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Abstract

In this work, we relate the three main formalisms for the notion of pasting diagram in strict
w-categories: Street’s parity complexes, Johnson’s pasting schemes and Steiner’s augmented
directed complexes. We first show that parity complexes and pasting schemes do not induce
free w-categories in general, contrarily to the claims made in their respective papers, by pro-
viding a counter-example. Then, we introduce a new formalism that is a strict generalization
of augmented directed complexes, and corrected versions of parity complexes and pasting
schemes, which moreover satisfies the aforementioned freeness property. Finally, we show
that there are no other embeddings between these four formalisms.

Introduction

From an original idea of S. Mimram.

Pasting diagrams. Central to the theory of strict w-categories is the notion of pasting dia-
gram, which describes collections of morphisms for which a composite is expected to be defined
and unambiguous. Reasonable definitions are easy to achieve in low dimensions, but the no-
tion is far from being straightforward in general. The three main proposals are Johnsons’
pasting schemes (8], Street’s parity complexes [19, 20] and Steiner’s augmented directed com-
plexes [16, 17]. Even though the ideas underlying the definitions of those formalisms are quite
similar, they differ on many points and comparing them precisely is uneasy, and actually, to
the best of our knowledge, no formal account of the differences was ever made. In this article,
we achieve the task of formally relating them. It turns out that the three notions are incom-
parable in terms of expressive power (each of the three allows a pasting diagram which is not
allowed by others), and the way the comparison is performed here is by embedding them into a
generalization of parity complexes which is able to encompass all the various flavors of pasting
diagrams.

Originally, the motivation behind pasting diagrams was to give a simpler representation of
formal composition of cells in (free) w-categories. More precisely, given the data, for i > 0, of
generating i-cells with their source and target boundaries (under the form of a polygraph [2],
also called computad [18]), the cells of the associated free w-category can be described as the
formal composites of generators quotiented by the axioms of w-categories. This representation
is difficult to handle in practice, because the equivalence relation induced by the axioms is hard
to describe. Instead, a graphical representation of the cells involved in the composite appeared
to be sufficient to designate a cell. For instance, consider the two formal composites

axo (a1 B) %0 ((7 %0 h) *1 (6 %0 h))
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Under the axioms of w-categories, it can be checked, though it is not immediate, that both
represent the same cell. However, both are formal composites of the elements of the following
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In fact, all formal composites involving all the generators of this diagram are equal and the data
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of the diagram enables to refer to the cell obtained by composing u, v,...,y, a, b,..., h, a, 3,
v, 0 together unambiguously without giving an explicit composite for them. We call pasting
diagrams the diagrams satisfying this property. It can be observed that this pasting diagram is
made of smaller pasting diagrams like
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Moreover, the two can be composed along w by taking the union of the pasting diagrams. More
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generally, given a set of generators and their source-target borders satisfying sufficient properties,
one can obtain a category of pasting diagrams on such a set, which is isomorphic to the free
category mentioned earlier, justifying the use of pasting diagrams instead of formal composites
to designate particular cells.

Hence, pasting diagram formalisms give effective descriptions of free w-categories. In par-
ticular, they give a precise definition of the notion of commutative diagrams and model generic
compositions. Moreover, they make it possible to study higher categories by probing them
through pasting diagrams. For example, augmented directed complexes were used to give an
effective description of the Gray tensor product in [17]. In a related manner, Kapranov and Vo-
evodsky studied topological properties of pasting schemes in [10] and used them in an attempt
to give a description of w-groupoids in [11], but their results were shown paradoxical [15].

Several other works studied pasting diagrams. In [1], Buckley gives a mechanized Coq proof
of the results of [19] but stops at the excision theorem [19, Theorem 4.1]. In particular, the
proof of the freeness claim [19, Theorem 4.2] was not formally verified, and could not be, since
this claim does not hold in general, as is shown in the present paper. In [3], Campbell isolates
a common structure behind parity complexes and pasting schemes, called parity structure, and
gives stronger axioms than the ones of parity complexes and pasting schemes, taking an opposite
path from this work which seeks a more general formalism. In [13], Nguyen studies pre-polytopes
with labeled structures and shows that they give a parity structure that satisfies a variant of
Campbell’s axioms that are enough to obtain another correct notion of pasting diagrams. In [6],
Henry defines a theoretical notion of pasting diagrams, called polyplexes, to show that certain
classes of polygraphs are presheaf categories, and uses them to prove a variant of the Simpson’s
conjecture in [7]. However, his pasting diagrams can involve some looping behaviors, and are
then out of the scope of the formalisms studied in the present work. Using similar ideas,



Hadzihasanovic [5] defines a class of pasting diagrams, called regular polygraphs, that is “big
enough” to study semi-strict categories and which is well-behaved for several constructions
(notably, their realizations as topological spaces are CW complexes).

Pasting diagrams in l-categories. The most simple instance of a pasting diagram is in a
1-category: in this case, those are of the form

o = T 22 T2 By Tn (2)

and admit a, o --- o a; as composite. On the contrary, diagrams such as

y etz or T Da (3)
are not expected to be pasting diagrams: in the first one, the two arrows are not even composable,
and the second one is ambiguous in the sense that it might denote a, or a o a, etc. Also note
that the diagram (2) can be freely obtained as the composite of generating diagrams of the form

Qag
Ty — Ti4+1

(composition amounts here to identify the target object of a diagram with the source of the
second), whereas this is not the case for the diagrams of (3). Note that the pasting diagrams of
the form (2) can be characterized as the graphs which are acyclic, connected and non-branching
(in the sense that no two arrows have the same source or the same target).

Pasting diagrams in higher categories. In order to extend this construction to higher
dimensions, we first need to generalize the notion of graph: an w-hypergraph is a sequence of
sets (P;);>0 together with, for i > 0 and x € P41, two subsets z~,2% C P, representing the
source and target elements of x. Then, pasting diagrams can be generalized to higher dimensions
inductively: an n-pasting diagram is given by source and target (n—1)-pasting diagrams and a
(compatible) set of n-generators. Conditions need to be put on the w-hypergraphs in order for
the pasting diagrams to have the structure of an w-category. But, contrarily to dimension one,
giving such conditions is hard in higher dimensions, because guessing which formal composites
are going to be identified by the axioms of w-categories can be tricky. For example, the order
in which we are supposed to compose the elements of (1) is ambiguous. Considering only the
2-generators, the orders of composition «, 5,7,0 and «,~,d, 5 are both possible. However, it
can be proved that all possible orders of composition are equivalent by the axioms of strict
w-categories, so this ambiguity is not important. On the contrary, given the 2-cells a and
described by the diagrams

T Y
w /i} ozx y and g /U ﬁ\ Z (4)
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« and 8 can be composed together in two possible orders: « then 8 or 8 then «, which can be
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But here, these two composites are different. Even more subtle problems arise starting from
dimension three, justifying the somewhat sophisticated axioms given for parity complexes and
pasting schemes.

