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OUTLINE

the “oldest” relevance logic (Moh, 1950; Church, 1951)

THEOREM
Provability in R_, is 2-ExpTIME-complete.

as a means to prove algorithmic results

FacT (DEMRI et al., 2013)
Coverability in BVASS is 2-ExpTIME-complete.

between counter systems and substructural logics
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BRANCHING VECTOR ADDITION SYSTEMS
B=(Q,d, T, Ts) Q finite set of states, d dimension in IN
configurations q,v € Q x N4

unary rules q = q' € Ty Can Q x Z4x Q

Y (unary)
———— (unar
q’,v+u Y
splitrules q =+ q1+q2€ T, € Q3

q,vi +V2

di1,VvV1 q2,v2

(split)
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SoME APPLICATION DOMAINS

computational linguistics (survey in S., 2010)
» dominance links (Rambow, 1994)
» abstract categorial grammars (de Groote,
2001)

» minimal grammars (Salvati, 2011)

linear logic inter-reductions with MELL (de Groote et al.,
2004; Lazi¢ and S., 2014)

protocol verification Horn deduction modulo AC (Verma
and Goubault-Larrecqg, 2005)

data logics for XML FO?(<,41,~) (Bojanczyk et al., 2009;
Dimino et al., 2013)

parallel programming (Bouajjani and Emmi, 2013)
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DecisioN PROBLEMS
Given B =(Q,d, Ty, Ts) and qr,q¢ € Q.
REACHABILITY

Does there exist a deduction tree rooted by (,0 and with
d¢,0 as leaves?

(RooT) COVERABILITY

Does there exist a deduction tree rooted by (,v for some
v € N and with qy, 0 as leaves?
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DEcISION PROBLEMS
Given B =(Q,d, Ty, Ts) and qr,q¢ € Q.
REACHABILITY
Does there exist a deduction tree rooted by (,0 and with
d¢,0 as leaves?
» Tower-hard (Lazi¢ and S., 2014)

» decidability open, recursively equivalent to MELL
provability (de Groote et al., 2004)

(RooT) COVERABILITY
Does there exist a deduction tree rooted by (,v for some
v € N4 and with gy, 0 as leaves?

» 2-ExpTiME-complete (Demri et al., 2013)
» parametric complexity: doubly exponential in dimension
d, but in |Q| and || Tyl
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IMPLICATIONAL RELEVANCE LocGic R_,

ExampPLE: A — (B — A)

“if it’s raining (A.), then if your favorite color is green (B)
then it’s raining (A)”

A theorem in classical logic, in relevance logic.
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IMPLICATIONAL RELEVANCE LocGic R_,

ExampPLE: A — (B — A)

“if it’s raining (A.), then if your favorite color is green (B)

then it’s raining (A)”
A theorem in classical logic, not in relevance logic.

GENTZEN-STYLE SEQUENT CALCULUS
A,B, C formulae; T', A multisets of formula;

INAAFB

NAEB (©)

AFA (1)
A ABEC INAFB

FaAsBrc Y TFrasp (W




SoME HISTORY

Independently defined Hilbert-style axiomatic systems by
Moh (1950) and Church (1951)

Weak Deduction Theorem (Church, 1951)
IfAq,...,An_1,AnFBand A, is , then
Al;---;An—l F An — B.

Proved decidable by Kripke (1959) (wqo argument)

THEOREM (KRIPKE, 1959)

If- A is a theorem of R_,, then there exists an
proof for it.
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INHABITATION OF SIMPLE TYPES

Ti=altT—T a ranges over atomic types

AI-CaLcurus (CHURcH, 1930’s)
Given T, does there exist a closed Al term with type T?

Xx:Thkx:T (var)
MNx:tHt:7 (abs)
N Axt):t—1 ans
lNt:t—1 ARt :7
(app)

MAE(tt): 1
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INHABITATION OF SIMPLE TYPES

Ti=altT—T a ranges over atomic types

CoMBINATORY Loacic (see CurRRY AND CRAIG, 1953)

Given T, does there exist a closed term built from
combinators B, C, I, W with type t?

Bfgx =f(gx): (B—C)— ((A—B)—= (A —=C))

Cfxy= fyx :(A=-(B—=C))—=(B— (A—(C))
Ix= x A=A

Wxy = xyy : (A— (A—B)) = (A—=B)
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COMPLEXITY OF THE DEcCISION PROBLEM

THEOREM (URQUHART, 1990)
Provability in R_, is EXPSPACE-hard and ACKERMANN-easy.
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COMPLEXITY OF THE DEcCISION PROBLEM

THEOREM (URQUHART, 1990)
Provability in R_, is EXPSPACE-hard and ACKERMANN-easy.

