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COMPLEXITY OF WQO ALGORITHMS

v

well-quasi orders (wqo): tools for proving
termination

v

generic complexity upper bounds

\4

enormous complexities

what about “natural” lower bounds?

v



Y

OVERVIEW

Theorem
Coverability and termination in enriched nets are
F oo (m+O(1))-complete.
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ENRICHED NETS

» classes of colored Petri nets:
timed-arc Petri nets: clocks in IR

constrained multiset rewriting systems: natural
numbers

data nets: elements of some linear-ordered
dense domain

» equal expressiveness (Abdulla et al., Bonnet et al.)
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PeTrI DATA NETS (PDNs)

Example (weak copy)
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PeTrI DATA NETS (PDNs)

Example (weak copy: a,b?C a,b3,a)
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COVERABILITY

input a Petri data net N and a place p of N

question does there exist a reachable marking
with at least one token in p?

Proposition (Lazi¢ et al.)
Petri data net coverability is Fyw-hard.

Proposition
Petri data net coverability is in F oo (n+ O(1)).
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HAarDY HIERARCHY

Ordinal-indexed hierarchy of functions
(HIN — IN) <,

HO(x) =x H*(x) = H(x+1) H'(x) = H™(x)
where
(Y"‘WBH)XZY—FwB-X ('Y‘|‘CU}\)X:'Y+(U?\X

Intuitively: “transfinite iteration of x — x 41"
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HArRDY HIERARCHY
H%(x) =x H*M(x) =H*(x+1) HMx)=HM(x)
(y+wP ) =y+wf x (v+wh)=y+wM
Example
Hi(x)=x+1 HYx)=2x HY(x)=2%
H® non elementary

ww e e .
H®™ non primitive-recursive
w

H®"" non multiply-recursive
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HArRDY HIERARCHY
H%(x) =x H*M(x) =H*(x+1) HMx)=HM(x)
(y+wP ) =y+wf x (v+wh)=y+wM
Example
Hi(x)=x+1 HYx)=2x HY(x)=2%
H® non elementary

ww e e .
H®™ non primitive-recursive
w

H®"" non multiply-recursive

F oo =HY  this talk

w
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HAarDY HIERARCHY
HO(x) =% H* () = H¥(x+1) H(x) = H™(x)
(Y P ) =y Pk [yl =y + @

Example
Let Q = w®" and k > 0 then

wk k=14

Qp =w® (Q )k = w®

F oo (k) =H2(k) = H@x (k)
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Harpy COMPUTATIONS
Ho(x) =x H*"(x) = H¥(x+1) Hx) = HM(x)

(y+ P =y +wf-x (y+wh)=y+w™
Rewrite system over () x IN:

n+1l,n—mn+1

n+w¥! nosna+w* nn

oc—f—wf3 ‘n

+wB+1
T+ w* Y  n—-mn+w ;N

m+1 O(erBerm.n

B+w
xtw M — T+ W n

T+ W



Y

HArRDY COMPUTATIONS
Rewrite system over (y x IN:

n+1l,n—mn+1

n+w* 'l nona+w* nn

atwb+l atwhn
T+ W ,M— T+ W ,n

+1

atwhrw™ atwpre™n

T+ W

Ty, N — 7T, M| — -+ — O,HT[O(TL())

,M— T+ W N
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HArRDNESSs OF COVERABILITY IN PDNs

» Reduction: from the halting problem of a
Minsky machine M with counters bounded by
HE(IM]+0(1)) = H? (k).

8 computation of H?(k): some smaller
value could be reached

» also perform a weak computation of the
(H)™
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HArRDNESSs OF COVERABILITY IN PDNs
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CumMurLATIVE ORDINAL ENCODING

» ordinals < w* as vectors v in IN¥:
B(v)=w ! vk—1] 4+ w’- v[0]
- ordinals < w®" as vector sequences V =vy---vy:
(V) = PO oo Rivp)

» ordinals < () as #-separated vector sequences
X = V1 #V2# cee #Vm# (aka )Z

mi(x) = Vi Vm) o yalVieVimar) ooy Vi)
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EnxcopeEDp HARDY COMPUTATIONS

Work on codes instead of ordinals:

Example

n+1l,n—mn+1
is encoded as

#x,n—x,n+1

(RT)
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EnxcopeEDp HARDY COMPUTATIONS

Example

Let k > 1; the initial step of the encoded Hardy
computation for H? (k) is

X0, k — X1, k
with codes

xo = (1_1)*#; 7t(x0) = (Qx)x

_ wk71~(k71)+wk72~k
x1 = (L) N * ;5 mi(x) = w®
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PROPERTIES

Proposition (Correctness)
X, — Yy, mand x pure imply
H™™ (n) = H™) (m).
Proposition (Robustness)

Let x,x' be pure codes and n' > 0. If x' is n'-trim
and x,n C x/,n’', then H™™ (n) < H™)(n').
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CONCLUDING REMARKS

» answers the open complexity questions on
enriched nets

» first “natural” problem complete for F oo

» also expressiveness corollaries (see paper)
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WaY CuMULATIVE ENCODINGS

NonN-RoBusTNESs oF CANTOR NORMAL FormMm

Encoding as “+”-separated sequences
p=Vi+---F+Vy

X(-p) — w(x(Vl) 44 wix(Vm)
Example
For k =1:
X(1+0)=w+w  x(10) = w*™"
Hx(l—i—O)(n) _ wa+w(n)

< ]_lw“’~(n—1)—HJuTl (n) = Hx(lO)(n)
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