Pasting diagrams as cells. Given an w-hypergraph P, the pasting diagrams on P can be
described as cells on P, that is, as organized collections of generators of P. For good enough
axioms on P, we expect these cells to be w-categorical cells. There are different flavours for
these cells, which reflects as different formalisms for pasting diagrams.

A first notion of cell is given by tuples of elements of P that are kept organized by dimension
and by source/target status. This is the solution adopted by parity complexes. For example,
the pasting diagram (1) is represented by five sets

X2 = {Q,B,V,(S},
XL— = {a,b,e,h}, X1,+ = {a7 d7gv h}7
XO,* = {u}7 XU,+ = {y}

where X; _ represent the i-source, X; the i-target, and X, the 2-dimensional part of the
diagram.

Another notion of cell is given by sets that gather all the elements appearing in the pasting
diagram, regardless of their dimension or source/target status. This is the solution adopted by
pasting schemes. For example, (1) will be represented by the set

X:{u,v,w,x,y,a,b,c,d,e,f,g,h,a,ﬁ,’y,é}.

This notion of cell seems the most natural for our goals since it enables one to refer to the “cell
obtained by composing together the generators of a set S” directly as the set S. However, it is
arguably harder to work with.

A last notion of cells can be obtained by interpreting w-hypergraph as directed complexes
of abelian groups. Similarly to the first notion of cell, cells are then given by group elements
for each dimension and source/target status. This is the notion adopted by augmented directed
complexes. For example, (1) will be represented by the 5 group elements

Xo=a+B+7+6,
Xi,-=a+b+e+h, Xi+=a+d+g+h,
Xo’f = u, X07+ =.

This has the advantage of allowing tools from group theory or linear algebra, and is currently
the most widely used formalism.



Outline and results. In Section 1, we recall the definitions of each formalism: parity com-
plexes (Subsection 1.3), pasting schemes (Subsection 1.4) and augmented directed complexes
(Subsection 1.5). Then, we introduce generalized parity complexes (Subsection 1.6, with axioms
given in Paragraph 1.6.3). We relate each definition to the unifying notion of w-hypergraph
(Paragraph 1.2.1): a formalism is then a class of w-hypergraphs (given by axioms) together with
a notion of cell and operations on these cells. In Paragraph 1.3.9, we discuss the counter-example
to the freeness property of parity complexes, which involves the diagram made of
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together with two 3-generators
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In Paragraph 1.4.9, we explain that the counter-example above also contradicts the freeness
property claimed for pasting schemes. In Paragraph 1.6.7, we give alternative axioms for gener-
alized parity complexes that are simpler to check in practice.

In Section 2, we show that, given a generalized parity complex P, the set of cells Cell(P)
on P has the structure of an w-category. In Subsection 2.2, we prove an adapted version of [19
Lemma 3.2] which is the main tool to build new cells from known cells (Theorem 2.2.3). In
Subsection 2.3, we use this property to show that cells on a generalized parity complex have the
structure of an w-category (Theorem 2.3.3).

In Section 3, we show the freeness result for generalized parity complexes. In Subsection 3.2,
we prove that the atomic cells (i.e. cells induced by one generator) are generating Cell(P)
(Theorem 3.2.2). In Subsection 3.4, we introduce contexts that are used to obtain canonical
form for the cell of an w-category (as given by Lemma 3.4.4). In Subsection 3.5, we formally
define the notion of freeness we are using for w-categories. In Subsection 3.6, we prove that
Cell(P) is free (Theorem 3.6.18).

In Section 4, we define other notions of cells for generalized parity complexes, namely
mazimal-well-formed and closed-well-formed sets. Closed-well-formed sets should be under-
stood as the equivalent of the notion of cell for pasting scheme in generalized parity complexes.
Maximal-well-formed sets are then a convenient intermediate for proofs between the original
notion of cell for parity complexes (as defined in Paragraph 1.3.3) and closed-well-formed sets.

We show that the both new notions induce w-categories of cells isomorphic to Cell(P) (Theo-
rem 4.5.5 and Theorem 4.5.7).



In Section 5, we relate generalized parity complexes to the three other formalisms. In Sub-
section 5.1, we show that parity complexes are generalized parity complexes (Theorem 5.1.3).
In Subsection 5.2, we show that loop-free pasting schemes are generalized parity complexes
(Theorem 5.2.9) and that both formalisms induce isomorphic w-categories (Theorem 5.2.10).
In Subsection 5.3, we show that loop-free unital augmented directed complexes are generalized
parity complexes (Theorem 5.3.23) and that both formalisms induce isomorphic w-categories
(Theorem 5.3.24). In Subsection 5.4, we give counter-examples to other embeddings between

the formalisms.
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1 Definitions

In this section, we recall the definition of strict w-categories and then we present the three main
formalisms for pasting diagrams studied in this article: parity complezes [19], pasting schemes [8]
and augmented directed complezes [17]. They all roughly follow the same pattern: starting from
what we call an w-hypergraph, encoding the generating elements of the considered w-category,
they define a notion of cell, consisting of sub-hypergraphs satisfying some conditions. Then,
they give conditions on these w-hypergraph such that these cells can be composed and form an
w-category.

1.1 Higher categories

1.1.1 Graded sets. A graded set C is a set together with a partition

c=|]c

€N
the elements of C; being of dimension . For n € N and S C C, we write S<,, for U;<,,S;.
1.1.2 Globular sets. A globular set C' is a graded set, the elements of dimension n being
called n-cells, together with functions 9,9, : Cp, .1 — Cy, respectively associating to an (n+1)-
cell its n-source and n-target, in such a way that the globular identities are satisfied for every

n € N:
O, 00,,1=0,00y, and 0500, =000,

Given m,n € N with n < m, we write 0,, : C, = C,, for the function
Oy =0, 00,1000, 4
and similarly for 9. Given i < m, we write Cy, x; Cy, for the pullback

Cm X Cm

Moreover, given x,y € C),, we say that z and y are i-composable when (x,y) € Cy, X; Cy,, that
is, when 8jm = 0; y. More generally, given k£ > 0 and z1,...,2; € Py, we say that z1,...,z),
are i-composable when, for 1 < j <k, x; and x4 are i-composable.

