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1 UL LOGICAL RELATION

If dom(yq1) = T'1,dom(yy) = I'y, and T = Ty H I'p, then y; H y, is defined when for any variable x € T'; N Ty,
y1(x) = y2(x) and is defined as y(x) = y1(x) if x € T'; and y(x) = ya2(x) if x € T'5.
(R,01,039) is well formed if 61, 55 are closed types and R € Rel[c1, 5]. The relations V [p]/, & [p]/ .. .. below are
only defined for closed relation types p, p. Substitution is extended to p, p by considering (R, 51, 02) to be closed.
Every p has two associated types, the types of terms that it relates, which we denote (p)1, (p)2. It is defined as

follows:

def def

(Ryo1,02)1 = o1 (P1®p2)i = p1®p2
(Roono2), € o €
@ ¥ « (p1—op2)i & (p1)i — (p2)i
(p1 X p2)i & (p1)i X (p2)i (p1 @ p2)i & (p1)i ® (p2)i
i € (hapi € e (o)
(p1 = p2)i & (P1)i = (p2)i @ € a
pr+pi € ()i + (o2 i € 1
(e p)i € e (o) (Box1p) £ Box1(p)
Va. p)i def Ya. (p)i (Box 0); def Box 0
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Atom[o] def {v|-rgv:o}
Rel[o1, 02] def {R: N - P(Atom[o1] x Atom[o3]) | ¥j < j’. R/ c R/}
% [[(R,Gl,cg)]]j def R/
VIP € (0.0
VIpxpT € (v v2 i) | (viova) €V [ol A (visva) €V [o])
VIpr+p2l € {linjivisingiva) | (vi,vz) €V [pilY)
Ve pl € (ol py, Vi foldqua. py, vi) | Vi’ < j. (vi,v2) € V [olnec. p/al]'}
Vipi=pel = Q6 (o0 e Az (1)) e2) | )
Vi’ <j,(vi,v2) €V [p1l - (e1lvi/x1l, ezlva/x2]) € € [p2]’ )
4% [[Va.p]]j def {(Aa.v1,Aa.v3) | Yo1,02,R € Rel[o1, 62]. (vi,v2) €V [[p[(R,cl,cg)/a]ﬂj}
eV % ere Vi <je S v

u .,
Ava. ez SF va A (vi,v2) € V [pl/ '}
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vy
VipepT

V [p1 @ pal
V [ne. pV

Vo' —pl

V[l

V [Box O]
V [Box 1 p]’

V [[p1)Y

& oV

Gy
G[I.x:c]/

G I, x:c]’

GIr.al

{{or;M. @100

{((s1 48] 1 v, v])), (s2 + 85 | {va.v))) |

((s1 1v1), (s2 1 v2)) € V [l A (G5 1 V), (55 1v))) € V [p'])

{((s1 I'inji v1), (s2 | injiv2)) |
((s1 1vi), (s2 | v2)) € V [pi]}
{((s1 | foldyiar.p v1), (s2 | foldyiar. p v2)) |
Vj' < (511 Vi) G52 | v2) € V [plua. /el )
{((s1 1 A(x:p").e1), (s2 | A(x:p”). e2)) | ,
Vj" < jistyshs ((s7 1 va), (s) [ v2)) € V [p'] .
sy =s1+s] Asy,=sy+5) =
(] 1 exlvi/xD), (s} | ezlva/x])) € E [pl)
{((0 | share(s1 :W1). v1), (0 | share(sz:¥2).v2)) |
((s11v1), (s2 [ v2)) € V [pl}
{{([er =11 6). (2= 11 )
{(([f1 - (st Tv)] 1 61), ([E2 o (s2 [ v2)] | €2)) |
((s11v1), (s2 [ v2)) € V [}
(O 1D, @1 [v2]) | (viov2) €V [o])

{((s11e1),(s2]e2)) |
< ) e S (5] ) =

v

L
Alsj [va)-(s2 [ e2) =% (s | va)A
((s5 1v1), (s 1 v2)) € V [pl’ ™)

{((0,0) | 2)}

(((s1+ 5,524+ 5)) [ y[x = (vi,v2)]) |

((s1,52) 1Y) € G [T A ((s] 1 va), (sh | v2)) € V [(y)

{((s1.52) [ y[x = (viva)]) |
((s1.52) 1 7) € G [TV A (vi.va) € V [(1)r(0))'}
{((s1,52) | y[a@ = (R,01,02)]) |
R € Rel[o1,02] A ((s1,52) | v) € G [T}

r()]}
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(T4, x:!o) B (Ty, x:lo

(Ty, x:0) BT,

Iy B (T, x:0)

(T, x:0) H (T2, x:0)
(Ty, x:0) BTy

Iy 8 (T, x:0)

(T1, @) B (T, a)
(T, ) BT

Iy B (T2, a)

Fig. 1. Multilanguage Context Merging

) o (T'1 B T), x:
BT,
def
(0, BT, X
def
(B T), x:
dgf (Fl H Fz), X:
déf (F1 H Fz), X:
def
= (18I«
def
= (HED)«a
o ER).a

lo

Q

Q

Q

(x¢Ty)
(x¢Ty)

(x¢Ts)
(x¢Ty)

(x ¢T3)
(x ¢Ty)
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(Ryo,02) @l prXp2 | 11 p1i—=p2lpitps|pa.p|Va.p
p1®p2 | 1 pr—op2 | p1@®p2 | pa.p | a|!p | Box1p | Box0

Fig. 2. Relation Type Syntax

T ke S ey 0 € vj>0,(0,0) 1y) € G LTV ((Mier), (1)2(e2)) € E [(Mr(@)]

Tk vi P8 vy 0 5> 0,((0,0) 1 y) € G LTV ((P)1(va), (1)2(v2)) € V [(Nr()Y

def ,. i
Ty (s1ler) S8 (s2le2) 0 F Vji20,((s],5)) [ ) e G [T .

T'Feq SCtx ey :

Fig. 3. Logical Approximation for Open Terms

def
(e}

def

((s1+ 5] | (D1(e)), (s2 455 | (1)2(e2))) € & [(r(0)]

U U
= VC. -ty Cle1] : 1A -+y Clea] : TAC[e1] =% () = Clez] =* ()

u

J (51 | e1) SCtx (52 | 62) o0 = VC. - +y C[(S] | el)] 1A Ry C[e1](52 | ez) 1A C[(51 | el)] s (O =
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2 PROOFS
LEmMA 1.
(51 1v1). (52 1 v2)) € V [} iff (51 | v1). (s2 ] v2)) € & [o]
Proor. Direct from definition of & [o]/. m]

LEMMA 2 (EMPTY BANG ENVIRONMENT STORE). If ((s1,52) | y) € G [[!F]]j, thensy = sy = 0.
Proor. By induction on !T and definition of V [!c]/. m]

LEMMA 3 (MONOTONICITY). 1) If(vi,v2) €V [[c]]j ,j. < jthen (vi,v2) €V [[c]]j'.
@) If(er.e2) € E[ol .J’ < j then (e1.e2) € E o] .
3) If((s1 1 vi). (s2 [ v2)) € V [o] )" < j then ((s1 | v1). (s2 | v2)) € & [o]
@) If((s1 1 e1), (s2 | e2)) € E[o]V, )" < j then ((s1 | e1), (52 | e2)) € & [o]

