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Definition 1. Let A be a finite alphabet. A quantitative language of infinite words over A is a
mapping from the set of infinite words Aω to the set of reals R.

Definition 2. A (non-deterministic) weighted automaton is a tuple A “ pQ,A, q0,∆q where Q is a
finite set of control states, q0 P Q is the initial state, A is the input alphabet and ∆ Ď QˆAˆ RˆQ.

A run of A on u “ a0a1a2 ¨ ¨ ¨ is a sequence q0, r0, q1, r1, q2, ¨ ¨ ¨ such that q0 is the initial state of A
and for every i ě 0 one has pqi, ai, ri, qi`1q P ∆.

From now on fix a weighted automaton A “ pQ,A, q0,∆q. For simplicity we assume that we have
for any pq, aq P QˆA that |tpr, q1q P RˆQ | pq, a, r, q1q P ∆u| “ 2.

With any word u P Aω we can consider all runs of A on u and associate a complete binary tree
tu whose nodes are labelled by elements of Q and arcs are labelled by reals: a branch in this tree
corresponds to a run of A on u.

Definition 3. A payoff function is a map C : Rω Ñ R.

Typical payoff functions can be the lim-inf-average function
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or the discounted payoff function (for some 0 ă λ ă 1)
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Payoff functions can naturally be used to associate with any run a payoff (simply take the value
of the payoff function on the sequence of weights along the run).

Hence, for a fixed payoff function, for a word u P Aω, we associate with each branch in tu a real
as the payoff corresponding to the run associated with the branch. Our goal during this internship
is to find a robust way to associate with tu (equivalently with u) a unique payoff. Trivial ways
to do so is to take e.g. the infimum over all possible payoff but we would rather have a notion
corresponding to the expected payoff one could obtain by randomly choosing a run (and getting
the corresponding payoff). Of course such a definition may need extra requirement on the payoff
function.

Once good notions are found, we would like to study closure properties of the quantitative
languages that we obtain and also investigate other characterisations of those languages.

Depending on whether we get results on the infinite words setting, we may later investigate
extensions to the infinite trees setting.
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