1.1.3 Strict higher categories. Given n € NU{w}, an n-category C' is a globular set such
that C; = () for ¢ > n and equipped with composition operations

*j0 C; X4 C; — C;
for j <i < mn+ 1 and identity operations
id; : Ci—l — CZ

for 0 < i < n+ 1, which satisfy the axioms (i) to (vi) below. For j <i <n+1 and z € C}, we
write id;(x) for id; o - - - oid;j11(z). The axioms are the following:

7



(i) fori <n+1, 5,k <i, (z,y) € C; x; C;y and € € {—,+},

Op(a) = 0p(B) itk <j,
o5 ( 5) 9; () if k=jand e=—,
ax; fB) =
S a7 (8) ifk=jande=+,

)
a0,

(o) % OL(B) if k> 7,

(ii) for i < n and z € Cj,
07 (idiy1(z)) = 6;f (idiya (2)) = a,

(iii) for j <i<n+1, z,y,z € C; with (z,y), (y,2) € C; x; C;,
(xxjy)*j 2 =z %5 (Y *; 2),
(iv) for j <i<mn+1and z € Cj,
id;(0) ) xjz =2 =z %; idi(ﬁjx),
(v) fork<j<i<n+1landz 2, y,y € C; with (z,y), (2',y) € C; x; C; and (z,2'), (y,v') €

C; x Gy,
(x5 y) *p (2 55 y") = (@ s 2’) %5 (y 2 ¥,

(vi) for j <i<mnand (z,y) € C; x; Cj,
idip1 (2 *5 y) = idig1(z) *5 idig1 (y).

Note that, given n € N, an n-category C can equivalently be defined as an w-category such
that, for ¢ > n and x € C;, z = id;(2) for some 2’ € C,. Given n € N, k € NU {w} and an
(n+k)-category C, we write C<,, for the underlying n-category.

1.1.4 Strict higher functors. Given n € NU {w} and two n-categories C' and D, an n-
functor F: C — D is given by a sequence of functions F;: C; — D;, for 0 < i < n+ 1, such
that

— for j <i<n+1, x,y € C; such that 8}1’:3]73/,

Fi(z +j y) = Fi(z) %; Fi(y),

— fori < n, z € Cj,
Fiia(idis1(2)) = idig (Fi(a)).

Given z € C;, we write F(z) for F;(x).



1.2 Higher graphs

1.2.1 Hypergraphs. An w-hypergraph P is a graded set, the elements of dimension ¢ being
called i-generators, together with, for ¢ > 0 and for each generator z € P;y1, two finite subsets
x~, 2" C P, called the source and target of . Given a subset U C P and € € {—,+}, we
write U€ for Uzepa®. Simple w-hypergraphs can be represented graphically using diagrams,
where 0-generators are represented by their names, and higher generators by arrows —, =, =
etc. ..that represent respectively 1-generators, 2-generators, 3-generators etc. ..

For example, the diagram

/ ' \
a (&
x I « z
N
Yy
can be encoded as the w-hypergraph P with
Po={:c,y,y’,z}, Py Z{a,b,c,d}, P2:{Ck},

and P, = () for n > 3, source and target being

a” ={z}, at = {y}, a” ={a,c}, at = {b,d},

and so on.

1.2.2 Fork-freeness. Given an w-hypergraph P and n € N, a subset U C P, is fork-free
(also called well-formed in [20]) when:

— if n =0 then |U| =1,
— if n. > 0 then for all x,y € U and € € {—,+}, we have 2Ny = (.

Note that the definition of fork-freeness depends on the intended dimension n. This subtlety
is important in the case of the empty set: () is not well-formed as a subset of Py but it is
as a subset of P, when n > 0. For example, the subset {a,b} of (5) is not fork-free since
a” Nb- = {z}, but {a,c} is.

1.2.3 The relation <. Given an w-hypergraph P, n > 0 and U C P,, for z,y € U, we
write :v<1(1J y when 27 Ny~ # 0 and we define the relation <y on U as the transitive closure of
<1(1J. Given VW C U, we write V <y W when there exist x € V and y € W such that x <y y.
We define the relation < on P as Ujso<p,. The w-hypergraph P is then said acyclic when < is
irreflexive. For example, the following w-hypergraph

T y (6)

is not acyclic since f <g< f. The w-hypergraph (1) is acyclic.

For V C U, we say that V is a segment for <y when for all z,y,z € U with x,z € V and
x4y y<y z, it holds that y € V. For V. C U, we say that V is initial (resp. terminal) for <
when, for all x € U, if there exists y € V such that x <y y (resp. y<y =), then x € V.



1.2.4 Remark. In [19], <is defined as a transitive and reflexive relation whereas in [8], it is
only defined as a transitive relation. In this paper, a transitive (and not reflexive) definition is
preferred, since it carries more information than a transitive and reflexive definition.

1.2.5 Other source/target operations. Given an w-hypergraph P, for n > 2, z € P,
and €,n € {—,+}, we write 2 for (). We extend the notation to subsets S C P,, and write
S for (S€)". Moreover, we write 27 for = \ 7 and z* for 2+ \ 7. We also extend the
notation to subsets S C P, and write ST for S~ \ ST and S* for ST\ S~. For example, in the
w-hypergraph (5), we have

a = {x,y}, atT = {xay/}7 a T = {x}v at* = {Z}

1.3 Parity complexes

In this subsection, we recall the formalism of parity complexes developed by Street in [19]. Most
of the content will be reused when defining generalized parity complexes. The idea behind the
formalism is to represent an (n+1)-cell as source and target n-cells together with a subset of
P, +1 which “moves” the source n-cell to the target n-cell. Under the axioms of parity complexes,
the set of cells will have a structure of w-category.

1.3.1 Pre-cells. Let P be an w-hypergraph. For n € N, an n-pre-cell of P is a tuple
X = (XO,—7X0,+7 s 7XTL—1,—7X77,—1,+7X7’Z)

of finite subsets of P, such that X; C P; for 0 < i < n and € € {—,+}, and X,, C P,. By
convention, we sometimes write X,, — and X, ; for X,,. We write PCell(P) for the graded set
of pre-cells of P.

Given n >0, e € {—,+} and an (n+1)-pre-cell X of P, we define the n-pre-cell 9°X as

00X = (X07,, X07+, .. 7Xn71,77 Xn,17+, Xn,e)-

The globular conditions 9¢0 9~ = 9€ 0 dT are then trivially satisfied and ~, 9" equip PCell(P)
with a structure of globular set.

1.3.2 Movement and orthogonality. Let P be an w-hypergraph. Given n € N and finite
sets M C P41, U C P, and V C P, we say that M mowves U to V when

U=(VUM )\M"™ and V=UUM)\M".

The idea here is that V' is the subset obtained from U by replacing the source of M by its target.