THEOREM (URQUHART, 1999)

Provability in R_, A is ACKERMANN-complete.
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FrRoM R_, TO BVASS (1/2

» subformula property: given a formula F, set

Q = Subformule(F)U... d = |Subformule(F)|.

» a sequent ' A becomes a configuration A,vr € Q x IN¢
» rules implement :

A (9 @ﬂ
'FA ABEC @

FAASBrC Y @MC<
Oﬂ»@

INAFB

rFASB R e
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FrRoM R_, TO BVASS (2/2)

What about contraction?

INAAEB
INAFEB
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What about contraction? (Urquhart, 1999)
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R, <|ocspace Expansive BVASS Reachability



FrRoM R_, TO BVASS (2/2)
What about contraction? (Urquhart, 1999)

INAAEB q,v+eq

c _qvre .
TALB (©) 4V 2e; (expansion)

Proposition
R, <|ocspace Expansive BVASS Reachability

Proposition
Expansive BVASS Reachability <pspace BVASS Coverability

Thankfully, the exponential blow-up only impacts the
state space of the constructed BVASS



FrRoM BVASS TOo R, (1/2)

Given a BVASS B =(Q,d, T, Ts), wlog.
T.CQ x{e;,—e |1 <i<d}
» atomic formule QW{e; |1 <i<d}
» encoding of a vectorv=cie1 +---+cqgeq: [y = eil,...,efld

» encoding of asetof rules: Ap, ="t Tt

rq g7 =(e;— q1) — g
rq—%qi7=q; — (61— q)
"q—=q1+q2"=q1 — (q2—q)
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FrRoM BVASS 1o R_, (2/3)

0
ﬁ@z

qe,e1,9¢ — (61— q1), 9o, qe — (e2 = q2), 91 = (g2 = q), (e2 = q) = qr F qr
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FrRoM BVASS 1o R_, (2/3)

_><O’ 1>@E

qe.e1,— (e1—q1),qe,qe — (e2—q2), 91 = (g2 > q)-e2—q  qrF ar
qe.e1,q¢ — (e1 = d1), 9o, qe — (e2 = q2), q1 — (42 — q), F g
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_><O’ 1>@Z

qe¢,€1,q¢ — (61 — ql)z qe,qe — (62 — qZ)f q1 — (qZ — q); (<) l_(q )
qe,e1,— (e1 —q1),qe,qe — (e2 = q2),q1 — (g2 = q) F ek ar
qe.e1,q¢ — (€1 — q1), e, q¢ — (€2 = q2), 41 — (42 — q), (€2 = q) = qr F gy
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(a1)(2,0
~@U@)

qee1,qe — (e1 > q1)Fd1 qe.qe— (e2—>4q2), 42—~ q,e2kq
qe,e1,q¢ — (e1 — q1), qe, q¢ — (e2 = q2), ;62"C(l_m]
qe,el,—>(el—>q1),qe,qe—>(ez—>qz),q1—>(qz—>q)Fez—>(ch) qrt-qr
qee1,qe — (€1 — q1), de,de — (€2 — q2), 41 — (42 — q), (€2 — q) — qr - qr-
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FrRoM BVASS 1o R_, (2/3)

(a1)(2,0
@@

qe,q¢ — (e2—q2),e2-q2 qkq

qe,q¢ — (e2 = q2), ;equ(_)L)
qee1,q0— (e1— a1), 40, qc — (€2 = q2), 41 — (42 = q), €2 q ©

qee1,— (€1 d1), 40, qc — (€2 = q2), 41 — (42 > q) F ez = q © qr-qr
qe,e1,q0 — (€1 = d1), 40, q¢ — (€2 — q2), 41 — (42 — q), (€2 = q) = Gr F q°

qee1,qe — (e1 = q1) F qr
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FrRoM BVASS 1o R_, (2/3)

(@2
ﬁ@z

qedqe ere1—qihdr

qe,q¢ — (e2—q2),e2-q2 qkq
qﬂ;el;

Fa1 Y0 qe— (62> d2), 42— g ek q
qee1,q0— (e1— q1), 40, qc — (€2 = q2), 41 — (42 = q), 2 q ©
quen,— (61— q1),9uqc— (2= q2), d1— (@2 = O Fes = q "~ qrbar
qe,e1,q0 — (€1 = d1), 40, q¢ — (€2 — q2), 41 — (42 — q), (€2 = q) = Gr F q°
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FrRoM BVASS 1o R_, (2/3)