Proor. By induction on o, 6. [m]

LEMMA 4 (ANTI-REDUCTION).

v

U . i
(1) Ife S e}, ey =" e} and (e],e}) € E [o]’, then (e1,e3) € E[c]/™ .
L j, L : s
@ (1 Ten) S (5] e (52 | e2) = (5} | e) and (s} | €]). (5] [ €4)) € & [ol. then ((s1 | e1). (52 | €2) € & [0} 7.
ProoF. Direct from definition of & [o]/ , & [o]’. u]

LEMMA 5 (COMPOSITIONALITY). For any closed o
@) V[plo/all) =V [pL(V [o]" .o 0)/a]]’
(2) & [[p[c/oc]]]Jiz & [pl(V [c] .o, 6)/0(]1]] .
B) Vv [[P[G/a]]].j =V [pl(V [[0]]_,0»0)/0!]]]]
@) &lplo/all = & [pl(V [6]™,0,0)/al]’

2.1 Splitting Lemma

LEMMA 6 (SPLITTING AND RELATIONAL SUBSTITUTION). IfI' =T'1 T anddom(y) =T, dom(y;) = T'1,dom(yz) =T

andy =y1 By, then

(1) ifT1 + o, then (y)r(0) = (y1)r(0)
(2) ifT1+ o, then (y)r(0) = (y1)r(0)
(3) ifT2 o, then (y)r(0) = (y2)r(0)
(4) ifT2 o, then (y)r(0) = (y2)r(0)

Proor. Without loss of generality, consider the first case. Since y = y1 H y2 and I'y - o, every free type variable
a € o we have @ € T'y, and since y = y; H y2, we have (y)r(a) = (y1)r(@), thus (y)r(c) = (y1)r(0). O

LEMMA 7 (SPLITTING LEMMA). IfT =T’ BT, and ((s1,s2) | y) € G [T}, then there exist 1,55, ¥"5sY sy, v such

thatsy =s] +s),s2=s, +s),y =y By"”, (s],s)) | y) e G Ir'y. and ((s),s)) 1 y") € G [ .
Proor. By induction on I'/,T”’. Without loss of generality, we only consider cases where non-shared variables are
inI’.
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Case I' = (I'/,x:!c) B (I',x:!c) = (I" BT"),x:!o:
Then by inductive hypothesis we have

224

((s1,82) 1'y) = ((s7 # sy +s77 sy +s) +s) |y [x = (vi,v2)]),

where v/ =y By, ((s,5)) | v) € GV, ((s5s)) | v") € GITY and (577 | vi), (s | v2)) €
VI rE)].
By definition of V [!(y"”")r(c)]/, we have s|”” = s/’ = 0, s0 51 = s| + s/, sy = s}, + s//. Then we can show
((s1,55) 1 Y [x = (vi,v2)]) € G [T, x: 10} ((s7.5) 1y x> (vi.v2)]) € G 17 x: 10}
by Lemma 6 (Splitting and Relational Substitution). We conclude by verifying that

x> (viov2)l =y e (viov2) By [x e (visve)]

Y
Case I'=(I",x:0) HT” = (I"BTI"),x:0, withx ¢ T"":

By inductive hypothesis we have
((s1,52) 1'y) = ((s] + 57 + 51,655 + 55 +51%) [ 7" [x = (vi,v2)]),

where " = y" 8 y", ((s1,55) 1 V) € GV, (7.s) 1y”) € GITF and ((s1x | va). (s2.x | v2)) €
VIG" )R-
So we have
(5] + 51055 +52.0) |V [x = (viv2)]) € G [V, x:o] (725 1y e GIr"F
the latter by inductive hypothesis, and the former by Lemma 6 (Splitting and Relational Substitution).
Finally, we verify that

///[ ’’

Y [x e (vi,va)]l =y [x = (vi,v2)] By
Case I' = (I'',x:0) H (I'",x:0) = (I" HI"),x:0:
By inductive hypothesis we have

//l[

((s1.52) 1 y) = (5] + 57,85 +)) [ """ [x > (vi,v2)]),

where y" =y B y”, ((s],s)) 1 v') € G [TV, ((s)',s)) 1 v"7) € G [T”'] and (vi,v2) € V [(y"")r(0)]V. So
we have
((s},) 1y [x = (vi,v2)]) € G [T, x: 0] (G}, sy) 1y [x = (vi,v2)]) € G [T, x:0]

By Lemma 6 (Splitting and Relational Substitution).

And we conclude by verifying

1244

Y Ix = (viove)] =y [x = (vive) ] By [x = (vi,v2)]
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Case T'=(I",x:0) HT” = (I” BI"),x:0 with x ¢ I'"’: By inductive hypothesis we have

((s1,82) | y) = ((s] #7854+ s5) [y [x = (vi,v2)]),

where y = y/ By, ((s},s) 1 v/) € G [TV, (s]55) 1 v”) € G [T} and (vi,v2) € V [(y"")r()]. So

we have

((s],55) 1 V' [x = (vi.v2)]) € G [T, x: 0] (s, s) 1y e g [T

The latter by assumption and the former by Lemma 6 (Splitting and Relational Substitution).

And finally we verify
r"Ix e (viva)l =y [x o (viov2) B y”

Case I'=(I'",a) H (I'",a) = (I'" BTI"), a: By inductive hypothesis we have

((s1,52) 1'y) = ((s7 + 57,55 ) | v [a + (R, 61,02)]),

where y"" =y By”, ((s},s5) | y') €G [y, ((s7,s)1y") e G [T”] and R € Rel[o1, 53], so

((s1,55) 1 Y[ = (R,01,09)]) € G [, a/ ((s5)) 1" [a = (R,o1,02)]) € G [I”, a/

y"[a+ (R,61,62)] = y'[a = (R,61,02)] By [a = (R,61,02)]
Case I'=(I",a) BT” = (I" BI"), « with « ¢ T"”": By inductive hypothesis we have
((s1552) 1'y) = ((s] + 57,5 +5)) |y [ = (R, 61,062)]),

where """ =y" By”, ((s}.s5) | y') € G [[T’]]j, ((s7.s) 1y e G [[F"]]j and R € Rel[o1,02], so

((s1,55) 1 Y[ = (R,01,09)]) € G [I7, ! (s 1y e G Iy

"'l (R,o1,02)] = y'[a+ (R,o1,02) H y”

Y
O
2.2 Monadic Bind
LEmMMA 8 (MoNaDpIc BIND). If((s1 | e1), (s2 | e2)) € & [[p]]j, s3 =s1 + si, S4 = sy + Sé, and
SN CARON ARG N 1 e
sy =s] s Asj=s)+s) = o
((sh 1 Ki[va) (s) | Ke[va])) € [T
then
((s3 | Ki[e]), (sa | Ko[er])) € E[p'I*
Proor. Consider j” < j+ j" and (s} | v{’) such that
Iz
(1

L
(s3 | Kifer]) = (s51v))
Manuscript submitted to ACM
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We need to show