Given n € N and finite sets S, T C P,, we say that .S and T are orthogonal, written S 1 T,
when (S™NT7)U (ST NTT) = 0. Orthogonality, as we will see in Lemma 2.1.4, is a condition
that enables decomposition of movements.

1.3.3 Cells. Let P be an w-hypergraph. Given n € N, an n-cell of P is an n-pre-cell of P,
such that

— X is fork-free for 0 <i <n and € € {—, +},

— Xit1emoves X; _ to X; 4 for 0<i<mn,ee{—, +}.

10



We denote by Cell(P) the graded set of cells of P, which inherits the structure of globular set
from PCell(P). Graphically, an n-cell X can be informally represented in the following way:

>5

Xn—l,— Xn—l,-l—

X

anQ,f Xn72,+

X, X1
Xo,— Xo,+

M
~— X
where an arrow U V' means that M moves U to V.

For example, consider the w-hypergraph associated to the diagram

w
N
v U5 T

It contains (among other) the cells

{t}),
({t} {w'} {a,b, "} {a,b, "} {a}),
({t}7 {Z}7 {CL, bu C, d7 €, f}7 {CL, b/) Clu d/) 6/7 f}7 {Oé, /67 e 6}) e
1.3.4 Link with Street’s definition. In [19], cells are defined as pairs (M, N) with M, N C
P satisfying conditions similar to the fork-freeness and movement conditions. This definition is
equivalent to the one given above: given an n-cell (in the sense of Street) (M, N), one obtains

an n-cell X (in our sense), by setting X,, = M,, and, for i <n, X; - = M; and X; = N;, and
an inverse translation is defined similarly.

11



1.3.5 Compositions and identities of cells. Let P be an w-hypergraph. Given 0 < i <
n € Nand X,Y € Cell(P),, such that X and Y are i-composable, the i-composite X x; Y of X
and Y is defined as the n-pre-cell Z such that

Xj,e if 7 <1,

Xi— ifj=dand e = —,
Zje = o

Y+ if j=4and e =+,

Xj UYje ifj>i.

It will be shown in Section 2 that, under suitable assumptions, the composite of two n-cells is
actually an n-cell. Given an n-cell X, the identity of X is the (n+1)-cell id,,4+1(X) given by

ld(X) = (X0,77 X0,+7 cee 7Xn71,77 Xn71,+7 Xna X’m (D)
and for m > n, we define id,,(X) with an induction on m by

ido(X) =X and  idmi1(X) = id(idy (X)).

1.3.6 Atoms and relevance. Let P be an w-hypergraph. Given n € N and z € P,, we
define (z); C P; for 0 <i <n and € € {—, +} inductively by

(T)n,— = (T)n,+ = {z}
and
(@) = (@ and ()4 = (&)1,

for 0 < j < n. For sake of symmetry, we write (z),, for (z), . The atom associated to x is then
the n-pre-cell of P

<JJ> = (<:L'>0,77 <$>0,+7 SRR <$>n*1,*a <$>n71,+, <:E>n)
A generator z is said relevant when the atom (z) is a cell. For example, the atom associated to
ain (5) is (a) with

<a>07— = {u}7 <a>1,— = {b7 C”}’ <a>2 = {a}7

<Oé>0,+ = {w'}, <Oz>1,+ — {b/’C///

and, since it is a cell, « is relevant.

1.3.7 Tightness. Given n € N, a subset T' C P, is said to be tight when, for all u,v € P,
such that v <v and v € T, we have v~ N T* = (). For example, in (7), X = {B,~} is not tight
since <y and ¢ € a~ N X*. This notion appears in [20] to correct the original definition of
parity complexes. However, it will not be used in the generalized formalism.

1.3.8 Parity complexes. A parity complex is an w-hypergraph P satisfying the axioms
(C0) to (C5) below:

12



(C0) forn>0and x € Py, x~ # 0 and x* # (;

(Cl) forn>2andz € P,z Uzt =z T Uat™;

(C2) forn>1andz € P, x~ and 1 are fork-free;

(C3) P is acyclic;

(C4) forn > 1, z,y € Py, 2 € Ppj, if x <y, x € 2¢ and

y € 2" for some €, € {—,+}, then € = n;
(C5) for 0 <i<mnandze P, (x);_ is tight.

(C0) ensures that each generator has defined source and target. (C1) enforces basic globular

properties on generators. For example, it forbids the w-hypergraph

w x z (8)

since f~~ U ft = {w,y} and fT~ U f~+t = {x,2}. (C2) forbids generators with parallel
elements in their sources or targets. For example, the w-hypergraph

v _1,, (9)

does not satisfy (C2) since f~ = {z,y} is not fork-free. (C3) forbids w-hypergraph like (6). (C4)
can be informally described as forbidding “bridges”: the w-hypergraph

/\
\/

does not satisfy (C4). Indeed, f<g’ and f € = and ¢’ € a™.
The axioms (C0) to (C4) above were the only ones in [19]. But they appeared to be in-

sufficient. The last axiom (C5) was then introduced in the corrigenda [20] which involves the
mentioned notion of tightness. This axiom relates to segment Axiom (G3) of generalized par-
ity complexes and prevent problematic w-hypergraphs in the spirit of (16) discussed in Para-
graph 1.6.5, even though (16) does not satisfy (C3) in the first place.

1.3.9 A counter-example to the freeness property. The main result claimed in [19]
is that the globular set Cell(P) together with the source, target, identity and composition
operations, has the structure of an w-category, which is freely generated by the atoms (z) for
xz € P ([19, Theorem 4.2]). But, this property does not hold as we illustrate with a counter-
example.

Consider the w-hypergraph P defined by the diagram given by

13




together with two 3-generators

m A I o
T b Y e z = x b Y e z
NS v
! f
d d

P
2
o)
<~
\Q\

= gy )
¢
\_/ \ c /
Then, it can be shown that P is a parity complex. Moreover, the diagram (11) defines a
polygraph @, which induces a free w-category A = Q* (see Paragraph 3.5.2 for the definitions).

In A, there are two ways of composing the 3-cells A and B, inducing two 3-cells H; and Hy as
follows:

Hy = ((axo7)*1 Ax1 (B0 f))*2 (o' x0d) %1 B*1 (c*09"))

and
HQ = ((a *0 d) *1 B *1 (C *Q (5)) *9 ((a *Q ’y,) *1 A *1 (/3/ *0 f))

These two 3-cells are not equal with respect to the axioms of strict 3-categories (a proof is given
in Appendix A), so they are different 3-cells of .A. But both have the same 2-source and 2-target:

/\/\

0y (H;) = x
2 \JW
e — m‘a\/\

U&/

Moreover, the involved 3-generators in H; and Hs are A and B. The information that makes
Hq and Hs different is the order of composition of A and B, which is not included in the cell
structure of a parity complex. So the universal morphism eval: A — Cell(P) maps H; and Hj
to the same cell X given by:

X3 ={A, B},
- ={e,B,7,6}, Xoq ={d,B',7,0'},
- ={a,d}, Xi4={c [}
Xo— = {z}, Xo- ={z}.

