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Program execution Program description

Inpu in
ion = Sdltime > Ilast_action + !delay in

h.hide_console ();
L.draw_image ();

ltimer.delay 1;
game_loop ()

ML Robbo Tomasz Kokoszka

Like writing cooking recipe for a very very literal cook.


https://sites.google.com/site/tkokoszka/Home/my_prg#TOC-ML-Robbo
https://sites.google.com/stie/tkokoszka/Home/my_prg#TOC-ML-Robbo

Some program fragments are boring to write.

Dear computer, please guess what | mean here.
It should be clear from the context.
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Some program fragments are boring to write.

Dear computer, please guess what | mean here.
It should be clear from the context.

Tamisez la farine dans un saladier. Ajoutez le sel, le sucre en
poudre et le sucre vanillé puis les ceufs et mélangez bien. Versez
ensuite le lait petit a petit en mélangeant constamment pour
éviter les grumeaux. Terminez en ajoutant le Cognac.

http://www.papillesetpupilles. fr/2011/01/crepes-faciles.html

puis les ceufs sans leur coquille

Implicit transformation, coercion: egg > (white X yolk)

mélangez bien avec une cuillére

Implicit parameter.



“Guess from the context”

What if there are several possible choices?

Refuse to guess? Ask the programmer?
(Heuristics studied in the literature.)

When is there only one choice?
When are all choices equivalent?



Not all sentences are grammatically correct.
Not all grammatical sentences are meaningful:

verser le saladier dans le beurre

There are rules to follow to create well-formed, meaningful programs.

In this talk: simply-typed lambda-calculus.
Very simple, restrictive rules.
Realistic languages use richer systems.

“In this context, are all guesses equivalent?”
=
“Given these type constraints, are all guesses equivalent?”



AB C,D =
| X,Y,Z
| Ax B
|A+B
| A— B

(simple) types
atomic types: white, yolk, sugar...
pairs: white X yolk

sums, choices: 0il + butter
functions: white — foam
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kitchen : salt X sugar X oil

fridge :meat X egg X butter

split : egg — white X yolk X shell
whisk :white — foam

oven : foam X sugar — meringue
pan : meat X (0il + butter) — steak
l_

< . { Toil kitchen })
pan | Mpeat fridge, .
Tputter Lridge

Two different choices!

Additional difficulties: equivalent programs, infinite search.



Proofs-programs correspondence (Curry-Howard)
Another domain has to respect strict rules of well-formedness:
mathematical proofs.

Types connect programming languages to logic (study of formal proofs).
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Another domain has to respect strict rules of well-formedness:

mathematical proofs.

Types connect programming languages to logic (study of formal proofs).

Type system

Logic

Type
Program

Ax B
A+ B
A— B

Program search
Inhabitation

Unicity

10

Proposition
Formal proof

Aand B
Aor B
A implies B

Proof search
Provability

N/A



Proof theory has studied the question of “canonical” proof representations.

Can we adopt these representations for programs?
Do they lose computational information?

Do logical techniques respect program equivalence?

11



A functional programming problem:
Which types have a unique inhabitant?

A method from logic: focusing.
New bridge between the communities.
(Noam, Teyjus, Psyche, L. More elementary, new audience.)

A result: Unique inhabitation is decidable for the simply-typed
lambda-calculus with atoms, sums and empty types.
An effective algorithm. For any (' 7 : A) returns 0, 1 or 2 programs.

12



© Overview
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Examples

Abstract library functions. Glue code.

fst:axf—a Tia—oa—>a

curry: (ax f—=7y) 2 a— -7y
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Abstract library functions. Glue code.

fst:axf—a« Tia—oa—>a

curry: (ax f—=7y) 2 a— -7y

def
error A = exn+ A

return : o — error «

Monad error
{ bind : error a — (& — error ) — error 3

Functor error (unique)
Applicative error (not unique)

ap : error (o« — f3) — error a — error [3

14



Enumerate all possible terms in (I' =7 : A):

t1,t2,...,th

Stop if we find two distinct terms.

