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SYNTAX

v

dimension d € IN

finite set A Cg, Z9 of actions a € A

v

SEMANTICS

> u,v,...c Nd

> udveNtxAxNwithv=u+a
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ExAaMPLE
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RUNS AND PRERUNS

DerINITION (PRERUN)
A is an element

(ul (ullallvl) e (uklaklvk)l V)
from PreRunssy = IN9 x (N9 x A x N9)* x IN4

DerINITION (RUN)
A prerun is (isarun)if

(source) u=uj
(transitions) V1 <j <k, uj +aj =v;j
(contiguity) V1 <j <k, vj_1 = u;

(target) vy =V



THE REACHABILITY PROBLEM

Runsa (x,y) & [p € PreRunsy | p is a run with source x and target y}

VAS REACHABILITY
input A Cgp, Z4, X,y € N4

question Is y reachable from x in A?
l.e., is Runsa (x,y) = 0?



THE REACHABILITY PROBLEM

Runsa (x,y) & [p € PreRunsy | p is a run with source x and target y}

VAS REACHABILITY
input A Cgp, Z4, X,y € N4

question Isy reachable from x in A?
l.e., is Runsa (x,y) = 0?

THEOREM (MAYR, 1981; KosarAauu, 1982; LAMBERT, 1992;
Leroux, 2011)

VAS Reachability is decidable.



THE REACHABILITY PROBLEM
Runsa (x,y) & [p € PreRunsy | p is a run with source x and target y}

VAS REACHABILITY
input A Cgp, Z4, X,y € N4

question Is y reachable from x in A?
l.e., is Runsa (x,y) = 0?

THEOREM (MAYR, 1981; KosArAaJuu, 1982; LAMBERT, 1992;
Leroux, 2011)

VAS Reachability is decidable.

» by the (Mayr, 1981; Kosaraju, 1982;
Lambert, 1992)



THE REACHABILITY PROBLEM
Runsa (x,y) & [p € PreRunsy | p is a run with source x and target y}

VAS REACHABILITY
input A Cgp, Z4, X,y € N4
question Is y reachable from x in A?

l.e., is Runsa (x,y) = 0?

THEOREM (MAYR, 1981; KosArAaJuu, 1982; LAMBERT, 1992;
Leroux, 2011)
VAS Reachability is decidable.

» by the (Mayr, 1981; Kosaraju, 1982;
Lambert, 1992)

» by Presburger invariants (Leroux, 2011)
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/1 \Y /7 \ /1
\4
o= 0O [0 2=Ng) [0 T >O
x siln gout sin

out
%0

~< O(’

» associated set of runs Qs C Runsa (x,y)

» perfectness condition (aka 0 condition):
decidable semantic condition ensuring Qg = ()

» effective of imperfect sequences:

Qe = Uc’edecompose(c) QG’
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KLMST ALGORITHM (SCHEMATICALLY)

Construct a sequence Sg,S1,... of finite sets of marked
witness graph sequences with Yn

def

Qn= U Qs =Runsy(x,y)

0€SH
init Sp is s.t. Runsa (x,y) = Qg
vn » if Sy ={o}w S and —perfect(o)
Sni1 ESU (decompose(o))

» otherwise stop: Runsy (x,y) = ()

terminates via a ranking function r
Vo' € decompose(o).r(0) > r(0’)
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» ACKERMANN lower bound on the KLMST algorithm (Mdiller,
1985)
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1. conceptual complexity
“the complexity of the two proofs (especially of Mayr,
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2. complexity
» ExPSpPACE-hard problem (Lipton, 1976),

» ACKERMANN lower bound on the KLMST algorithm (Mdiller,
1985)

» no known upper bound
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MYSTERY 1: CONCEPTUAL COMPLEXITY

THEOREM (DECOMPOSITION THEOREM)

The KLMST algorithm computes the ideal decomposition
of

JRunsa (x,y) dzef{p' € PreRuns, | 3p € Runsa (x,y) . p' <p}

SIGNIFICANCE
» entails decidability of VAS Reachability:
Runsa (x,y) = 0 iff J[Runsa (x,y) =0

