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Abstract

A class C of graphs is said to be H-bounded if each graph in the class C admits
a homomorphism to H. We give a general necessary and sufficient condition for
the existence of bounds with special local properties. This gives a new proof of
Héggkvist-Hell theorem [5] and implies several cases of the existence of triangle
free bounds for planar graphs.

1 Introduction

In this paper we study mainly coloring of graphs in the setting of graph homomor-
phism. Recall that a homomorphism from G to H is any edge-preserving mapping
f:V(G) — V(H), (ie. zy € E(G) = f(x)f(y) € E(H). The existence of a
homomorphism from G to H is denoted by G — H. A homomorphism f from
G to H is sometimes called an H-coloring of G. This notion captures the coloring
problems by means of the following observation:

x(G) <k iff G— K.

It also allows us to treat many combinatorial problems in a more general setting, for
example in the context of partial order, as the existence of a homomorphism defines
a quasiorder < which is called coloring order

G < H if and only if G — H.
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The following is the main concept of this paper: We say a class C of graphs is
bounded by H if G < H (or, equivalently, G — H) for any G € C. This simple
order-theoretic concept may take the form of a profound problem when applied to a
concrete class of graphs. For a complete introduction to graph homomorphisms we
refer to [7].

Remark on terminology: In several earlier papers any graph H which bounds a
class C is called universal. We believe that this is a bit confusing as the notion of
universal graph (for a class C) is usually reserved for those graphs H which belong
to the class C (i.e. which is a greatest elements of the class C). We believe that the
present notations is more fitting in our context.

The characterization of boundedness (and the estimation of the size of H) is the
basic problem of chromatic (extremal) theory. In particular, the 4CT asserts that
the class P of all planar graphs is bounded by K4. Another related classical result
is the Grotzsch theorem [4]: The class of all triangle free planar graphs is Ks-
bounded, see any graph-theory textbook, or [17] for a short proof. In our setting
of the Grotzsch theorem a certain asymmetry of the statement becomes apparent:
“triangle free bounded by triangle”. This led to the following problems posed in
[10], [11]:

Problem 1 Is the class of Ky-free planar graphs bounded by a K4-free graph?

Problem 2 Is the class of Ks-free planar graphs bounded by a Ks-free graph?

One can ask whether the class of all planar graph is bounded by a Kjs-free graph.
Note that the answer to this last problem is positive by virtue of the 4CT [2], [15],
but in view of the difficulty of the proofs we should perhaps ask for an independent
proof (not relying on a computer).

The purpose of this paper is to give a necessary and sufficient condition for the
existence of bounds of this type. This is related to the following concept which is of
independent interest:

Given a graph property P we say that a proper coloring of a graph G is an (m, P)-
coloring if the subgraph of G induced by any m or fewer color classes has property P.

Roughly speaking, we prove that, for certain properties P, a class C of graphs
is H-bounded with H having a (m, P)-coloring iff all the graphs G € C have an
(m, P)-coloring by a fixed number of colors. This holds for properties P like P(k),
k-colorablity, or more generally, locally F-colorable graphs, see Theorem 7 below.
Notice that a graph H is (k, P(k — 1))-colorable iff it is Kj-free and that (m, P(2))-
colorability is equivalent to high odd girth.

To formulate the next result we introduce the following;:



For a finite set F of graphs we denote by Forby,(F) the class of all graphs G satis-
fying F' /— G for any F € F.
The main result of [5] and [3] can be reformulated as follows:

Theorem 3 For any d > 1 and any finite class of graphs F, the class of connected
graphs in Forby(F) with mazimum degree d and chromatic number k is bounded by
a k-chromatic graph in Forb,(F).

Below (in Section 3) we give a proof of this result as a consequence of our main
result (see Theorem 7 and Proposition 3). One can see that most of our results are
partial results toward solving the following:

Problem 4 Is it true that for any finite set of connected graphs F any set of planar
graphs in Forb,(F) is bounded in Forby(F)?

The paper is organized as follows: In section 2 we reduce the boundedness of classes
of graphs to the existence of (m, P)-colorings while in Section 3 we prove the exis-
tence of (m, P)-colorings for bounded degree graphs. In Section 4 we present results
on triangle free and large odd girth planar graphs. Section 5 contains some further
remarks and open problems.