L sy a1
(s 1 vy)-(sa | Kalea]) =™ (s 1 v)) Ay IV]) Gy Ivy) e VP

Because of (1), there must exist some j*/ < j’" and (s{’ | v1) such that

s

LJ
(sile)) = (s 1) (2)
We assumed ((s1 | e1), (s | e2)) € & [p]’. Instantiate this with j””/ and (s1 1 v1) to get that there exists (s}’ | v2) such

L
that (s | e2) = (s}’ | v2) and

(7 1v1), (3 1 v2)) € V [}~ 3)

Next, instantiate our second premise with (3) to find
(7 + 5 1 Ki[vi]), (55 + 55 | Ke[vel) € [P (4)

L j”*]’m
From (1) and (2) and we deduce (s| +s] | Ki[v{]) = (sy | v{). Instantiate (4) with this to find there exists
(s; | v4'), such that
L

(sy + 5 | Ko[va]) =" (sy | v& (5)
((s5 IV (s 1v))) e V[P (©)

L L
All that remains is to show is (s2 + s; | Kz[e2]) =™ (s} | v). Since (s2 | e2) = (s | v2), the operational semantics

L
give us (s2 + s | Kz[ea]) =" (sy’ +s; | Kz[v2]). We have the rest from (5).

LEmMMA 9 (MoNADIC BIND UNDER SHARE).

(1) If((s1 1 e1), (s2 1 e2)) € E [Pl 54 =52+ 5, Wis- by st | er: (p)1, Was- ko sz | ezt (p)2, and

Vi < (S IV, Y IV € VIl s v,y

SI

4
W5 rrsy vy s (o AV ks vy s (p)2 =
(s | Ky[share(s) :W7).v1]), (s) | Kz[vz])) € E[p) *J

— </ ’”
—52+Sz/\

then
(s} | Ki[share(s; : Wy). e1]), (s4 | Ka[ez])) € & [p']'+

@) If((s1 e (s2 1 e2) € E[pl, 53 =51+ 5], Wis kst | er: (p)1, Was- bisa | ez : (p)a, and

Vi <Y IV IV € VIl sp vy vy

sl

3
Vs kst vy (e AV sy vy (p)2 =
((s | Ki[vi]), (s} | Kz[share(sy : W) v2])) € E [p'}

_ ! 77
—Sl-lf-sl/\

then

((s3 | Kile1]). (s} | Kz[share(sz : W2). e2])) € E[p'}™
Manuscript submitted to ACM
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(3) If((s1 ] er). (52l e2)) € E[pl. Wiz bostler: (o)1, Wai- ko sz | e (p)a, and

VI < (T, (s Ty € V Il vy vy
Vs kst IV (P AV sy vy (p)e =
((s} | Ky[share(s}" : W7). v1]), (s, | Kz[share(sy : W}).v2])) € E [p')

then
(s} | Ki[share(s; :W1). e1]), (s} | Ka[share(sy : ¥2). e2])) € & [/

Proor. All parts are similar to Lemma 8 (Monadic Bind). m]

2.3 CopyLemma
LEMMA 10 (Copy). If ((s1 | v1). (s2 | v2)) € V [c]/ then

((0 | copy® share(s1:W¥1).v1), (0 | copy® share(sy:¥2).v2)) € & [[G]]j

Proor. By induction on o.

Case 1
L
We know s; = () and v; = (). Note that (0 | copy' share(0:-). {)) = (@ | {)). By closure under anti-reduction,

it suffices to show
(©10),©10) €&lsl 2V o]/
Which is immediate.

Case ¢’ ®c”
We assumed ((s] +s7" | (v{,v{)), (s} +s5/ | (v),v)))) € V [o’ ®o"ﬂj. Therefore,

(1 1v). (55 1vy) € V [0V 7)
(s 197D, (55 1v)) € V [o) ®)
We need to show
((0 | copy® share(s] + 7" :W1).(v],v{)), (0 | copy® share(s) + s5 1 W2).(v5,v5))) € & [o” ®G”]]j

Note

’

) oot L , ,
(0] copy® ®° share(s] + s} : W;). (v}, V")) <= (0 | (copy® share(s}:¥}).v},copy® share(s] :¥]').v}’))

i
By closure under anti-reduction, it suffices to show
((0 | (copy® share(s] : ¥7). v;,copycn share(s : W{').v{")),
0| (copyc’/ share(s} : W5). vj, copyoﬁ share(s) : ¥).v))) € E[o’ ® 0”]]j
From (7), (8), and the induction hypothesis,
(0] copyc/ share(s1 : 7). v]), (0 | copycl share(sy : ¥5).v5)) € & ﬂo']]j
((0 | copy®” share(s] : ¥{).v{"), (0 | copy®’ share(sy : Wy/).v))) € & Is"1
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Applying monadic bind twice, assume j’ < j and
(5 1v5). (53 1 Vi) €V [o') ©)
(5 1) 6L VD) eV Io) (10)
It suffices to show
((sg + sé/ | (vg,vé’)), (sfl + s;’ | (vfl, vf{))) e&lo’'® G//]]j/ 2V[s'® cs”]]jl

Which follows from (9) and (10).
Case 61 % o>
We assumed
((s1 ] injn v}, (s2 [ injn v3)) € V [o1 @ o2
Therefore,
(1 1v)): (21 v9)) € V [ou]! (11)

We need to show
((0 | copy® share(sy : W1). injn V), (0 | copy® share(sz : W3). injn v3)) € & [o1 @y

L
Note copy® share(s; : ¥;). injn vi < inj, copy®” share(s; : W;). v}. By closure under anti-reduction, it suffices

to show
((0 | injn copy®” share(sy : W1).v]), (0 | injn copy®” share(sz: W2).v3)) € & [o1 GBGZ]]j
From (11) and the induction hypothesis,
((0 | copy®” share(s1:W1).v7), (0 | copy®” share(sz: W2).v5)) € & [[Gn]]j
Assume j’ < jand
(] 1V, (s 1 v))) € V [on] (12)
By monadic bind, it suffices to show
((s7 l'injn v, (s5 | injnvy)) € & [o1 eacz]]j/ 2V [o; @Gzﬂj/

Which follows from (12).
Case ja.o
We assumed
((s1 | foldya.o V), (s2 | foldua.o v3)) € V [pa. o
Therefore,
((s11v)) sz 1 vy) € V [olar. o/a] ™ (13)

We need to show

((0 | copy!®-© share(sy : W1). foldyg.o V1), (0 | copy*®-© share(sy : W3). fold,iq.5 v3)) € & [par. G]]j
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ha.o/al

L
Note copy"*-? share(s; : V;). folda.o v; = foldyq.c copy“[ share(s; : ¥;). v;. By closure under anti-

reduction, it suffices to show
(0] fold, .o copyc[”‘x'c/“] share(sy : ¥W1).v]), (0 | foldpe.o copyc[““"’/a] share(sz: W3).v5)) € & [pa. G]]j
By (13) and the induction hypothesis,
((0 | copy®t@-o/al share(sy : 7). Vi), (0 | copy®lt@-o/a] share(sy : Wy). v3)) € & [o[pa. o/l
Assume j’ < j—1and
((s1 v, (s5 1 v))) € V [olpa. o /]l (14)
By monadic bind, it suffices to show
(s} 1 foldyg .5 V}'), (55 | foldyg o v4)) € & [pa. ]/ 1 2 V [na. o+

