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Well Quasi Orderings

Definition (wqo)
A wqo is a quasi-order (A, <) s.t.

w . .
VX = Xg,X1,X2,... € A%, d,1 < 1y, Xi, < Xi, -

Example (Basic WQO'’s)

> (N, <),
» ({0,1,...,k},<) forany k € N,

» (I, =) for any finite set I, with p elements.



Algebra of Polynomial WQO's

Disjoint Sums

Lemma
If (A1, <a,) and (A, <a,) are two wqo’s, then
(A1 + A, <4 ) isa wqgo,
where A1 + Ay = {(i,a) |ie€{l,2)Aae Ailand <,
is the sum ordering:

Aa) <y G,b) Ei=jAa<ab.



Algebra of Polynomial WQO's

Cartesian Products

Lemma (Dickson’s Lemma)
If (A1, <a,) and (Ag, <a,) are two wqo’s, then
(A1 x Ay, <) isawqo,

where < is the product ordering:

def

(a1, ap) <« (b1,b2) & a1 <A, b1 A az <a, by



WQOQO'’s for Termination

Bad Sequences

> X = Xg,X1,...1n A% is a good sequence if
T < 1y, xiy, < X4y,

> a bad sequence otherwise,

» if (A, <) is a wqo: every bad sequence is finite



An Example

SIMPLE (a, b)
c+—1
whilea >0Ab >0
(a,b,c) «— (a—1,b,2c)
or
(a,b,c) «— (2c,b—1,1)
end

> in any run, (ao, bg), ..., (an, by) is a bad
sequence over (IN?, <),

» (IN?, <) is a wqo: all the runs are finite

» How long can siMPLE run?



A Computation of stMPLE(2, 3)

SIMPLE (a, b) (a,b,c) | loop iterations
ce—1 (2,3,20) 0
whilea >0 Ab >0
(a,b,c) «— (a—1,b,2c)
or
(a,b,c) «— (2¢,b—1,1)
end




A Computation of stMPLE(2, 3)

SIMPLE (a, b) (a,b,c) | loop iterations
ce—1 (2,3,20) 0
whilea >0Ab >0 <1321> 1
(a,b,c) «— (a—1,b,2c) "
or

(a,b,c) «— (2¢,b—1,1)
end



A Computation of stMPLE(2, 3)

loop iterations

SIMPLE (a,b) (a,b,c)
ce—1 (2,3,2°)
whilea >0Ab >0 <1321>
(a,b,c) «— (a—1,b,2c) <22’ 2’ 20)

or

(a,b,c) «— (2¢,b—1,1)
end

0
1
2



A Computation of stMPLE(2, 3)

SIMPLE (a,b)
c+—1
while a >0 /Ab >0
(a,b,c) «— (a—1,b,2c)
or
(a,b,c) «— (2¢c,b—1,1)
end

(a,b,c) | loop iterations
(22,2, 2% 2
(1,2,22°1y | 24221




A Computation of stMPLE(2, 3)

SIMPLE (a, b)

(a,b,c)

loop iterations

c+—1
whilea >0 Ab >0
(a,b,c) «— (a—1,b,2c) (
or
(a,b,c) «— (2¢,b—1,1)
end

1,2,221)
2%,1,1)

24221
2 4 22



A Computation of stMPLE(2, 3)

SIMPLE (a,b)
c+—1

whilea >0Ab >0

or
(a,b,c) «— (2c,b—1,1)
end

(a,b,c)

loop iterations

(a,b,c) «— (a—1,b,2¢c) (2%,1,1)

(1,1,22° 1)

2+ 22

2422427 1



A Computation of stMPLE(2, 3)

SIMPLE (a, b)
c+—1

whilea >0Ab >0

{(a,b,c)

loop iterations

(a,b,c) «— (a—1,b,2c) 1, 1/2222_1>

or
{(a,b,c) +— (2¢,b—1,1)
end

0,1,22)

2422427 -1
2422427



A Computation of simMPLE(2, 3)

SIMPLE (a, b) (a,b,c) | loop iterations
c+—1
whilea >0 Ab >0 : :
(a,b,c) = (a—1,b,2¢) (0,1,22") | 2422 +2%
or
(a,b,c) «— (2¢,b—1,1)
end

» Non-elementary complexity

» Derive (matching) upper bounds for termination
arguments based on Dickson’s Lemma
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Applications of Dickson’s Lemma

Termination and decision of problems on

» well-structured transition systems (Finkel and
Schnoebelen, 2001),

v

Transition invariants (Podelski and Rybalchenko, 2004),

v

Datalog with constraints (Revesz, 1993),
Grobner’s bases (Gallo and Mishra, 1994),

v

v

relevance logics (Urquhart, 1999),

v

data logics (Demri and Lazi¢, 2009; Figueira and Segoufin, 2009),



Controlled Sequences

» bound the length of bad sequences over (A, <)



Controlled Sequences

» bound the length of bad sequences over (A, <)
» but: choose any N, and consider the bad
sequence N,N —1,...,0 over N
» similarly:
(3,3),(3,2),(3,1),(3,0),(2,N),(2,N —1),...