2 Construction of bounds for bounded classes

For a graph property P we introduced the notion of an (m, P)-coloring of a graph
G (recall: the subgraph induced by the union of any m or fewer color classes should
have property P). We also denote by X, p(G) the minimal number of classes in a
(m, P)-coloring of G (provided that it exists).

The following definition is a key construction, compare [1, 14, 16] for constructions
of similar flavour:

Definition Let m and n be positive integers and U a graph, then let IT = II(n, m, U)
be the graph whose vertex set is the set of ordered pairs (i, ¢), where 1 < i < n and
¢ is a function from the m-sets of {1,2,...n} which contain i, to V(U) and whose
edge set is the set ((¢, ¢), (j, %)) for which ¢ # j and ¢(5) is adjacent to ¢ (.5) for all
m-sets S of {1,2,...n} which contain both ¢ and j.

The graph II(n,m,U) is n-partite and has order n x \V(U)|(:7:11).

Proposition 5 Let Py be the property of U-colorability. If xm,p,(G) < n then
there is a homomorphism from G to II(n,m,U).

Proof. Let c: V(G) — [n] be an (m, Py)-coloring of G, then for each S C [n] of
cardinality m the vertices colored from S induce a subgraph Gg of G with property
Py and so there is a homomorphism pg : Gg — U. Now define f : V(G) —
V(II(n,m,U)) by f(v) = (c(v), ), where ¢ is defined by ¢(S) = pg(v). We must
show that f is a homomorphism. If u and v are adjacent vertices in G then set
f(u) = (i,¢) and f(v) = (j,4). Since c is a proper coloring i # j and, if {i,j} C S
then ¢(S) = ps(u) which is adjacent to pg(v) = ¢(S) so f is a homomorphism. 0O



For special type of properties we prove the converse of this result.

Definition Let G and U be graphs. The graph G is said to be m-locally U-colorable
if every subgraph of G induced by m or fewer vertices admits a homomorphism into
U.

Examples

1. m-locally Ks-colorable graphs are graphs with odd girth at least m + 1.

i1. k-locally Kj_q-colorable graphs are just graphs not containing Kj.

Proposition 6 The graph I1(n,m,U) is m-locally U-colorable.

Proof. Let II; be the subgraph of II(n,m,U) induced by vertices {(ig,dx)};-
Let S’ = {iy,1i2,...9n} and let S be any m-subset containing S’. Then the mapping
(i, Pr) — ¢k(S) is a homomorphism. O

Together these propositions give

Theorem 7 A class C of graphs is bounded by an m-locally U-colorable graph if and
only if {xm,p, (G)| G € C} is bounded where Py stands for U-colorability.

[13

Proof. Propositions 5 and 6 give the “if” part of the theorem. For the converse,
suppose that C is bounded by an m-locally U-colorable graph H. If G € C then color
it by a homomorphism ¢ : G — H. If G’ is a subgraph of G which takes at most m
colors, then so does its image ¢(G’) which thus maps to U. Hence x.m,p, (G) < |H|
for all G € C. O

We will be mainly concerned with the following two instances of this theorem (propo-
sitions 8 and 9).

Proposition 8 For each n and each class C of graphs the following statements are
equivalent, where P(n — 1) is the property of (n — 1)-colorability.

(a) C is bounded by a K,-free graph.
(b) {xn,p(n-1)(G)| G € C} is bounded.
(¢) {Xnt1,P(n—1)(G)| G € C} is bounded.

Proof. Observe that K,-free is equivalent to both n-locally K,_i-colorable and
(n+ 1)-locally K,,_i-colorable (since the smallest n-chromatic graph not containing
K, has n + 2 vertices) and apply theorem 7. O

Our second particular choice is the property B = P(2) of being bipartite.

Proposition 9 For each odd n and each class C of graphs the following statements
are equivalent where B is the property of being bipartite.

(a) C is bounded by a graph of odd girth n.
(b) {xn-2,B(G)| G € C} is bounded.
(¢) {xn-1,B(G)| G € C} is bounded.