Hence, H; and H are identified in Cell(P). But [19, Theorem 4.2] was precisely stating that
eval was an isomorphism. Thus, Cell(P) does not satisfy the freeness property claimed in [19].

14



1.4 Pasting schemes

Johnson’s loop-free pasting schemes [8] is another proposed formalism for pasting diagrams.
Like parity complexes, they are based on w-hypergraphs, but the cells will now be represented
as subsets of generators instead of tuples as for parity complexes. Moreover, pasting schemes
will rely on relations, namely B and E, on the w-hypergraph to define the globular operations on
the cells. More precisely, B and E will encode which generators to remove to obtain respectively
the target and the source of a cell.

1.4.1 Conventions for relations. First, we give some elementary definitions and notations
for relations. A binary relation between two sets X and Y is a subset L C X x Y. For (x,y) €
X xY, we write x Ly when (x,y) € L. The identity relation on a set X is the relation L C X x X
such that 2 L 2" iff x = 2/. Given a binary relation L between X and Y, for x € X, we write L(z)
for the set

L(z)={y €Y |zLy}.

Similarly, given X’ C X, we denote by L(X’) the set
{yeY |Ize X' zLy}.

The relation L is said finitary when, for all x € X, L(x) is a finite set. If L is a relation on a
graded set P = | |, cry P, we write L; for the relation between P; and P; defined as LN(P; x P;).
Similarly, we write L* for the relation between P; and P defined as L N(P; x P).

Given relations L between X and Y and L’ between Y and Z, we write LL’ for the relation
between X and Z which is the composite relation defined as

Ll ={(z,2) e X xZ|Jy e Y,xLy and yL' 2}.

1.4.2 Pre-pasting schemes. A pre-pasting scheme (P, B, E) is given by a graded set P and
two binary relations B, E (for “beginning” and “end”) on P such that

— B and E are finitary,

— forn <m, B!, =E" =1,

— B (resp. EI) is the identity relation on P,

— for m < n, for L € {B,E}, z L™ ¢ if and only if

zLMHBY ¢ and zLPTIEDR 4.

For example, the diagram (5) can be encoded as a pre-pasting scheme

B%(f) = {CL,C}, E%(f) = {bv d}a
B(f) = {y}, E5(f) = {v'},
By(a) = {«}, Eg(a) = {y} ...

15



1.4.3 Pre-pasting schemes as w-hypergraphs. Note that the data of a pre-pasting
scheme P is completely determined by the data of B]!_;(z) and E]!_;(z) for n > 1 and x € P,.
In fact, the data of a pre-pasting scheme is equivalent to the data of an w-hypergraph struc-
ture on P: the correspondence is given by x= = BI'_;(z) and z* = EI'_;(z) for n > 1 and
x € P,. In particular, the relation < on a pasting scheme is defined as the one on the associated
w-hypergraph.

1.4.4 Direct loops. Given an w-hypergraph P, a direct loop is given by
— either n > 0 and z,y € P, such that x <y and E(y) N B(x) # 0,
— or z € P such that E(z) N B(z) # {z}.
For example, the w-hypergraph
Yy
Vl} a&i
b
r——— z
\U B /
c1 co
Yy

has a direct loop by the first criterion, because a < and y € B(a) NE(5). An example of direct
loop given by the second criterion is the w-hypergraph (4) where b € B(a) N E(«).

1.4.5 Finite graded subsets. Let P be a pre-pasting scheme. We define the relation
R C P x P as the smallest reflexive transitive relation on P such that, for all n € N and
x € Ppi1, B(x),E(z) C R(x). A finite graded subset of dimension n of P (abbreviated n-fgs) is
an (n+1)-tuple X = (X, ..., X,,) such that X; C P; and Xj is finite for every i. We sometimes
abuse notation and identify the n-fgs X with the set U;<,X;. We say that X is closed when
R(X) = X.

Given X an n-fgs of P, define the source and the target of X as the (n—1)-fgs’s 9~ X and
07X of P such that

X =X\E"(X) and 97X =X \B"(Y).
1.4.6 Well-formed sets. Given a pre-pasting scheme P, an n-fgs X of P is said to be
well-formed when
— X is closed,
— X, is fork-free,
~ifn >0, X and 9T X are well-formed (n—1)-fgs.

A well-formed n-fgs of P will be called a well-formed set of dimension n, abbreviated n-wfs of
P. We denote by WF(P) the set of wifs’s of P. By [8, Theorem 3], the operations 9~ and 9+
equip WF(P) with a structure of globular set.

16



For example, the pre-pasting scheme

Y1
2
l‘—b> z
L
Y2

has among others the following wfs:
{z}. {z},
{.1', Y1, 2,01, GQ}, {.T, Y2, %, C1, 02}7

{xvylay27Zaa17a27b70170270[76}' ..

1.4.7 Compositions and identities. Let P be a pre-pasting scheme. Given ¢ < n € N and
X,Y two n-wfs such that 9] X = 9;Y, the i-composite of X and Y is the n-fgs X *; Y such
that

XxY=XUY

Given n € N and an n-wfs X = (Xo,...,X,,) of P, the identity of X is the (n+1)-wfs id,4+1(X)
such that
idp,+1(X) = (Xo, ..., Xn,0).

1.4.8 Loop-free pasting schemes. A pasting scheme is a pre-pasting scheme P satisfying
the following two axioms:

(S0) forn>0andz € P, B}_(z) # 0 and E!_,(z) # 0;

n—1

(S1) forLe {B,E}, k<nandx € P, and y € Py,
— if :L‘EZ_ILZH1 y then x E}l y or xBTkLszl Y,
— if ng_lefl y then 2 B y or xEZLZfl Y.

The pasting scheme P is a loop-free pasting scheme when it moreover satisfies the following
axioms:

(S2) P has no direct loops;
(S3) for z € P, R(z) € WF(P);
(S4) fork<neN, X € WF(P), and z € P,
—if 9, (R(x)) € X, then (z),_ is a segment for
WX
~if §f(R(z)) C X, then (z)r4 is a segment
for <y, ;

(S5) forneN, X € WF(P),, and z € P,41, we have
(a) X NE(z) =10,
(b) for y € X, if B(z) NR(y) # 0, then y € B(z).

