−k-coloring problem of signed
graphs.

Lemma 3. [10] A graph G is k-colorable if and only if Tk−2(G,+) is C−k-
colorable.

In particular, the 2k-coloring problem of graphs is captured by the C−2k-
coloring problem of signed bipartite graphs. Thus we could restate the Four-
Color Theorem as follows:

Theorem 1. For any planar graph G, the signed bipartite planar graph T2(G,+)
admits a homomorphism to C−4.

Moreover, the problem of mapping signed bipartite graphs to negative even
cycles is equivalent to the question of bounding the circular chromatic number
of signed bipartite graphs.

Proposition 1. A signed bipartite graph (G, σ) admits a homomorphism to C−2k

if and only if χc(G, σ) ≤ 4k
2k−1 .

Proof. Observe that the signed graph K̂s
4k;2k−1 is obtained from C−2k by adding

a negative loop at each vertex and χc(C−2k) = 4k
2k−1 . It suffices to prove that

if χc(G, σ) ≤ 4k
2k−1 , then (G, σ) → C−2k. Let {x1, . . . , x4k} be the vertex set

of Ks
4k;2k−1 and let ϕ be an edge-sign preserving homomorphism of (G, σ) to

Ks
4k;2k−1. For the rest of the proof, addition in indices of vertices are considered

mod 4k.
Recall that in Ks

4k;2k−1, each xi is adjacent with positive edges to three
vertices furthest from it, namely xi+2k−1, xi+2k and xi+2k+1, and it is adjacent
with negative edges to three vertices closest to it, namely xi−1, xi and xi+1.
Let K ′s4k;2k−1 be the signed graph obtained from Ks

4k;2k−1 by removing negative
loops and positive edges xixi+2k for each i. We claim that (G, σ) → K ′s4k;2k−1.
Let (A,B) be a bipartition of vertices of (G, σ) and let (X,Y ) be the bipartition
of K ′s4k;2k−1 where X = {x1, x3, . . . , x4k−1} and Y = {x2, x4, . . . , x4k}. For any
u ∈ V (G) with ϕ(u) = xi, we define φ(u) as follows: If either u ∈ A and i is
even or u ∈ B and i is odd, then φ(u) = xi+1; Otherwise, φ(u) = xi. It’s easy
to verify that φ is an edge-sign preserving homomorphism of (G, σ) to K ′s4k;2k−1.
Since K ′s4k;2k−1 → C−2k, it completes the proof.

Restricted to signed planar graphs, there is a bipartite analogue question
of Jaeger-Zhang conjecture proposed in [12]: Given an integer k, what is the
smallest value f(k) such that every signed bipartite planar graph of negative-
girth at least f(k) admits a homomorphism to C−2k?
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2 Circular coloring of signed bipartite planar graphs

For a class C of signed graphs, we define χc(C) = sup{χc(G, σ) : (G, σ) ∈ C}. In
the sequel, we denote the class of signed bipartite planar graph of negative-girth
at least 2k by SBP2k. For this special class of signed graphs, some bounds have
been already studied. It has been proved in [14] that χc(SBP4) = 4.

2.1 Signed bipartite planar graphs of negative-girth at least 6

In this section, we will show that every signed bipartite planar graph of negative-
girth at least 6 admits a homomorphism to (K3,3,M) in which the negative edges
form a matching. Its connection with circular coloring of signed bipartite planar
graphs is presented in the following lemma.

Lemma 4. A signed bipartite graph (G, σ) admits a homomorphism to (K3,3,M)
if and only if χc(G, σ) ≤ 3.

Proof. As χc(K3,3,M) = 3, it remains to show that if (G, σ)
s.p.−→ Ks

6;2, then
(G, σ)→ (K3,3,M). Let ϕ be an edge-sign preserving homomorphism of (G, σ) to
Ks

6;2 and let (A,B) be the bipartition of (G, σ). Let {x1, x2, . . . , x6} be the vertex
set of Ks

6;2. Let K ′s6;2 be the signed graph obtained from Ks
6;2 by deleting all the

negative loops and positive edges xixi+2 for all the i (the index addition is taken
(mod 6)). First of all, K ′s6;2 is bipartite and let (X,Y ) be its bipartition where
X = {x1, x3, x5} and Y = {x2, x4, x6}. Secondly, K ′s6;2 is switching equivalent to
(K3,3,M).

For any vertex u with ϕ(u) = xi, we define φ to be as follows: if u ∈ A and
i is even or u ∈ B and i is odd, then φ(u) = xi; otherwise, we switch at u and
φ(u) = xi+3. It’s easy to verify that φ is a homomorphism of (G, σ) → K ′s6;2.
Hence (G, σ)→ (K3,3,M).