Which follows from (14) and downward closure.
Case o
We assumed

((s1 | share(s] : W]).v}), (s2 | share(sy : W}).v5)) € V [[!6]]j (15)
Therefore, s1 = sy = 0, V1 = V5 = -. We need to show
((0 | copy'® share(0:-). share(s] : W1).v1), (0 | copy'® share(0: -). share(s} : W3).v5)) € & [a. o]/
L
Note copy'® share(0):-). share(s]: W;). v} < share(s;: ¥;). v. By closure under anti-reduction, it suffices to
show
((0 | share(s] : W1).v}), (0 | share(s} : W2).v3)) € & Lo’
Since & [!'o]/ 2 V [!o], we need only show (15).
Case Box 0

We assumed ((s1 | v1), (s2 | v2)) € V [Box 0]]j. Therefore s; = [{; — -] and v; = {;. We need to show

((0 | copyBo*© share([£1  -]: (:;- F € : Box 0)). £1),
(0 | copy®* © share([£ > -]:(;;- £ : Box 0)).£2)) € & [Box 0]
Note copy'® share([£; — -]:).¢; fi> ([£; + 11 (7). By closure under anti-reduction, it suffices to show
(€1 = V1D = 11£3) € & [Box 0
Since & [Box 0]/ 2 V [Box 0]V, we need only show
(£ = 11D (16 = 11 63)) €V [Box o

Which is immediate from the definition of V' [Box 0.
Case Box 10
We assumed
(L6 = (ST IVDT 1) ([£2 + (s 1 v))] | €2)) €V [Box 1 0]/
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Therefore W; = (W/;- + {; : Box 1) and
((s] 1V))s (55 1 v4)) € V [o]V (16)
We need to show
((0 | copyB 1 share([¢1 + (5] | V])]: (¥};- + 1 : Box 16)). (1),
(0 | copyB® 1 share([£2 > (s} | v5)]: (V- F €3 : Box 16)).£62)) € E [Box 1]/
2 1V2 2
Note
L
(0] copy® 1@ share([¢; = (s} | V))]: (W5 F € : Box 10)). ;) =
L
(0 | box {new (), copy® share(s; : W}).v})) <
([€: — -] | box (f;,copyc share(sl/-:\lfl/-). v;))
By closure under anti-reduction, it suffices to show
(([f{ -] | box (£1, copy® share(si :W{).V{)),
([£5 — -] | box (€5, copy® share(sy : W}).v))) € & [Box 1 o
By (16) and the induction hypothesis,
((0 | copy® share(s] : W7).v]), (0 | copy® share(s}: ¥)).v;)) € & [[G]]j
Assume j’ < jand
(7 1V (s 1)) € V [o] (17)
By monadic bind, it suffices to show
(s7'16; = 1 1 box (5 Vi), (55 165 > 1 | box (€5,v5) € & [Box 1]
By closure under anti-reduction again, we need only show
(5 = S IV (U8 - (55 TV 1 €5) € & [Box 1 o]/

Since & [Box 1 0]]j/ 2V [Box 1 G]]j/, it suffices to show (17).

O
2.4 Compatibility
LEMMA 11 (COMPAT VAR).
IT,x:0 k. (0] %) SIOg @]x):0
PrOOF. Assume j > 0 and
((s1.52) 1) € G [T x:0] (18)

We need to show ((s1 | (y)1(x)), (s2 | (y)2(x))) € & [(y)R(G)]]j 2V [(y)R(G)]]j. All variables of ! type must be

mapped to configurations with empty stores, so from (18) we have ((s1 | (y)1(x)), (s2 | (y)2(x))) € V [(y)r (G)]]j. O
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LEMMA 12 (COMPAT LAMBDA).

T,x:0 by (s1 ] er) S (sp | ez) i o’

Try(s1 | Alx:o).eq) Sl"g (s2 | A(x:0).e3) : 6 —o0’

PrROOF. Assume
Tx:0 by (511 e1) S8 (s2 | eg) : 0’ (19)

Consider j > 0 and
((s1:85) Iy) e G [TV (20)

We need to show ((s1 + 57 | A0¢: (1)1(0)- (N1(en). (2 +55 | A0x: (1)2(0)). (r)2(e2))) € & [(1)r(0) — (r()] .
Since & [(y)r(0) — (Y)r(")]) 2V [(¥)r(0) —= (y)r(c")]. it suffices to show

(51457 1 20¢: (11(0))- (N1(e1)), (52 + 55 | A(x: (1)2(0))- ()a(e2))) € V [(1)r(0) — (VR ()Y
Assume j’ < jand
(51 1v), (55 1v2)) € V[(r(o)) (21)
We now need to show
((s1+ s+ 57 [ (Nilen)vi/x]), (s2 + 55 + 55 | (y)2(e2)[va/x])) € & (e
To get this, we instantiate (19) with ((s{ +s{’,s] +s{) | y[x = (v1,v2)]). It remains to show
(s +57s +57) L y[x = (viv2)) € G [Tox:al

This follows from (20) and (21). m]

LEMMA 13 (ComPAT UNIT).

T (0] 0) SO 010):1 (©10),010) eVl
ProoF. The open case follows directly from the closed case, which is immediate from the definition of V [1]/. O
LEMMA 14 (CoMPAT UNIT ELIMINATION).

Thy (s ] er) S8 (soleg): 1 Iy (sy1e)) <lg (sh1el) o

THTI by (s1+5] | erse]) Sl"g (s2+sy|exe)):o

(1 1vi)s (2 Tv2) € VI (5] 1 en), () | e2)) € & [o]

((s1+5] [ viser), (s2 + s | vases)) € & [o]/

Proor. The open case follows from the closed case using Lemma 7 (Splitting Lemma) and Lemma 8 (Monadic
Bind). For the closed case, by inversion on the definition of V [[1]]j we get vi = vy = () and s; = sp = (. Since
L .

(s7 | (sei) = (s} | e;), by closure under anti-reduction it suffices to show ((s] | e1), (s} | e2)) € & [o]/, which we

already know. O

LEmMA 15 (COMPAT APP).

Tr(s1le) S8 (splen) i’ —o Tk (s)le)) S8 (sl e) o’

THT Fp(s1+57 | ere]) 5’°g(sz+s; leze)):o
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PrOOF. Assume
Thy(s1le) S (2] e2) 0”0 (22)
I by () 1)) S8 (sy L eh) o (23)
Consider j > 0, ((s3,54) | y) € G [T B I’]’. We need to show
(51457 +3 ] (Nier D). (s2 455 +54 | (a(ez €))) € & [yg(o)l!
From the Lemma 7 (Splitting Lemma) we get that there exists ss, s¢, y', sz, s;, vy’ such that
((s5.56) V) € GV A ((s5.59) 1 V) € GV (24)
s3=ss+scAsg=sg+sgAy=y By” (25)
Instantiating (22) and (23) with the left and right sides of (24) respectively we have
(51455 | (1)1(e))s (52 + 56 | (¥)2(e2)) € E [y g(67) —oy g ()
(5] + 55 1 (1D (5 + 55 1 (7 2(e5) € E [y g ()Y

Applying monadic bind twice, let j* < j and

(s} 1 V1), (s | v2)) € V [y’ g(c") —o 7" g(0) (26)
(7 1V 1vg) € V Iy r(a)] (27)
It suffices to show
(s +5) 1vi V), (s) + 5 1 vav))) € & [yr(@))

Note that y'p(c”) = y""gr(c”) and y g(c) = y’g(c). We get what we need from instantiating (26) with (27). O

LEMMA 16 (ComPAT INj).