Proof. Having odd girth n is equivalent to both (n— 1)-locally Ka-colorability and
(n — 2)-locally Ks-colorability. Now apply theorem 7. O



3 Proof of Theorem 3

Let F be a finite set of connected graphs. Put m = max{|V(F)| F € F} and let
U be the disjoint union of all (non-isomorphic) graphs in Forb,(F) which have at
most m vertices. Then Forby,(F) is precisely the class of all m-locally U-colorable
graphs. (This is easy to see: any G € Forby(F) is clearly m-locally U-colorable.
If G is m-locally U-colorable then the existence of a homomorphism F — G for an
F € F would violate the U-colorability of the image of F' in G.)

Let C4 be the subclass of Forby(F) of all graphs G with maximal degree A(G) < d.
We prove that for any G € C4 holds xm p, (G) < d*™*1. This will finish the proof
as, by Theorem 7, the class C4 is then bounded by a graph H in Forb,(F). More-
over if all graphs in Cy are k-colorable then C,4 is bounded by the k-colorable graph
H x K, € FOTbh(f).

Given G € Cy consider the graph G(™ on the same set of vertices where two distinct
vertices are joined by an edge iff they are joined in G by a path of length < m. As
A(G™) < d™+! there exists a d”!-coloring of G so that any two distinct vertices
of G with their distance < m are colored differently.

We prove that this is an (m, Py)-coloring: Let G’ be a subgraph of G induced
by any m classes and let G” be one of its components. Every pair of vertices in
G" is joined by a path in G”. If any of these paths is of length at least m then its
vertices take at least m + 1 colors (on the first m + 1 vertices of the path). This
is impossible so every two distinct vertices in G” are joined by a path of length at
most m — 1, and so take distinct colors. Therefore G” has at most m vertices and
thus, by the definition of U, is U-colorable, whence so is G’.

4 Bounds with given odd girth

The problem of bounds for the set of planar graphs with a given odd girth has
been studied in various papers. The Grotszch theorem is of this type. We use Py to
denote the set of all planar graphs with odd girth at least k& (note that Pop = Pogr1).
Grotzsch’s theorem then simply states that Cs is a bound for Py. Another result of
this type is Zhu’s recent proof that Coy1 is a bound for Pgi_3, and it is conjectured
that Cax+1 even bounds Pyyy1 [19].

In this section we will study the following problem:

Problem 10 For any given k > 1 does there exists a bound H for the subclass
Pok+1 of planar graphs with oddgirth(H) = 2k + 17

By Proposition 9 this is equivalent to asking whether {x2r—1,5(G)| G € Paj+1} (or,
equivalently, {x2r 5B(G)| G € Pag+1}) is bounded.

In this setting Problem 1 reads as follows:

Conjecture 11 Py is bounded by a triangle free graph.



Figure 1: H

By applying Proposition 9 this is equivalent to:

Conjecture 12 There exists a number | for which every G € P4 has an l-coloring
such that every odd cycle takes at least 4 different colors.

Examples like the graph of Fig. 1 shows that a triangle-free bound for Py, if it exists,
can not be very small. In fact any such a graph has to contain graph H of Fig. 1
as subgraph (as any 2 non-adjacent vertices of this graph are joined by a path of
length 3). It is also not hard to see that any triangle-free bound for P, is nonplanar:

Theorem 13 P, is not bounded by a triangle-free planar graph H.

Proof. For a contradiction, suppose that H is a planar triangle-free bound and
assume H has minimum number of vertices. It follows that H is a core (i.e. it does
not have a proper retract). We show that H has minimum degree at least four.
Since H is also triangle-free, this contradicts Euler’s formula.

Let B be the graph obtained by joining two 5-cycles with an edge. This graph
contains a set of four vertices {a, b, ¢, d}, each of which is joined to the others by a
path of length three and no two of which are adjacent. Let H; be the disjoint union
of H and one copy, say B, of B for each vertex v of H. Let {ay, by, cy,dy} be the
four vertices in B, corresponding to {a,b,c,d} in B. Now form a new graph H’ by
joining each vertex v of H in H; to the vertices a,, by, ¢, and d,.

Since H' is still in Py, there is homomorphism from H' to H. As H is a core,
the restriction of this homomorphism to H is an automorphism of H. For each
v € V(H), the images of the vertices in {ay, by, ¢y, d,} are distinct (otherwise H
would contain a triangle) so each vertex of H has degree at least four, as required.
O



The following related result puts our results in yet another context.

Proposition 14 The class of planar graphs with girth at least 2k is bounded by a
graph H with oddgirth(H) =k + 1.