We must remove duplicates.

t1, (Ax. x) t1, (Ax. x) ((Ax. x) t1),...

Infinitely many duplicates = non-termination.

Enumerate terms without duplicate: canonical representations.

15



Easy in the negative fragment (—, x,1). Values and neutrals.

v = values n ::= neutrals
| Ax. v | x
| (vi,v2) | min
| n | nv

Problem: no clear way to add positives (+,0).
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Easy in the negative fragment (—, x,1). Values and neutrals.

v = values n ::= neutrals
| Ax. v | x
| (vi,v2) | min
| n | nv

Problem: no clear way to add positives (+,0).

n 1= neutrals
v, w = values | x
| Ax.v | 7 n
| (vi,v2) Inv
?’n ?|matchnwith]01X1—>v1|02x2—>v2
?|ojv

?|matchnwith ]01x1—>n1\02xz—>n2

01 X1 — 01 V1
02 Xp — 02 V2

match n with

16
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x1: XEFY x:YFHY
x: X+YFY
x: X+YEFY+X

o1 (match X with

If you apply rules in the wrong order, you can get stuck.

invertible rule: cannot get stuck. match x with ...
non-invertible rule: risky choice. o; ...

Focusing imposes restrictions based on invertibility.

17

01X1—>?
02 X2 — X2

)



Focused normal forms (Overview)

v := values n ::= neutrals
| Ax. v | x
| (v1,v2) | min
| n | nv

Remark that values are invertible, neutrals non-invertible.
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Focused normal forms (Overview)

v ::= values n ::= neutrals
| Ax. v | x
‘ (Vl, V2) ’ TP n
| n | nv
| match x with |01 x — vi |02 x = va | oin

Remark that values are invertible, neutrals non-invertible.

(The details are a bit different.)

18



For

x: X+YEFE?7: Y+ X

there is a unique focused normal form (good!).
But not for

filo>X+Y)F?7: Y+ X

Applying a function is non-invertible, no imposed ordering.

Can be applied:
@ before or after making choices

@ zero, one, many times

19
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Duplicates (in a pure setting).
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Focusing forces splitting of values of sum type.
Computations of sum type may be done at any point.
Duplicates (in a pure setting).

Saturation: deduce all positives before making any choice.
Run computations of sum type as early as possible.

Stronger than focusing: no more duplicates.

20



Implementation available:
https://gitlab.com/gasche/unique-inhabitant

f:1=-X+Y)

l_

7Y+ X
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https://gitlab.com/gasche/unique-inhabitant

Implementation available:
https://gitlab.com/gasche/unique-inhabitant

f:1=-X+Y)

l_

0’1XX*>02X

let zX*Y = £ () in match z with v
o2y — o1y
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https://gitlab.com/gasche/unique-inhabitant

Implementation available:

https://gitlab.com/gasche/unique-inhabitant

f:1=-X+Y)

l_

let zX*Y = £ () in match z with

0’1XX*>02X
Y
o2y’ — o1y

Final result: zero, one or two (distinct) terms.

21



https://gitlab.com/gasche/unique-inhabitant

Does saturation terminate in general?

fFINSY+Y,. ..

Even when they are infinitely many programs, proof search terminates.
Subformula property: normal forms use finitely many types/formulas.
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Does saturation terminate in general?

fFINSY+Y,. ..

Even when they are infinitely many programs, proof search terminates.
Subformula property: normal forms use finitely many types/formulas.

@ proofs environments: sets of formulas (A, B, ...)

@ typing environments: variable—type mappings (x : A,y : B,...)

x1: X, x0: X, x3:X,...