(@2
ﬁ@z

etker qikqa

(=)
qebqe e, Fq1 “qe.qe— (e2—q2),e2k-q2 qFq

-1 (=)
qe,e1,q¢ — (e1 —qi1)Fq1 qe.qe— (e2—q2),92—~qg,exkq

qee1,qc — (€1 — d1), 9o e — (€2 5 42), 41 — (42 > q), €2k q
qe,el,—>(el—>q1),qe,qe—>(ez—>qz),q1—>(qz—>q)Fez—>5fR) qrtqr
qe.el.qe—>(el—>q1),qe,qe—>(ez—>qz),q1—>(qz—>q),(ez—>q)—>qu5ﬂL




Y

FrRoM BVASS 1o R_, (2/3)

ﬁ'_z@f’ ‘0 @

ert-ep c11"‘11(_> qe-qe  ex—qpe2tqz N
qeqe ener—qibqr de

(=) ez 42 ql—q( )
qee1,qe — (e1 = q1) Fqr qu,QE—>(€2—>q2),Q2—>q,€2|—q( L]
qe.e1,qe — (€1 —q1), qe,qe — (€2 —q2),q1 — (q2 > q), e2 - q

qe,e1,— (e1 —q1),qe,q¢ — (e2 = q2), 91 = (g2 =+ q) Fex — EfR) qr F ar
qe.e1,q¢ — (€1 — q1), e, q¢ — (€2 = q2), 41 — (42 — q), (€2 = q) = qr F gy
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FrRoM BVASS 1o R_, (2/3)

ﬁ‘_z@/’ ‘0 @

exhen qz“lz o
erbe; qlkql( qe b qe ,equz N
qet qe e1,e1—>q1Fq1 “qe.q0 — (e2 = q2), 62"‘12 qtq
dee1,qe— (€1 — q1) F q1 qz,qe%(ez%qz),qz%q,equ( .
qee1,q0— (e1— a1), 40, qc — (€2 = q2), 41 — (42 = q), 2 q ©

qe,e1,— (e1 —q1),qe,q¢ — (e2 = q2), 91 = (g2 =+ q) Fex — (q_)R) qrF ar
qe.e1,q¢ — (€1 — q1), e, q¢ — (€2 = q2), 41 — (42 — q), (€2 = q) = qr F gy
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FrRoM BVASS 1o R_, (2/3)
(a1)(2,0
@M

exhen qz“]z(_)
erber qiFqr qeqe ex—dgaeabqz

ene1 > qik g1 Tquqi— (e2—> q2) ek q2 qh g
quenqi—(e1— a1 “d0qc— (e2—d2), 42 > G eab q -
qee1,q0— (e1— a1), 40, qc — (€2 = q2), 41 — (42 = q), 2 q ©
quen,— (e1—q1), 90 qc — (62 = 42), q1— (@2 = q) F e2 = q © qr - qr
o1, qe— (€1~ 41), (1, qe — (€2 42), 41— (42— a), (2 @) — 4r - g
qe.e1,q¢ — (e1 — q1),q¢ — (e2 = q2),91 — (g2 = q),(e2 > q) = qr F qr

L)

qekdqe




FrRoM BVASS 1o R_, 3/3)

LEMMA
A sequent qq, Iy, At = q is provable in R_, iff there exists
an deduction tree of B with

1. leaves labeled by qq,0,
2. root labeled by q,v,
3. each rule in T employed

COMPREHENSIVE REACHABILITY
Every rule in T, UT; is used at least once in the witness
deduction tree.

Proposition
BVASS Coverability <| ocspace
Comprehensive Expansive BVASS Reachability
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FocusING PROOF SYsTEM FR_,

(USED TO PROVE THE PREVIOUS LEMMA)

Al Fa AAIFa

—— (atomic) ———— (focus) ——— c
la] IFa NAIFa NAIFa
A A/Blra 7 I'AI+B 7
—) ——— (=}
I'N'AJA —BlIra 'A—B

THEOREM
I"'H A is provable in LR, iffI" I+ A is provable in FR_;.



EXTENSIONS

Larger fragments of R and contractive intuitionistic
linear logic:

THEOREM
Provability in R, IMLLC, and IMELZC is
2-ExpTIME-complete.
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FuLL PAPER GOODIES

http://arxiv.org/abs/1402.0705

Appendix A The focusing proof sequent calculus for R_,

Appendix B A parameterized analysis of
2-ExpTiME-easiness for BVASS (instead of
BVAS as in Demri et al., 2013)


http://arxiv.org/abs/1402.0705

PERSPECTIVES

» employing a BVASS coverability tool for R, (Majumdar
and Wang, 2013)?

» what about the complexity of T_, (Bimbé and Dunn, 2013;
Padovani, 2013)?
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