T (s1]er) S8 (sz ] e2) 2 o ((s1 1 v1)s (s2 [ v2)) € V [o:]

Tk (s1|injjer) SIOg (s2 | injjez) : 61 ® o2 ((s1 | injjvy), (s2 | injjv2)) € V [0y @Ggﬂj

Proor. The open case follows from the closed case using Lemma 8 (Monadic Bind). The closed case is immediate

from the definition. |

LEMMA 17 (ComPAT CASE).

T (s ler) S8 (sp 1 ez) o@o’

I, x:0 br (s3 | e3) ,SIOg (s4 | eq) : 6" I',x":6" by (s3] €5) Slog (saley):o”

THT +; (s; + 53 | caseej of x. e3 | x'.eg) Sl"g (s2 + s4 | caseey of x. eq | X/.ei) :o”

Proor. Assume

Ty (s ]er) S8 (52 ez) so@o’ (28)
I, x:0 by (s3] e3) S/ (sa | eq) s 0” (29)
I, :0" by (s3] €5) S18 (sq | €}) : 6" (30)
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Consider j > 0, ((s//,sf) | y") e G [T B I'])/. We need to show
((s1+s3+5s | (y)i(caseer of x.e3 | x".e})), (s2 + 54 +s; | (y)a(caseesof x.eq4 | x".€}))) € E [[y"R(c)]]j

From Lemma 7 (Splitting Lemma) we get that there exists ss, s, Y, sz, s¢, ¥ such that

((s5.56) | v) € G [T (31)
((stsp) 1y) e GV (32)
st =ss+scAsg =sg+sg Ay =y By’ (33)

Instantiate (28) with (31). We have

((s1 455 | (N1(e)), (52 + 56 | ()2(e2))) € & [yg(0) ®yg(c"

Applying monadic bind, let j* < j and
(57 11, (55 1 v2)) € V [yp(o) @ yp(c)]” (34)
It suffices to show
((s] + 53+ s | casevi of x. (y")1(es) | X" (y/)1(e3))s
(5 454+ 5 | case vz of x. (1 )z(e) | X' (y)a(e}))) € E [y g ("))
Note that y'g(c”) = y"'g(c”) and yg(c) = y"g(0).

Case v; = injy V]
From (34) and the definition of V [y p(c) ® y g (G/)Hjl,

(55 1v)), (55 1v4)) € V [yg(a)V (35)
By closure under anti-reduction, it suffices to show
((s7 #s3+sz | (y)1(e3)[vi/x1), (sy + 54 +s¢ | (y)2(ea)[v2/x])) € & [[Y”R(G")]]j’

(32) and (35) let us instantiate (29) with y’[x = (v{,v})] to get this.

Case v; = inj, V]

Analagous to the previous case.

LEmmA 18 (CompAT FoLD).

Ty (s1 ] er) S8 (sz | e2) : ofpa. o/al ((s1 1 V1) (52 1 v2)) € V [o[par. /]

INSACH fOIdpa.G er) Slog (s2 1 fOIdpa.cs e2) : pa.c ((s11 fOIdpa.G Vi), (sz2 | fOIdpa.G v2)) €V [[},l(l. G]]j

Proor. The open case follows from the closed case using Lemma 8 (Monadic Bind). The closed case follows from

from the definition of V [pia. ]/ and Lemma 3 (Monotonicity). m]
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LEMMA 19 (ComPAT UNFOLD).

T (s1]er) S8 (s2 ] e2) s paro ((s1 1 v1), (52 1 v2)) € V [per. o]

T +; (s1 | unfoldeq) Sl‘]g (s2 | unfoldez) : o[pa. o/a] ((s1 | unfold vy), (s2 | unfoldvy)) € & [[G[pa.d/a]]]j

Proor. The open case follows from the closed case using Lemma 8 (Monadic Bind). For the closed case, by inversion

on the definition of V [pa. 0]]j we have v; = fold,x ¢ v} and

Vi' < ji(s1 1)), (s2 | V) € V [olpa. o/a]]) (36)

1
L
Since (s; | unfold foldyy . Vi) = (si | v}), by closure under anti-reduction it suffices to show

((s1 1)), (s2 1 v3)) € & [olpa. o/a]] ™

From Lemma 1, & [o[pa.o/a]]’™" 2 V [o[pa.o/a]]’~!. Therefore we need only show ((s; | Vi), (s2 | vs)) €
V [olpe. o/a]}’! which follows from (36). O

LEMMA 20 (COMPAT SHARE).

Tk (s1 ] ) Sl"g (s21e):o

T+ (0| share(sy : ¥). eq) Sl"g (0 | share(sp:V).ep) : lo

PrROOF. Assume
T (51 1e1) S8 (sl e2) 1o (37)

Consider j > 0 and ((0,0) | y) € G ['T]/. We need to show
((0 | share(s1: (1)1(¥)). ()1(e1)). (0 | share(sy : (y)2(¥)). ()2(e2))) € E [(V)r(0)

Ly
Consider j* < j, (s7" | v{') such that (0 | share(sy : (y)1(¥)). (y)1(e1)) = (s7 | v{’). It suffices to show

L oy
vy (0 | share(sz : (y)2(¥))- ()2(e2)) =" (01 v5) A ((s1 1 v]). (@[ v)) € V [{(y)r(0)]™

Note that a share expression can only reduce to another share expression, which must be paired with the empty store.

Therefore, s}" = 0 and

LJ
3s], WY, vivy = share(s]: W) v A (s1 | (Y)1(e1)) = (s] | v])

L
From (37), we have that there exists (s) | v;) such that (s2 | (y)1(ez)) =" (s} | v;) and
(] 1V, (55 1v) € V [(r@F (38)
Since only well-typed terms can be related, there exists \I’é’ such that ‘I/é' ;b sé | vé : (y)2(oc). Note that (0 |
L
share(sz : (y)2(¥)). (y)2(e2)) =™ (0 | share(s} : W/'). v}). By closure under anti-reduction, it suffices to show
((0 | share(s] :W/).v}), (0 | share(s): ¥}).v5)) € E [NV 2V [(1r(@)F

But this follows from (38). O
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LEMMA 21 (CompaT CoPY).

Trp (s ]er) S8 szl eg) i lo

T+, (s1 | copy® eq) Sl"g (s2 | copy®ez):o
Proor. Assume
Th (s1ler) S (s2le2) i lo (39)

Consider j > 0, ((s},s}) | y) € G [T]7. We need to show
((s1+ 57 | copy® (N1(e1)). (52 + 55 | copy” (1)a(e2))) € & [(1)r (o)
Instantiating (39), we get
((s1 #5571 (N1en)s (52 + 55 | (1)a(e2))) € E 1o} (40)
Assume j’ < jand ((0 | vi), (0 | v2)) € V [[!0]]j/. By monadic bind, it suffices to show
(01 copy® v1), (0 ] copy” v2)) € & [(Nr(@)]

From the definition of V [[!0]]j', we have that v; = share(s): V). v} where ((s}" | v}), (s} | v})) € V H(}/)R(G)]]j,.