17



(S1) enforces basic globular properties on generators (for example, it forbids the w-
hypergraph (8)). (S3) enforces fork-freeness on the iterated sources and targets of a generator
(for example, it forbids the w-hypergraph (9)). (S4) relates to segment Axiom (G3) of gener-
alized parity complexes and prevent problematic w-hypergraphs in the spirit of (16) discussed
in Paragraph 1.6.5, even though (16) does not satisfy (S2) in the first place. However, a more sat-
isfying counter-example in dimension four exists (see [14, Example 3.11]). (S5) can be deduced
from the other axioms (see [9, Theorem 3.7]) but it simplifies the proofs of [8].

1.4.9 A counter-example to the freeness property. The main result claimed in [§] is
that, given a loop-free pasting scheme P, the globular set WF(P) together with the source,
target, composition and identity operations has the structure of an w-category, which is freely
generated by the wifs’s R(z) for x € P ([8, Theorem 13]). But the same flaw than in [19] is
present, which makes the freeness result wrong. In fact, the same counter-example than for
parity complexes (see Paragraph 1.3.9) can be used: the w-hypergraph P is a loop-free pasting
scheme and the universal map eval: A — WF(P) sends H; and Hj to the same wfs X where

X:{x?y7Z7a?ﬂ?’y?(g’a/’ﬁ/”y/?é,?A’B}

contradicting the freeness property [8, Theorem 13].

1.5 Augmented directed complexes

Augmented directed complexes, designed by Steiner in [17], are not directly based on w-
hypergraphs but on chain complexes. Under the axioms required in [17], it happens that the
data of a chain complex is equivalent to the data of an w-hypergraph. The structure of cells
used within this formalism strongly resembles the structure of cells used for parity complexes.
The only difference is that the cells are tuples of group elements instead of subsets of an w-hy-
pergraph.

1.5.1 Augmented directed complex. A pre-augmented directed complexes, abbreviated
pre-ade, (K, d,e) consists in

— for n > 0, an abelian group K,, together with a distinguished submonoid K} C K,

— group morphisms called boundary operators, for n > 0,

dnl Kn+l — Kn)

— an augmentation, that is, a group morphism

e:K0—>Z.

An augmented directed complez, abbreviated adc, is a pre-adc (K, d,e) such that eody = 0 and
dnodyy1 for n € N,

18



1.5.2 Bases for pre-adc’s. Given a pre-adc (K, d,e), a basis of (K,d,e) is a graded set
B C | ],,>0 Ky, such that each K is the free commutative monoid on B,, and each K, is the free
abelian éroup on K.

Given a basis B of (K,d,e), note that every element x € K} can be uniquely written as

T = Z b,

beBy,

with z; € N and z, # 0 for a finite number of b € B,,. This representation defines a partial
order < where for z,y € K}, x <y when xp <y for all b € B,,. Furthermore, a greatest lower
bound x Ay can be defined as

TNy = Z min(xyp, yp)b.
beB,

Given z € K, |, define =7, x* € K7 as the unique elements satisfying
dpz=2%—27 and zF Azt =0.
Also, if © = Yycp, ,, 2ob, We define 27,27 as

T Z xpbT and 2T = Z bt
bEBn+1 beBy+1

1.5.3 Remark. zT and 2% are respectively denoted by 9~z and 9*z in [17]. We adopt here
this convention for consistency with those of Subsection 1.3.

1.5.4 From w-hypergraphs to pre-adc’s with basis. Given an w-hypergraph P, we
define the pre-adc associated to P as the pre-adc (K, d,e) defined as follows. For n € N,
K} is defined as the free commutative monoid on P, and K,, as the free abelian on K. The
augmentation e: Ky — Z is defined as the unique morphism such that e(z) = 1 for x € Py. Given
n € N, for all finite subsets S C P, we write M,,(S) for > cqx € K. Then, d,,: K41 — K,
is defined as the unique morphism such that d,(z) = M, (z*) — M, (z7) for x € P,1;. Note
that K admits canonically P as a basis. We say that P ¢s an adc when K is an adc.

For example, consider the w-hypergraph (13). We write S* the free commutative monoid on
the set S. Then, the pre-adc associated to (13) is defined by

Kg = {x7y173/272}*7 Kik = {a17a27b7 61702}*; Kék == {aaﬁ}*

and K} =0 for n > 3. Ky, K1, K> and K,, for n > 3 are then the induced free abelian groups
on these monoids. d and e are defined by universal property to be the only morphisms such that

e(x) =e(y) =e(y2) =e(z) =1
do(a1) = y1 — 2, do(a2) = z—y1, do(b) =2 —um,
do(c1) = y2—z,  do(c2) = z— o,
dl(Oé) = b— (a1 + ag), dl(ﬁ) = (Cl + CQ) —b.
As an example for the (—)T and (—)* operations, we have
(a1 +a2)T ==, (a1 + ag)i

(a+B)T = a1 + as, (a4 B)F =c1 + .

227
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1.5.5 Cells. Given a pre-adc K, an n-pre-cell of K is given by an (2n+1)-tuple
X = (XO,—a X0,+a s 7Xn—1,—7 Xn—l,—‘ra Xn)

with X,, € K and X; _, X; ; € K, for 0 <14 < n. For simplicity, we often refer to X,, by X, —
or X,, +. We write PCell(K) for the set of pre-cells of K.
Given n >0, e € {—,+} and an (n+1)-pre-cell X of K, we define the n-pre-cell 9°X as

0°X = (XO,—7 X()’_;,_, .. 7Xn—1,—7Xn—l,+7 Xn,e)-

The globular conditions 909~ = 90 9T are then trivially satisfied and 9, 9% equip PCell(K)
with a structure of globular set.
An n-cell of K is an n-pre-cell X of K such that

= for 0 <i<n, di(Xiy1,-) = di(Xiy1,4) = Xip — Xi -,

~ (X, ) = e(Xos) = 1.
We denote by Cell(K) the set of cells of K, which inherits the globular structure from PCell(K).
1.5.6 Compositions and identities of cells. Let K be a pre-adc. For i < n, X,Y n-

pre-cells such that 02* X = 0;Y, we define the i-composite X *; Y as the n-pre-cell Z such
that

Xje+Yje when j > i
7. Xi when j =i and e = —
e Y+ when j =i and € = +

X (or equivalently Y;.) when j <i

Given an n-pre-cell X of K, we define the identity of X as the (n+1)-pre-cell id,,11(X) of K
such that
idn-i—l (X) = (XO,—u X0,+7 s 7Xn—17—) X’rL—l,-i—a XTL) X’n7 O)

1.5.7 Atoms. Let K be a pre-adc. Given n € N and =z € P,, we define [z]; C P; for
0 <i<nandeée{—,+} inductively by

and

[2]),- = [‘T];'F—&-l,— and [z} 4 = [$]f+17+

for 0 < j < n. For simplicity, we sometimes write [z}, for [z],. The atom associated to x is
then the n-pre-cell of K

[2] = ([z]o,~» [£]o4 - [2]n1,— [#n—1.4 [2]n)-

For example, in the pre-adc associated to the w-hypergraph (13), the atom [a] associated to «
is defined by
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1.5.8 The relations <;. Let K be a pre-adc with a basis B. Given ¢ € N, we define the
relation <; on B as the smallest transitive relation such that, for m,n > i, x € B, and y € By,
such that [z]; + A [y]; — # 0, we have z <; y.