» generalises Habermehl et al. (2010)’s result on the
computability of downward-closures of VAS languages

> for decidability proofs in extensions (unordered
data nets, branching VAS, pushdown VAS, ...)?
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WELL QUASI ORDERS

» Downward closure
def

IS={xeX|dseS.x<s}
» Descending Chain Property
A quasi-order (X, <) is a well
quasi order if every descending
chainDg2 D12 of
downwards-closed subsets of X
is finite.
» Examples
» finite sets with equality
» IN with the naturals ordering
» A X B with the product ordering
(Dickson’s Lemma)
» A* with scattered subword (for A wqo)
ordering (Higman’s Lemma)
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PRERUN EMBEDDING

Construct the ordering < over preruns inductively; recall

PreRunsy = IN¢ x (N¢ x A x N4)* x N4

ExaMPLE (RUN EMBEDDING <)

(3, 3)_’(>( 1) 7% (3, 2)_/>(2 0)_’>(3,1)
N

(1‘,0)—">(z,1)

LEMMA (JANCAR, 1990)
(PreRunsy, <) is a wqo.
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Every downward-closed subset D C X of a wgo (X, <) is
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Finkel and Goubault-Larrecq (2009, 2012): effective
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MARKED GRAPH SEQUENCE (IDEAL VIEW)

A for (particular) prerun ideals with

Ic 2106

THEOREM (PERFECTNESS AS IDEAL ADHERENCE)
If o is perfect then I = [ Q.
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KLMST ALGORITHM (IDEAL VIEW)

Construct a sequence Dq,D1,... of downwards-closed
sets, represented as finite sets of ideals, with Yn

Dn = U Is 2 [ Runs,(x,y)

0ESH

init Do = PreRunsa

Yn» if DL =1UD and
—perfect(I),

def
Dn+1 =

D Udecompose(I)

» otherwise stop:

Dn = | Runsy (x,y)
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CoNCcLUDING REMARKS

» ideals as an tool to work with
downward-closed sets

> new of the KLMST decomposition
extension to other models (BVASS, PDVAS,...)?

» immense complexity gap: EXPSPACE vs. F 3

» only known tight case: PSpace-complete d = 2 + control
states (as presented by Blondin et al., 2015, this morning)
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A BiT oF Macic...

THEOREM (LENGTH FUNCTION THEOREM, S., 2014)

(g,n)-controlled decreasing sequences &g, X1,... of
ordinals < o withn > |«| are of length bounded by g*(n)
in the Hardy hierarchy.

Claim (KLMST control, using Figueira et al., 2011)
In the KLMST algorithm, the sequence of ranks along any
branch is controlled by (deH, |A]).

As a result, the KLMST algorithm runs in space

3
d+1>ww

(Hw (JA]), which is in F .



A BiT oF MAGIc: CONTROLLED SEQUENCES

DerINITION (ORDINAL NORM)

For an ordinal o < ¢q, define the norm |x| as the maximal
coefficient appearing in its Cantor normal form
a:w“l .Cl_'_..._’_w(xn 'CTL:

o & max (cjlos)

=)=

DeriNITION (CONTROLLED SEQUENCE)

Let g:IN — IN strictly monotone and n € IN. A sequence
of ordinals «g, &1, ... is (g,n)-controlled if

Vi oyl < gi(n) .

In particular, |xg| < n.



A BIT oF MAGIc: HARDY FUNCTIONS
Ordinal-indexed hierarchy of functions h*:IN — IN

DEFINITION
Fix h:IN — IN strictly monotone:

hO() Ex hH() Zh¥(h(x)  h) =M (x)

where A(0) < A(1) < --- < Ais the standard fundamental
sequence for the limit ordinal A, e.g. w(x) =x+1,
w?(x) =w- (x+1), w®(x) = w1

ExAMPLE
For instance for H(x) £ x + 1:

2

H®(x) = 2x+1 HY (x) =2 (x+1)—1

3 w

o2
HY (x) ~ 2" Jrtimes o (x) ~ ackermann(x)



A BiT oF Macic: FAST-GROWING COMPLEXITY

For o > 3:
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B<w PEF<u
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