Therefore we need only show
((0 ] copy® share(s}’ :W}).v}), (0 | copy® share(s} : ¥}).v})) € & [(n)r(c)]

This follows from Lemma 10 (Copy). O

LEmMA 22 (CompPAT LocATION DEAD).

T ([ 110 <28 ([0 ]16) : Box 0
Proor. Consider j > 0 and ((0,0) | y) € G ['T]/. We need to show
(L= 110.(It - 110) € & [Box 0 2V [Box 0]

But ([t -] 1 0),([£ — -] €)) € V [Box 0]/ is immediate. O

LEMMA 23 (COMPAT LOCATION LIVE).

h(s11vi) S8 (s 1v2) i o

Tk ([6F (511 vi)] 1 0) SP8 ([ (s21v2)] 1 0) s Box 1o
PrOOF. Assume
k(511 vi) S8 (s v2) t o (41)

Consider j > 0 and ((0,0) | y) € G ['T]’. We need to show
([ - (s1 1V 0. ([€ - (s2 1 va)] 1 0) € & [Box 1 ()r(0)) 2V [Box 1 (y)r(c)

It suffices to show ((s1 | vi),(s2 | v2)) € V [[(y)R(G)]]j. By Lemma 1, we need only prove ((s; | vi),(s2 | v2)) €
& [(y)r(c)), which follows from (41). O

LEmMMA 24 (COMPAT FREE).

Ty (s1]er) S/ (sz | e2) : Box 0 ((s1 1 v1)s (s2 | v2)) € V [Box 0}

Tk, (s1 | free eq) <198 (sy | free ez) : 1 ((s1 | free v1), (s2 | free v2)) € & 1Y
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ProoOF. By Lemma 8 (Monadic Bind), the open case reduces to the closed case. We need to show ((s1 | free v1), (s2 |
free vp)) € & [[1]j. By inversion on the definition of V [Box 0]]j, si = [t; » -] Av; = ;. Note that ([{; — -] |
L
free ;) = (0 | ()) so by closure under anti-reduction it suffices to show
@roxeIoeeny 2vnr
Which is immediate. O
LEMMA 25 (CoMPAT NEW).

Fhp (s1ler) S8 (sylen) 1 ((s1 1 va), (52 1 va2)) € V 1)V

Tk (s1 | neweq) Sl"g (s2 | new e2) : Box 0 ((s1 | new vq), (s2 | new v2)) € & [Box 0]]j

Proor. By Lemma 8 (Monadic Bind), the open case reduces to the closed case. By inversion on the definition of
% [[1]]j, s1 = sy = 0 and v; = vy = (). We need to show

(0 | new (), (0 | new ())) € & [Box 0]/
By closure under anti-reduction, it is sufficient to show
(€1 11 €1),([t2 > 11 £2)) € & [Box 0] 2V [Box 0]
Which is immediate. O

LEMMA 26 (COMPAT Box).

T hy (511 e1) S (s2 | e2) : (Box 0) @0 ((s11v1), (s2 | v2)) € V [(Box 0) ® p]

I+ (s1 | boxeq) Sh’g (s2 | boxey) : Box 1o ((s1 | box v1), (s2 | box v2)) € & [[Box 1 p]]j

Proor. By Lemma 8 (Monadic Bind), the open case reduces to the closed case.
For the closed case, by inversion on the definition of V [(Box 0) ® pﬂj, we know s; = s;[[i — -]Jandv; = ((;, v;),

with ((s] [ v]),(s5 | v5)) €V [[p]]j. Inspecting the operational semantics, we see

(/[ = -] 1 box (L1, v))) ~ ([Li o (5] 1 V)] | €4)

So it is sufficient to show

([t - (5 1VDT 1 €1), (L2 o (55 1 V)] | €2)) € V [Box 1 pl ™!

Which holds immediately by assumption and Lemma 3 (Monotonicity). O
LEMMA 27 (ComPAT UNBOX).

Tk (s1|er) ,ﬂl"g (s2]e2):Box1c ((s1 1 v1), (s2 | v2)) € V [Box 1 p]]j

I +; (s1 | unboxeq) Sl"g (s2 | unbox e2) : (Box 0)® ¢ ((s1 | unbox v1), (s2 | unbox v3)) € & [(Box O)®p]]j
Proor. By Lemma 8 (Monadic Bind), the open case reduces to the closed case.
By inversion on V [Box 1 p]/, we know s; = [£; (st Ivi)]and v; = £;, with ((s] | v]), (s} | v5)) €V Io].

Then inspecting the operational semantics we see

L
([6i & (57 V)] [unbox €3) ~ (si[Ci = 1| (€i,v)
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So it is sufficient to show

(110 = T 1LV (512 = 12, vy) €V [(Box 0) @ p ™!
Which holds immediately by assumption and Lemma 3 (Monotonicity). O
LEmMA 28 (ComPAT LU BOUNDARY).
TFep §l°g e: 0 (vi,v2) €V [[p]]j

Tk (0] LU(er)) S8 (0] LU 1)) = ![o] (01 LUW)), (0] LU(v2))) € E[pIV

Proor. By instantiating and Lemma 8 (Monadic Bind), the closed case implies the open.

By the operational semantics, we have

LU (vi) & share(:-). [v;]
So it is sufficient to show
((0 | share(0:-). [v1]), (0 | share(0: ). [v2])) € V [:[p]] ™"

Which follows by assumption, definition of the relation and Lemma 3 (Monotonicity). O

LEMMA 29 (ComPAT UL BOUNDARY).

Tk (51 ] er) S8 (52 | eg) < ![o] ((s11v1). (52 1 v2)) € V [1[pIl
T+ (L[.Z:(Sl :‘V] | el) Slog (L[.E(SQZ‘VZ | 62) e} (WL(Sl Z‘Vl | V1),(L[.[:(52:‘V2 | Vg)) e& [[p]]j

Proor. By instantiating quantifiers and Lemma 8 (Monadic Bind), the closed case implies the open case.

By definition of V [![c]]/, we know s; = s, = 0, and v; = share(0:-). [v;], where
(vi.v2) € V [pl/ (42)
and by the operational semantics, we have

ULD:- | share(D:-). [vi]) ‘i Vi

So it is sufficient to show (v1,v2) € V [[p]]j_l, and the result holds by Lemma 3 (Monotonicity) and (42). O

LeEmmaA 30 (ComPAT Lump).

r"L(Sl|el)§log(52lez):(Y ‘kypo=0o

Ik (1 ] lump® 1) %8 (s | lump® e2) : ![o]
Proor. Follows by Lemma 8 (Monadic Bind) and Lemma 32 (Lumping/Unlumping Lemma). O

LemMA 31 (CompAT UNLUMP).