1.5.9 Unital loop-free basis. Let K be a pre-adc with a basis B. The basis B is said
— unital when for all z € B, e([z]o-) = e([z]o+) =1,

— loop-free when, for all ¢ € N, <; is irreflexive.

1.5.10 The freeness property. In [17], the author shows that, given an ade K with a loop-
free unital basis B, the globular set Cell(K), together with composition and identity operations,
has a structure of an w-category which is freely generated by the atoms [b] for b € B. Contrarily
to parity complexes and pasting schemes, the associated pre-adc to the w-hypergraph (11) is
not a loop-free adc.

1.6 Generalized parity complexes

In this subsection, we introduce generalized parity complexes. They are a new formalism for
pasting diagrams and are based on parity complexes. More precisely, generalized parity com-
plexes rely on the same notion of cell than parity complexes, but satisfy different axioms, namely
the axioms (GO) to (G4) introduced in Paragraph 1.6.3. Whereas axioms (GO0) to (G2) were
already present in [19], (G3) generalizes (C4) and (C5) and can be thought as an equivalent
of (S4). Axiom (G4) filters out the counter-example (given in Paragraph 1.3.9) to the freeness
property provided for parity complexes. In fact, under these axioms, the category of cells (as
defined in Subsection 1.3) is freely generated by the atoms (as proved in Section 3).
In the following, we suppose given an w-hypergraph P.

1.6.1 The segment condition. For m > 0 and z € P,,, we say that = satisfies the segment
condition when, for all n < m and every n-cell X such that (z), - C X, it holds that (x), _ is
a segment for <x, , and dually with (z), .

1.6.2 Torsion. Given 0 <n <4,j,x € P, y € P; and an n-cell Z, x and y are said to be in
torsion with respect to Z when

<x>n,+ c Zna <y>n,f - Zna

(@hn+ N (Yn— =0 and (T)n+ an<y>n,f Z<‘n<m>n,+~

1.6.3 Generalized parity complexes. The w-hypergraph P is said to be a generalized
parity compler when it satisfies the following axioms:

(GO)  (non-emptiness) for all z € P, z~ # () and =t # 0;
(G1) (acyclicity) P is acyclic;

(G2) (relevance) for all x € P, x is relevant;

(G3) (segment) for x € P, x satisfies the segment condition;
(G4) (torsion-freeness) for all 0 < n < 4,j, x € P, y € P;

and every n-cell Z, x and y are not in torsion with
respect to Z.
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1.6.4 Axioms (G1) to (G2). Axiom (G1) enforces the same notion of acyclicity than for
parity complexes, forbidding cyclic n-cells and cycles of n-cells such as

\_/ (14)

and

N 1

Axiom (G2) asks that the generators of the w-hypergraph induce cells. For example, the
w-hypergraphs (8) and (9) are forbidden by this axiom. Note that (G2) entails Axioms (C1)
and (C2) of parity complexes.

1.6.5 The segment Axiom (G3). Recall that our goal is to obtain a category of cells
which is freely generated by the atoms. A necessary condition for this is that all cells should be
decomposable, that is, obtainable by identities and compositions of atoms. But the definition of
cells does not require this property and, in fact, there are cells of w-hypergraphs satisfying (GO)
to (G2) that are not decomposable. The problem comes from an incompatibility between two
concurrent phenomenas:

(i) on the one side, the decomposition property that we want requires that some orders of
compositions be allowed;

(ii) on the other side, < imposes restrictions on the orders in which the generators can be
composed.

Axiom (G3) can then be understood as a condition to conciliate the two. For example, consider
the w-hypergraph P defined by the diagram

z z
d\ 2 al %)

y é y (16)
a ii a a (i/; a’

xT T

where, more precisely,

A" = {a17a4}7 AT = {O/laaﬁl}v

ay =ai” ={a}, af =a}" ={d},
ay =do) ={d}, of =, ={d} et
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Note that P satisfies (GO), (G1) and (G2). In this w-hypergraph, there is a 3-cell Y given by

Ys = {A},
YQ,— = {061,012,0[3,064}, Y27+ = {a17a/27aé7a4}7
Yl,f = {CL, b}a Y1,+ = {Ca dla 6},
_ =A{z}, Yo+ = {z}.

and a 2-cell X given by
X2 = {ala ag, a3, 064},
X1, = {a, b}, X4 = {e, dlve}v
=, Xo.e = {2},

Suppose by contradiction that Cell(P) is an w-category in which all cells are decomposable.
Then, by a general property of w-categories (Lemma 3.4.4), Y can be written

Y = id3(¢) *1 (ldg(f) *Q <A> *Q idg(g)) *1 id3(1/1)
where ¢, € Cell(P)y and f, g € Cell(P);. Since X = 97Y, it implies that X can be written
X=¢x X' %9

where X' = (ida(f) *0 95 ((A)) %9 id2(g)) € Cell(P)a, illustrating (i). We have that Cell(P)<g ~
Cell(P \ {A})<2 and it can be checked that P\ {A} satisfies (GO), (G1), (G2) and (G3). So it
can be shown (Lemma 2.3.1) that

b2, X4 and 1) form a partition of Xy = {a1, g, a3, a4}, (17)
and that,
for (8,7) € (¢2 x (X5 Uhz)) U (2 U X3) X 9h2), =(v <k, A), (18)
the last property illustrating (ii). Consider ag € Xo. Since we have
= A" ={a1, a4},

by (17), either ca € ¢ or ag € 1h3. By (18), since g <1§(2 a9, we have as € ¢o. Now consider
ag € Xo. By (17), either a3 € ¢2 or a3 € 2. By (18), since a3 4}(2 oy, we have ag € ¢o. But
then, ag € ¢, as € 19 and an 4}(2 ag, contradicting (18). Hence, Cell(P) is not an w-category
in which all cells are decomposable.

Axiom (G3) prevents this kind of problems and, in particular, forbids the w-hyper-
graph P. Indeed, A does not satisfy the segment condition: (A)s_ = {ai,as} C Xy but
aq Ay, g 4x, a3y, oq and ag, a3z & (A)2,—. Therefore, (A)s _ is not a segment for <y,.