Controlled Sequences

» bound the length of bad sequences over
(A, < 1A)

» associate a norm function |.|5 : A — IN to each
wqo (A, <)

Definition (Normed WQQO'’s)
kin = k (@, b)|axs = max(|ala, [bls)

. def
|<1, a>|A1+A2 = |C1|Ai



Controlled Sequences

» bound the length of controlled bad sequences
over (A, <;|.|a)

» fix a control function f : IN — IN
» X = Xg,X1,... over A is (f, t)-controlled iff

Vi, [xila < f(i+t)



Controlled Sequences

» bound the length of controlled bad sequences
over (A, < ;[/a)

» fix a control function f : IN — IN
» X = Xg,X1,... over A is (f, t)-controlled iff

Vi, Ixila < f(i+t)

Example (stMPLE(2,3))
A =N?, t =2 = [log,(max(a,b))], f(x) =2* +1



Controlled Sequences

» bound the length of controlled bad sequences
over (A, < ;|.|a)

» for fixed A, £, t, there are finitely many bad
(f, t)-controlled sequences over A

» maximal length function

La(t)



Length of Bad Sequences

Technical Overview

1. obtain inequalities for Lyx ¢ in terms of
“simpler” wqo’s

2. define a bounding function M with
L e(t) < Mpeg(t)

3. rank Mk ¢ in a hierarchy of function classes
(ngn)n



Easy Cases

LNOIf(t) =1
L s(t) = ()

the latter sequence being

f(t)—1, f(t)—2,...,1,0



Inequality for IN®

Example

x = (2,2), (1,5), (4,0), (1,1), (0,100), (0,99), (3,0)

(0,100),(0,99), (Ryo: x[1] =0)

<2 2> <115>/ <1/1>/ (Rl,l :X[l] = 1)
1 (4,0), (3,0) (Ryp:x[2] =0)
(Ry1:x[2] =1)



Inequality for IN®

Example

x = (2,2), (1,5), (4,0), (1,1), (0,100), (0,99), (3,0)

(0,100),(0,99), (Ryp: x[1] = 0)

0,2, | L5 (1,1), (Ryp:x[1] =1)
ek (4,0), (3,0) (Ryp : x[2] = 0)
(1,1) (Ry1:x[2] =1)



Inequality for IN®

Example

x = (2,2), (1,5), (4,0), (1,1), (0,100), (0,99), (3,0)

(,100), (+,99),  (Rup:x[1] = 0)

29 <>I<,5>, <>|<,1>, (Rl,l ZX[l] = 1)
(2,2), (4, %), 3,%) (Rop : x[2] = 0)
(Ry1 : x[2] =1)

Suffix: a bad sequence over

IN+N-+N+IN



Inequality for IN®

Example

= (2,2), (1,5), (4,0), (1,1), (0,100), (0,99), (3,0)

(100),(99),  (Ryp:x[1] =0)

<2 2 <5>/ <1>/ (Rl,l (x[1] = 1)
2 ), (3) (Rap : x12] = 0)
(Ry1 :x[2] =1)

Suffix: an (f, t + 1)-controlled bad sequence:

L (1) < 14 Dngetgge)—1),6(t + 1)



Length of Bad Sequences

Inequality for Y . IN*
Example
A =IN?+ N>+ N
(5), (3),
(2,2),  (1,5),(4,0), (1,1),  (0,100),(0,99),(3,0)

(12,1), (3,5)



Length of Bad Sequences

Inequality for Y . IN*

Example
A =IN? +IN* + N
(5), (3),

(2,2),  (1,5),(4,0), (1,1),  (0,100),(0,99),(3,0)
(12,1), (3,5)

(x,100), (*,99),
(2,2) (%,5), (x,1),




Inequality for Y . IN*

Example

(x,100), (*,99),

*,D), x,1),
2,2) (*,5) s (*,1) -

(12,1), (3,5)

0,A={B+N!.k(x—1)|]A=B+N"]

Las(t) < max {1+ La¢(t+1)}
A,Gaf(t A

)



A Bounding Function

Mas(t) = max {14+ Ma(t+1)}.
A’Gaf(t)A

» Then for all polynomial A and t
Las(t) < Mag(t)

» find the functional complexity of M



Fast Growing Hierarchy: (Fy)«

(Lob and Wainer, 1970)
Hierarchy of functions (F4), indexed by ordinals; we
only need the finite fragment.