T (s1ler) S8 (splep):l[6]  Fpo=o

T+, (s1 | “unlump eq) Sl"g (s2 | unlump ey) : o

Proor. Follows by Lemma 8 (Monadic Bind) and Lemma 32 (Lumping/Unlumping Lemma). O
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LEmMMA 32 (LumPING/UNLUMPING LEMMA).
(@1vi),@1v2)) eVl  viePvi vyl oy pap
(vi,v2) € V [p]/

(v1,v2) €V [p)/ vi — Py, vy — Py, huLp=p

(0 v1), (@ | v2)) € V [pl

PrROOF. We prove the two statements by mutual induction, by parallel induction on the derivations of vi < Pvy, vy <

Pys.

Case v; = () © 'Tshare () = v;: Immediate from definitions.
Case v; = (vi,v]') & (o} ®°’i,)share(s; +s W W) (v, vi) = v;: Immediate.
Case v; =inj v & (01 @) share(s: V). inji v = v;: Immediate.
Case v; — (9! )share(0:-). A(x:16). % LU v; ULO:- | lump® x)) = v;:
By definition of the relation, it is sufficient to show that for any ((0 | v}), (0 | v})) € V [[!0]]j ,

(0| G,L‘U(vl ULO:- | lump® v1))), (0 | G’.LW(VQ ULO: | lump® vy)))) € E [[!0/]]j

The result then follows from the inductive hypothesis for o, 6" and compatibility lemmas Lemma 15 (Compat

App), Lemma 29 (Compat UL Boundary), Lemma 28 (Compat LU Boundary), using Lemma 8 (Monadic Bind)
where needed.

Case v; = A(x:0). UL@D:- | Iump"' (vi Cunlump LU(X)))) « o=y, Symmetric argument to previous
case

Case v; & [®Ishare(0: ). [v;] = v; Immediate.

Case v; & ”Gshare(ﬁw).share(@:-).v; = v; Immediate.

Case v; & B 1 9share([¢; — (s; | vi)]: (¢ = Vi Box 10)). {; = v; Immediate.

Case v; = foldyg.o V] © Ma-oshare(s; 1 ;). (foldyiar.c Vi) = vi Immediate.

LEmMMA 33 (CoMPAT TENSOR).

I+, (si | ei) Sl"g (sé | eé) io’ I'" v, (si' | e{') Sh’g (Sé/ | eé’) :o”’

TV BT b (s, +5) | (e, e])) SPB (s) + 55 | (e),e))) i 0’ ®c”

(] VD, Gy IV € VISY (Y 1V (s 1)) € V [

(s} +57 1 (Vv (s + 55 | (Whvy) € V [0 @6

Proor. The open case follows from the closed case using Lemma 7 (Splitting Lemma) Lemma 8 (Monadic Bind)

twice. The closed case is immediate from the definition. ]

LEMMA 34 (CoMPAT TENSOR ELIMINATION).

I I
Tprr(spsalens) S 8 (sis21er2):0a®0y [roxa:6a,Xp:0p Fr (Srs1 | er1) S (srs2 ler2):o

) P )
Ty BTy b (sps1 ¥5rs1 | let(xa.xp) =€ 1iner1) % (s 5.0 + 55,2 | let{xa,Xp) =€ zine 2) : o
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Proor. Naming convention is as follows: I, r indicates if it is in the left subterm (discriminee) or right subterm
(continuation); d, s indicates if it is a dynamic store or static store; 1, 2 indicates if it is on the less than or greater than
side of the approximation judgment, a, b indicates if it is in the a or b side of the tensor 6, ® 5.

Assume ((sg.1,542) | y) € G [ B I',]7. By Lemma 7 (Splitting Lemma), we have Sdi=Sldi¥SrdiY =y Byr

with ((s1,4,1:51.4.2) | 1) € G [Tl (sr.a.155r.a.2) 1 v1) € G [T
By inductive hypothesis and Lemma 6 (Splitting and Relational Substitution), we have

(o1 *+sia1 | (rD1er ) s +siaz | (1)1(er2) € E (DRG0 ®0p)]

And we seek to prove that

((s1,5,1 ¥srs,1 + 5141 +5ra1 | let{xa,xp) = (y)1(e1) in(yr)i(er1)), (Sis,2 +Srs.2 4512 +5- 42 |
let (xa. xp) = (y1)2(er2) in (r)2(er.2)) € E [()r (@)

By Lemma 8 (Monadic Bind) and definition of V [- ® -], it is sufficient to prove that for some j” < j, ((5;.4.1.4 |
Vita) GLd2a | Vi2.a)) € VIoal!  ((snae | Vi) Grazp | view) €V o],

((sr.s,1 +S1,d,1,a ¥SL,d,1,b +5r.d1 | let{xa, xp) =<V 1 vy 1,p) in (yr)iler1))s (Srs.2 + 51 d1,a ¥ SLd,1,6 +5r,d,2 |

let (X Xp) = (V11> V1150 i (Yr)2(er.2))) € & [(r()]

By the operational semantics,

. L
(sr,s,1 *+51.d1.a ¥S1.d. 1.6 +5r.d1 | letXa,xp) ={Vi1,0- V1,00 In (Yr)1(er,1)) ~

(Srs+5d 1,0 ¥SLd1p +Srdr | (Y )ilern))

. L
(sr,s,2+ S d2atSLd2b tsraz | letxaxp) =(V2 4,V 2p) in(yr)2(er2)) ~
(Sr.s.2 ¥ SLd2a¥SLdob ¥Srdzl (¥)2er2))

where we define y" = y[xa = (V1,45 Vi,2,0)][%6 = (Vi,1,0-V1,2,5)]

So we need to show

(rost ¥SLdra+Sidry +5rdr | (W)1r))s(rs2 +51dza+sLdop+5mdz | ()2er2) € E[NMREO) =& [()r()

So the result hold by inductive hypothesis and using Lemma 3 (Monotonicity), the fact that

((t,d,1,a ¥ SLd,1,b ¥ 5rd,105Ld2a ¥ SLd2b ¥5r.d2) | V) € G[Tr.xa:0a,%p:05]
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LEMMA 35 (U COMPATIBILITY).
x:c €l

FI—xSlng:G

l'l-elglogezzc Fl—e{Sl(’geizc' rkelil°gegzclxcz
e (el,e{) glog (ez,e;) coxo’ [k mier SlOg €2 :0;
Mre; <l9%ey:n FI—eiSlOgeézc

reo s ,
Mrepse] S%egsel o

I',x:cl—e1510ge2:0' l'l-elil"gegzc’—ms Fl—eiil‘)gegzc'

Mk Ax:0).e; <% A(x:0).e0:0 o [+e]e; Sl"geé ey: 0

Lx:oFes Sl"g ey:c”’

M+ep Sl"gegzci M+ep Sl"gegzc+c’ F,x':o'l—eg Sl"geflzc”
I inj eq Sl"g inj ez : 01 + 02 I+ caseejofx.e3|x’. e] Sl"g caseepof x.e4 | x". e} : ¢/
M+e; S e;: o[pa. o/al Tre; <% eyipa.c
I+ foldua.c €1 g"’g foldpg.c €2 : pa. o I+ unfold e; Sl"g unfolde; : o[pa. o/a]
I',al—vl,SIOgVZ:G l'l—el§l°ge2:\/a.0 Mo’
Mk Aa.vy <% Aat.vy i Va. o Mrer[0'] <8 ey [67] : [0 /a]

Proor. Two cases are proven below. The rest of the proofs of these properties are standard, and similar to those for

L.