A Signed Projective Cube of dimension k, denoted SPC(k), is a projective
cube PC(k) (the graph with vertex set Zk

2 where vertices u and v are adjacent
if u − v ∈ {e1, e2, . . . , ed} ∪ {J}) together with an assignment such that all the
edges uv satisfying that u− v = J are negative. The following result is implied
from an edge-coloring result of [4] and a result of [11]:

Theorem 2. If (G, σ) is a signed planar graph satisfying that gij(G, σ) ≥ gij(SPC(5)),
then (G, σ)→ SPC(5).

As g10(SPC(5)) = 6 and g01(SPC(5)) = g11(SPC(5)) = ∞, it means that
every signed bipartite planar graph of negative-girth at least 6 admits a homo-
morphism to SPC(5).

Theorem 3. [11] Let (G, σ) be a signed graph. We have that (G, σ)→ SPC(k)
if and only if there exists a partition of the edges of G, say E1, E2, . . . , Ek+1,
such that for each i ∈ {1, 2, . . . , k + 1}, the signature σi which assigns − to the
edges in Ei is switching equivalent to σ.
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We are now ready to prove our main theorem:

Theorem 4. Every signed bipartite planar graph of negative-girth at least 6
admits a homomorphism to (K3,3,M). In other words, χc(SBP6) ≤ 3.

Proof. Let (G, σ) be a signed bipartite planar graph of negative-girth at least 6
with a bipartition (A,B). By Theorem 2, (G, σ)→ SPC(5). Thus, by Theorem
3, there exists a partition of the edges of G, say E1, E2, . . . , E6, such that for
each i ∈ [6], there is a signature σi equivalent to σ satisfying that Ei is the set
of all negative edges in (G, σi).

We consider the signed graph (G, σ1) where the set of negative edges is E1.
Contracting all the negative edges in E1, we obtain a signed graph with only
positive edges, denoted by G′. Observe that G′ might contain parallel edges. It
is also easily observed that a cycle C ′ of G′ is odd if and only if it is obtained
from a negative cycle C of (G, σ) by contraction. Since C must contain at least
one edge from each of E2, E3, . . . , E6, C ′ is of length at least 5. In other words,
G′ is a planar graph with no loops and no triangle.

We conclude that G′ is a triangle-free planar graph. Thus, by the Grötzsch
theorem, G′ admits a 3-coloring, say ϕ : V (G′) → {1, 2, 3}. Let (X,Y ) be a
bipartition of (K3,3,M) where X = {x1, x2, x3} and Y = {y1, y2, y3} such that
{x1y1, x2y2, x3y3} is the set of negative edges. We can now define a mapping ψ
of (G, σ1) to (K3,3,M) as follows:

ψ(u) =

{
xi, if u ∈ A and ϕ(u) = i

yi, if u ∈ B and ϕ(u) = i.

It’s easy to verify that ψ is an edge-sign preserving homomorphism of (G, σ1) to
(K3,3,M). It completes the proof.

Examples of signed bipartite graphs of negative-girth 4 which do not map
to (K3,3,M) are given in [9]. So the negative-girth 6 is the best possible girth
condition for signed bipartite graph (G, σ) to satisfy χc(G, σ) ≤ 3.

2.2 Signed bipartite planar graphs of negative-girth at least 8

In this section, we include the result that every signed bipartite planar graph of
negative-girth at least 8 admits a homomorphism to C−4. Generalizing the notion
of H-critical graph defined by Catlin [2], we say a signed graph (G, σ) is (H,π)-
critical if gij(G, σ) ≥ gij(H,π) for ij ∈ Z2

2, it does not admit a homomorphism
to (H,π) but any proper subgraph of it does. The girth condition implies, in
particular, that every C−4-critical signed graph is bipartite.

Theorem 5. [10] If (G, σ) is a C−4-critical signed graph, then |E(G)| ≥ 4|V (G)|−1
3 .

Corollary 1. [10] Every signed bipartite planar graph of negative-girth at least
8 maps to C−4.
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Here the negative-girth condition 8 is the best possible because there ex-
ists a signed bipartite planar graph of negative-girth 6 which does not admit a
homomorphism to C−4 as shown in [10]. Furthermore, considering the signed bi-
partite planar graphs Γn introduced in [14], we have lim

n→∞
T2(Γn) = 8

3 . Therefore,

χc(SBP8) = 8
3 .
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