Result: to detect unicity, keep at most two variables of each type.
Consequence: Saturation can stop after two proofs of each positive:

0,1, many
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© Focusing and saturation
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Sequent calculus (logic)

A T,BFC
rA—BFC

rAFB
r-A—B
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Sequent calculus (logic)

A T,BFC
A= BFC

rAFB
r-A—B

MNAFC M= A M= A
F,A1><A2|—C FI—A1><A2
MN=1
MNAEC nA+EFC = A;
MNAL+A+C M= A; + As

NoOFA

Negatives: (—, X, 1) Positives: (+,0)

24
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Invertible phase: apply invertible rules as early as possible.

iy A

When all invertible rules are done, we must choose a focus.
[Moc A
(I negative, A positive)

Focus on a formula:
@ on the right: T Feocr [A]
@ or on the left: T, [A] Ffoct B

Then keep applying non-invertible rules on the formula under focus.

25



Focused M\-calculus

invertible
| Ax.t
| (t,u)
match x with
| o1 X — Uy
02 X — Up

t,u,r ::

26
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Saturation

F, AN
M AR A

Old and New.
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A Foc A

AR, A
Old and New.
Left focusing: Mhat-let (x:Ap) =nint
Saturation: AFlet (x)€ = (n)€ int

where (n;)"€’ & {ILAFny A, | nuses A},
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A Foc A

AR, A
Old and New.
Left focusing: Mhat-let (x:Ap) =nint
Saturation: AFlet (x)€ = (n)€ int

where (n;)"€’ & {ILAFny A, | nuses A},
All typed terms: MN=t: A

Focused terms: M2t e £ 1 P2

Saturated terms: rat.rat/ . o . pat
g
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Canonicity

Completeness
Focusing:

at s . at . ~
(known result) et~ f: P with t =g, f

Saturation: retrat' by f~o g o P2t with f ~g, g
Theorem (Canonicity)
at Ffoc f1 B fo: pat

r
0:T°" Far f1~ g1 2 P = g1= 8>
@ rat |_sat f2 > 85 - pat
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Canonicity

Completeness
Focusing:

at s . at . ~
(known result) et~ f: P with t ~g, f

Saturation: retrat' by f~o g o P2t with f ~g, g
Theorem (Canonicity)

[t bpoc F1 A2gy F2 i P
0; T2 gy 1~ gq 0 P = g1=8>
@; rat Fsat fo ~ 82 pat

Result: searching among saturated terms decides unicity
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Completeness
Focusing:

at s . at . ~
(known result) et~ f: P with t ~g, f

Saturation: retrat' by £~ g o Pt with f ~g, g
Theorem (Canonicity)
at l_foc fl ~Bn f2 pat

r
0; rat Fsat fl“’")gl pat => 81— 82
@ r l_Sélt f2 > 85 - Pat

Result: searching among saturated terms decides unicity
Corollary: equivalence with sums and empty type is decidable
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Semantic proof of equivalence with sums and empty type.

81— 82 = 81 ~pn 82 = 81 Rctx 82
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Semantic proof of equivalence with sums and empty type.

g1= 8> ~ 81 ~pn 82 81 Fctx 82
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81= 82 — 81 Rctx 82
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81= 82 — 81 Rctx 82

System L.
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Semantic proof of equivalence with sums and empty type.

81= 82 — 81 Rctx 82

System L.

Implement the feature in programming languages (ML).
Design choices.

Richer type systems (polymorphism, dependency...)
Undecidable; hopefully inspire semi-decision procedure.
Which equivalence to consider?

The richer the system, the more unique types.
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Semantic proof of equivalence with sums and empty type.

81= 82 — 81 Rctx 82

System L.

Implement the feature in programming languages (ML).
Design choices.

Richer type systems (polymorphism, dependency...)
Undecidable; hopefully inspire semi-decision procedure.
Which equivalence to consider?

The richer the system, the more unique types.

Unicity modulo equations?

29



Program inference is not yet fully understood,;
we propose a principled approach.

Focusing and saturation
inspire powerful program representations.

Purity and types are not just restrictions
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Program inference is not yet fully understood,;
we propose a principled approach.

Focusing and saturation
inspire powerful program representations.

Purity and types are not just restrictions
they can make programming easier.
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