Proof. Let P have girth at least 2k, then the dual P* of P has edge connectivity
at least 2k and so, by the theorem of Tutte and Nash-Williams, [9, 18], has k edge
disjoint spanning trees 17,75, ...,T. Let D; be the union of T; and T;;; (taking
subscripts modulo k).

For each i > 0 and each edge e € E(T;) we define a Zy-flow f;. by taking a cy-
cle which contains the edge e and otherwise lies entirely in 7;,1 and letting f; . take
the value 1 on the directed edges of this cycle and zero elsewhere. Let 9; be the sum
of the f;. taken over all edges in T;. Thus 1); takes the value 1 on all edges of T;
and zero on all edges not in D;. Symmetrically we construct a Zs-flow ¢ which is 1
on T;11 and zero off D;. Let ¢; be the cartesian product of these two flows so that
¢; is a flow taking values in the Klein 4-group V', which is nonzero exactly for edges
in D;. Define T to be the set of edges that do not lie in any 7; (i > 1). A similar
construction gives a Zs-flow ¢ which is nonzero on all edges in Ty (and generally
on some other edges too).

The cartesian product of the ¢; (0 < ¢ < k) is thus a nonzero Zy X Vk flow 10}
on P*. An oriented edge e is in T; (i > 1) if and only if ¢(e) vanishes on all of the
last k& coordinates except the ith and the (7 — 1)th and is in T} if and only if ¢(e) is
non- vanishing on the first coordinate. Thus we have:

Every edge e of P* lies in a unique T; (i > 0) and this T; is determined by the
value of ¢(e).

The flow ¢ induces a corresponding Z x VE_coloring q~5 on P. In view of Proposition
9, it suffices to prove that ¢ gives each odd cycle in P at least k colors. In fact we
prove this for every cycle.

Let C be a cycle in P which takes m vertex colors under QNS Define an edge-colored
graph H whose vertex set is the set of colors taken by vertices in C' and join vertices
c and ¢ by an edge colored i if there are adjacent vertices v and v’ in C, colored
c and ¢ respectively, which are joined by an edge whose dual is in T;. This edge
coloring is well defined because, as observed above, the value of ¢ — ¢’ determines 1.

Since each of the trees T; (i > 1) meets each cutset in P*, H has at least one
edge of each color 7 > 1.

Choose one edge of each color ¢ > 1 in H, and suppose |V (H)| < k. In this case a
subset of these edges forms a cycle in H with vertices, in order, ¢y, co, ... cs. Since

> (=) =0,

(taking subscripts modulo s) and each difference ¢;;1 — ¢; is nonzero on a different
adjacent pair of the last k coordinates, we must have s > k. Thus, in any case,



|V(H)| > k and, since m = |V(H)|, the proof is completed. 0

5 Remarks and open problems

1. If m is odd and B is the property of being bipartite, then the (m, B)-colorings,
considered in the previous section, are only possible on graphs with odd girth at
least m + 2. On the other hand nothing is said about the number of colors taken
by an even cycle. We now consider colorings which are (m, B)-colorings when the
odd girth is at least m 4+ 2 but are defined for all graphs and for which there is a
specified minimum number of colors on even as well as odd cycles.

Conjecture 15 For each n there exists a constant Cy, for which every planar graph
admits an coloring by at most C,, colors, for which every cycle of length > k takes
at least min{[(k/2)] + 1,n} distinct colors.

The proof of Proposition 14 shows that this result holds for planar graphs of girth
at least 2n.

Remark For each k£ and C there is a planar graph G such that, for every C-coloring
of G there is a cycle of length k& which is colored by at most [(k/2)] + 1 distinct col-
ors. If k is even, say k = 2m, then we can let G be a graph with many independent
paths of length m with common end points. By the pigeonhole principle, if there
are enough paths, some two must take the same colors and hence the circuit they
form takes at most k/2 + 1 colors. If k = 2m + 1, then we modify the preceding
graph G by joining two adjacent interior points of each path by a path of length
two. This graph then has the property that, for every C-coloring, there is a cycle of
length k + 1 which is colored by at most [((k+1)/2)] 4 1 distinct colors. Hence the
numbers in the conjecture above cannot be increased.

2. For a graph G, we denote by G* the graph with the same set of vertices where the
edges correspond to pairs of distinct vertices joined by a trail of length k. We con-
fine our attention to odd k. Note that G* is loopless iff G has odd girth at least k+2.