LEMMA 36 (COMPAT TYPE ABSTRACTION).

T, Fy V1 5’05 vy :Ya.o

T Fp Act.vi <18 Aa.vy : Va. o
Proor. Given ((0,0) | y) € G ['T], it is sufficient to show

(A ()1(v1), A ()1 (v2)) € V [Ve. (y)r (o)

which is equivalent to showing for any 61,02, R € Rel[o1, 02] that

(N (¢ nv2)) € VIR
where y’ = y[a — (R, 61,062)]. Then the result holds by inductive hypothesis since

((0,0) | y") € G['T, el
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LEMMA 37 (COMPAT TYPE APPLICATION).

T ke ,Slog ey :Va.o’

IT ke [0] S e [0] : o’ [0/a]

Proor. Given ((0,0) | y) € G ['T], it is sufficient to show

((Mi(e1 [0]), (1)2(ez [6))) € & [(1)r(c"[0/a])]’
equivalently,

((N1(en) [(1(0)]: ()a(e2) [(1)2(0)]) € E VIR )R(0) /]l
By Lemma 8 (Monadic Bind), and the definiton of V' [V—. -]/ ', it is sufficient to prove for any j’ < j and

(Aa.vi,Aa.vz) € V [Va. (Y)R(G,)]]j/ >

that
(A v1) [(D1(0)]. (Aa.v2) [(1)2(0)]) € & [(1r( (V)R (0) T}
If we define y’ = yla = (V [(y)r(o)] ", (y)1(0), (y)2(c))], then operational semantics dictates that

(A v1) [(P)1(0)] = (7)1 (o)

(A v2) [(1)2(0)] < (7)2(0)

So it is sufficient to show

(()1(v1), (Y )2(v2)) € V [(Dr()(V)r(6) /]l 7

By Lemma 3 (Monotonicity), we have ((0,0) | y’) € G ['T, a]]j/fl, so by inductive hypothesis we have

()1 (v1), (7 )2(v2)) € V [(y)r(6)} ™

So the result holds because we have

VI REW ™ = VIORE)WRE)/E]
by Lemma 40 (Compositionality). O

LEmMMA 38 (FUNDAMENTAL LEMMA).
(1) If'lTryv:o then!l ko v <log y . 5
(2 IfTrye:othen!Tre <lge.q
() IfV;Trys|e:othenT k; (s|e) <8 (s|e): o

Proor. By mutual induction on typing derivations, the cases are exactly the compatibility lemmas. O

2.5 Soundness

LEMMA 39 (ADEQUACY).

U ]
1) If-re Slog ez : 0, then ife; ™ vy there exists vy such that ey —* vj.
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L U
(2) If-FL (s1 | er) 5105’ (s2 ] e2) : o, then if (s1 | e1) =" (s] | v1) there exists (s;, | v2) such that (s | e2) =™ (s} |

va).
Proor. Immediate from the definition. ]

LEMMA 40 (COMPOSITIONALITY).

(1) If'T +eq <log ey : 5, then I’ + Cle1] <€ Cley] : 6.

) If'T by vy <18 vy i o, then IT7 + Clvy] <18 Clva] @ o’

3) ...
Proor. By induction on contexts. The cases are exactly the compatibility lemmas. O
THEOREM 1 (SOUNDNESS OF LOGICAL RELATION). In short, Sl8c<etx
Proor. Immediate corollary of Lemma 40 (Compositionality) and Lemma 39 (Adequacy). O
LEMMA 41 (ETA EXPANSION FOR FUNCTIONS).

_ctx

“FyV:io]p =02 = VR; Ax:o1).vX

Proor. By Theorem 1 (Soundness of Logical Relation), sufficient to show for every j,

(v,A(x:01).vx) € V][og — 02]]j

(Mx:01).vx,v) € V][og — 0'2]]j

By Lemma 38 (Fundamental Lemma), v = A(x:061).v x and given j* < j and (vi,v2) € V [[cﬂ]jl, it is sufficient to

show

(elvi/x]. (A(x:61). v x) vi) € V [o1 = 2]
((A(x:01).vx) vi,e[vi/x]) € V [o1 = o2]/

But this after one reduction step we get related terms by Lemma 38 (Fundamental Lemma), so the result holds by

Lemma 4 (Anti-Reduction). O

2.6 Copy/Share Cancellation

LEMMA 42.
[Tk, (s1]er) <M (sy | ez) 0 ((s1 1v1)s (s2 1 v2)) € V [6]
[Tk, (0 | copy® share(s; : W).e1) <198 (sy | e) 1 o ((0 | copy® share(s; : ¥).v1), (s2 | v2)) € & [o]/
|y (sl er) S8 (s ez) o ((s1 1v1)s (s2 | v2)) € V [6]
[Tk, (s1 | e1) <18 (0 | copy® share(sy:¥).ez) i o ((s1 1 v1) (@ | copy® share(sy : ¥).v2)) € & [o]/

Proor. The open cases follow from the closed using Lemma 9 (Monadic Bind Under Share). For the closed cases,

proceed by induction on c. O
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CoROLLARY 1 (COPY-SHARE CANCELLATION).

T+, (0| copy® share(s:W¥).e) ™ (s |e) : o

Proor. From Lemma 38 (Fundamental Lemma), Theorem 1 (Soundness of Logical Relation), and Lemma 42. O
LEMMA 43.
[T h (st le) S (2] ep):lo (@1v1). (0] v2)) €V ['o}
| 1T+, (0] share(s; : ¥). copy® e1) S (sz | e2) : lo ((0 | share copy® v1), (0 | v2)) € & ['o]/
[T h(s1le) S (s2]ep):lo (@1v1). (0] v2)) €V ['o}
| T by (511 e1) S8 (0 | share(s :¥). copy e) : lo ((01v1), (0 | share copy® v2)) € & [lo]/

Proor. The open cases follow from the closed using Lemma 9 (Monadic Bind Under Share).
For the first closed case, assume
(©1v1).(0]v2)) €V [lo}

From the definition of V [o]/, this gives us that s; = s, = () and
W1, (s1 1 V), Wa, (s2 | vh).vi = share(s; :W;).v) A ((s1 | V), (s2 | v})) € V [}

We need to show
((0 | share copy® share(sy : W1).v}), (0 | share(sz: ¥2).v5)) € & I's]l

By Lemma 42 (), ((0 | copy® share(s; :W1).v]),(s2 | v5)) € & [[G]]j. Applying Lemma 9 (Monadic Bind Under Share),
assume j’ < jand

(5 1V (55 1)) €V o] (43)
Since V [o]/ ' is defined over well-typed terms, there exist W] and W} such that W/;- +y s} | v}’ : (c);. It suffices to show

((0 | share(s] :W1).vy), (0 | share(s): ¥2).vy)) € & [[!cy]]j,

Since & ['6]/" 2 V [I]7, this follows from the definition of V' [Ic]’ and (43).

The second closed case is analagous. O
COROLLARY 2 (SHARE-COPY CANCELLATION).
IT k. (0 | share(s: ). copy® e) = (s | e) : lo

ProoF. From Lemma 38 (Fundamental Lemma), Theorem 1 (Soundness of Logical Relation), and Lemma 43. O
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