Fo(x) =

Fn—H (X)

x+1
Fx—l—l( )

& II‘L



Fast Growing Hierarchy: (Fy)«

(Lob and Wainer, 1970)
Hierarchy of functions (F4), indexed by ordinals; we
only need the finite fragment.

Fo(x) Ex +1
Frg1(x) = F (%)
Fi(x) = 2x + 1

Fa(x) = (x+1)- 271 —1
F3 is non elementary

def . [ .
Fo = Ax.Fx(x) is non primitive-recursive



Fast Growing Hierarchy: (%)«

(Lob and Wainer, 1970)

Elementary-recursive closure of the (Fy)«

T
ngo — 91 (elementary)

(linear)




Complexity Results

Proposition (Upper Bound)

Let k,r > 1 be natural numbersand y > 1. If fisa
monotone unary function of .%, with
f(x) > max(1,x) for all x, then My, is in F, 1.

Proposition (Lower Bound)

Let k, r > 1 be natural numbers and vy > 0 with
Y +k = 3. Then Ly, r, is bounded below by a
function which is not in .#, .
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Concluding Remarks

» practical applications of wqo’s yield upper
bounds!

» out-of-the-box upper bounds

» “essentially” matching lower bounds for
decision problems on monotone counter
systems (lossy counter systems, reset or transfer
Petri nets)

» ICALP 2011: Higman’s Lemma
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Program Termination Proofs
(Podelski and Rybalchenko, 2004)

Monolithic Termination Argument

» prove that the program’s transition relation R is
well-founded

» ranking function p from program configurations
X = X, X1, ...1nto a wqo s.t.

R C{(xi, %) | p(xi) £ p(x5)}
» for stmMpPLE: p(a,b,c)=w-b+a



References

Program Termination Proofs
(Podelski and Rybalchenko, 2004)

Disjunctive Termination Argument

» find well-founded relations Ty, ..., Tx on
program configurations

» proveR* C T U---UTy
» for SIMPLE:

T ={({a,b,c),(a’,b’,c")) a>0Aad < a}
T, ={({a,b,c),(a’,b’,c")) | b >0ADb' < b}

» at the heart of the TERMINATOR tool
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Termination by Dickson’s Lemma
» each Ty shown well-founded thanks to a ranking
function p; into a wqo (S;, <)
» map any sequence of program configurations
X=Xo,X1,.-.
to a sequence of tuples
y = (P1(x0), -, pr(x0)), (Pr(x1), - -, prc(x1)), ...

inSy x--- xSk
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Termination by Dickson’s Lemma
» each Ty shown well-founded thanks to a ranking
function p; into a wqo (S;, <)
» map any sequence of program configurations
X=Xo,X1,.-.
to a sequence of tuples
y = (p1(x0), - -, px(x0)), (P1(x1), -, px(x1)), - ..
inS; x --- x Si
» yis bad: if 1 < iy, there exists j s.t.
(Xil,Xiz) - R™ N T]
but
pj(xi,) £ pj(xi,)
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Bounds on Program Complexity

Make some assumptions:
» complexity bound g on atomic program
operations

» complexity bound p on ranking functions into IN

» y controlled by g' o p in some .%,

» time complexity in %, 11
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Bounds on Program Complexity

Make some assumptions:

» complexity bound g on atomic program
operations

» for instance polynomial
» complexity bound p on ranking functions into IN
» for instance polynomial
» y controlled by g' o p in some .%,
> in this case an exponential function in .%,
» time complexity in %, 11
» in this case %y 1
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Bounds on Program Complexity

Make some assumptions:

» complexity bound g on atomic program
operations

» for instance polynomial
complexity bound p on ranking functions into IN
» for instance polynomial
y controlled by g o p in some .%,
> in this case an exponential function in .%,
time complexity in %, x4
» in this case %y 1

v

v

v

v

matches the lower bound (expand simMPLE to
dimension k instead of 2)
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