It is an easy observation that if k is odd and a class C is bounded by a graph
in H with odd girth at least k + 2 then the graphs in C also have odd girth at least
k+2 and H* bounds the graphs G* whenever G € C. Thus there is a bound (namely
|V (H)|) for x(G*) when G € C.

We do not know whether the converse to this statement is true. This can be formu-
lated as follows:

Conjecture 16 If k is odd, the graphs in C have odd girth at least > k + 2 and
{x(G")|G € C} is bounded, then C is bounded by a graph with odd girth at least
k+2.

In particular the following is a weakening of Conjecture 11

Conjecture 17 {x(G®)|G € P4} is bounded



We do not know any example of a graph G € Py for which x(G?3) > 11. The graph
of the Fig. 1 shows that 11 can be attained.

Added in proof: There has been some progress on the problem studied in this
paper. Problem 10 has been answered affirmatively in [13]. The same authors have
constructed the first triangle free bound for Py in [12]. A smaller bound together with
a connection between Problem 10 and a conjecture of P. Seymour (on edge coloring
of planar graphs) can be found in [8]. Conjecture 16 was also recently proved by
Claude Tardif, personal communication. The result of [8] shows x(G?) < 16 for
every G € P, and the same author has shown that there are graphs in P, with
x(G®) = 15. Whether the bound of 16 can be achieved remains an open problem.

References

[1] N. Alon, T. H. Marshall: Homorphisms of edge-coloured graphs and Coxeter
groups. J. Algeb. Combin. 8 (1998) 5-13.

[2] K. Appel,W. Haken: Every planar map is four colorable, Bull. Amer. Math.
Soc. 82 (1976) 711-712.

[3] P. Dreyer, Ch. Malon, J. NesSetfil, Universal H-colourable graphs without a
given configuration, Discrete math. 250 (2002), 245-252.

[4] H. Grétzsch: Ein Dreifarbensatz fiir dreikreisfreie Netze auf der Kugel, Wiss. Z.
Martin-Luther-Univ. Halle-Wittenberg, Math.-Natur.Reihe 8 (1959) 109-120.

[5] R. Haggkvist, P. Hell, Universality of A-mote graphs, Furopean J. Combin. 14
(1993) 23-27.

[6] P. Hell, Absolute planar retracts and the four color conjecture, J. Combin.
Theory B 17 (1976) 5-10.

[7] P. Hell, N. Nesetril Graphs and Homomorphisms Oxford university press,
Oxford (2004).

[8] R. Naserasr, Homomorphisms and edge colourings of planar Graphs, submitted.

[9] C. St. J. A. Nash-Williams: Edge-disjoint spanning trees of finite graphs, J.
London Math. Soc. 36 (1961) 445-450.

[10] J. Nesettil, Aspects of structural combinatorics (Graph homomorphisms and
their use), Taiwan. J. Math. 3, No. 4, (1999) 381-423.

[11] J. Nesettil, Universal graphs for planar graphs. In: Graph Theory Day 2 (R.
Cada, J. Maxova, eds.), KAM-DIMATIA Series 99-452, p.12.

[12] J. Nesetiil, P. O. De Mendez, Folding, KAM-DIMATIA Series, 585 (2002).

[13] J. Nesetiil and P. O de Mendez, Tree depth, subgraph coloring and homomor-
phism bounds, 656 (2004).



[14] J. Nesettil, A. Raspaud, Colored Homomorphisms of Colored Mixed Graphs,
J. Combin. Theory B), 80 (2000) 147-155.

[15] N. Robertson, P. Seymour, R. Thomas, The four color theorem. J. Combin.
Theory. B 70 (1997) 2-44.

[16] A. Raspaud, E. Sopena, Good and semi-strong colorings of oriented planar
graphs, Inf. Processing letters 51 (1994) 171-174

[17] C. Thomassen. Grotzsch’s 3-color theorem and its counterparts for torus and
projective plane, J. Combin. Theory B, 62 (1994) 268-279

[18] W. T. Tutte, On a problem of decomposing a graph into n connected factors,
J. London. Math. Soc. 36 (1961) 221-230.

[19] X. Zhu: Circular Chromatic Number of Planar Graphs with Large Odd Girth,
Electronic. J. Comb. 25 2001.

10