1.6.6 The torsion-freeness Axiom (G4). Note that the w-hypergraph P defined by the

diagram (11) satisfies (GO0), (G1), (G2) and (G3). Thus, these axioms do not ensure the freeness
property for Cell(P). However, P does not satisfy (G4). Indeed, there is the following 2-cell X

mm
\/U
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associated to the diagram




that is,
X2 = {O/a B)ryv 5/}’
X1 ={a,d}, X1+ ={c [},
Xo- = {a}, Xo4 = {z}-

and A and B are in torsion with respect to X, breaking (G4).

The idea with the situations with torsion is that they are minimal cases where the freeness
property fails for an w-hypergraph P. When x,y € P are in torsion with respect to a cell Z of P,
there are two possible order to compose = and y: x then y, or y then x. And both composites
produce equal cells in Cell(P). However, this equality can not be deduced from an exchange law,
since the torsion says basically that x and y cross each other, preventing to obtain the left-hand
side of axiom (v) of w-category (see Paragraph 1.1.3).

1.6.7 More computable axioms. Axioms (G3) and (G4) reveal to be hard to check in
practice. Indeed, both involve a quantification on all the cells, and enumerating the cells can be
tough since their number is exponential in the number of elements of the w-hypergraph in the
worst case. Here, we give stronger axioms that are simpler to verify, in the sense that they can
be checked using an algorithm with polynomial complexity.

Given an w-hypergraph P, for n > 0, x,y € P,, we write x ~ y when there exists z € P41
such that x € 2z~ and y € 2z7. We write ~* for the reflexive transitive closure of ~. For
S, T C P,, we write S ~* T when there exist s € S and t € T such that s ~* t.

Consider the following axiom on an w-hypergraph P:

(G3) forn > 0, z € Py, kK < n, we have ~((z)p+ "

(T)k,—)-

Then, (G3) can be safely replaced by (G3’) in the axioms of generalized parity complexes, as
stated by the following lemma.

Lemma 1.6.8. Let P be an w-hypergraph satisfying (G0), (G1) and (G2). If P satisfies (G3’),
then it satisfies (G3).

Proof. Suppose that P satisfies (G3’). Let n < m, z € P, and X be an n-cell such that
(x)n,— C X,,. If n = 0, there is nothing to prove, so we can assume n > 0. By contradiction,

suppose that (z), _ is not a segment for <x,. So there are r > 2, x1,...,z, € P, with z1,z, €
(X)n—, T2y .oy Tp_1 & (T)n,— and ; <1}(n xi41 for 1 <i < r. Hence, there are z1,...,2,-1 € P,_1
such that z; € x:r Naz;y for 1 <4 <r. Foru € X, such that 21 € u™, since X,, is fork-free,

u=x2 & X,. So, since z is relevant by (G2), z; € <x)f, = ()n—1,4. Similarly, z,_1 € (z)p—1,—.

Thus, (z)p—1,4+ N (x)p—1,—, contradicting (G3’). Hence, P satisfies (G3). O

Now, consider the following axiom on an w-hypergraph P:

(G4") forn > 0,7 >mn,j >n, € P, and y € P}, if
(®)n.+ N (Y)n,— = 0, then at most one of the following
holds:

- <$>n71,+ ~* <y>n71,77

- <y>n—1,+ NF <x>n_1,_,
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Then, (G4) can be safely replaced by (G4’) in the axioms of generalized parity complexes, as
stated by the following lemma.

Lemma 1.6.9. Let P be an w-hypergraph satisfying (G0), (G1) and (G2). If P satisfies (G4’),
then it satisfies (G4).

Proof. Suppose that P satisfies (G4’). By contradiction, assume that P does not satisfy (G4).
So there are n > 0,4 >n, j > n, x € P;, y € P; and an n-cell Z such that x and y are

in torsion with respect to Z. That is, (x)n+ C Zn, Y)n— < Zn, (T)n+ N (Y)n— = 0 and
(©)n+ <2, (Y)n,— 97, (T)p +. So there are r > 1, 2z1,...,2 € Z, with z1 € (X)n+, 2r € (Y)n—,
22,0y Zr—1 & (X)n+ U (T)n,— and zg <'1Zn zp+1 for 1 < k < r. Hence, there are wy,...,w,—1 €

P,,_1 such that w; € z,j N 2444 for 1 < k < r. Forall u € Z, with w; € u=, u = 20 &
(x)n,+, since Zy, is fork-free. Thus, w; € <;1:>ff+ = ()p—1,4. Similarly, w,—1 € (Y)p—1,— so
(®)n—1,4+ N~ (Yyn—1,—. Similarly, using (G2), (y)n—1,+ ~* (x)p—1,—, which contradicts (G4’).
Hence, P satisfies (G4). O

2 The category of cells

In this section, we show that Cell(P) has a structure of an w-category. For this purpose, we
adapt the proofs of [19] and take the opportunity to simplify them.

2.1 Movement properties

Here, we state several useful properties of movement (as defined in Paragraph 1.3.2), some of
which coming from [19].

In the following, we suppose given an w-hypergraph P. The first property gives another criterion
for movement.

Lemma 2.1.1 ([19, Proposition 2.1]). For n € N, finite subsets U C P, and S C P41, there
exists V. C P, such that S moves U to V if and only if ST CU and UN ST = (.

Proof. If S moves U to V, then, by definition,
STC(VUSH\ST=U

and
UnStT=((Vus)\SsHnst =0.
Conversely, if ST CU and UN ST =0,let V= (UUST)\ S™. Then
(VUSH\ST=0Uustus)\s*

=(U\ST)U(S™\5T)

=UUST (since U N ST =0)

=U (since ST C U)
and S moves U to V. O

The next property states that it is possible to modify a movement by adding or removing
“independent” elements.
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Lemma 2.1.2 ([19, Proposition 2.2]). Letn € N, U,V C P, and S C P11 be finite subsets such
that S moves U to V. Then, for all X,Y C P, with X CU, XNST =0 and Y N(S~UST) =10,
S moves (UUY)\ X to (VUY)\ X.

Proof. By Lemma 2.1.1, ST C U and U N ST = (). Using the hypothesis, we can refine both
equalities to ST C (UUY)\ X and (UUY)\ X)NST = 0. Using Lemma 2.1.1 again, S moves
(UUY)\ X to W where

W=(((UUY)\X)usST)\ s~
=(UUSTUY)\X)\ S~ (since XN ST CcUNST =0)
=((UUSH\SHUY)\ X (since Y NS~ =0)
= (VUY)\ X. O

The following property gives sufficient conditions for composing movements.

Lemma 2.1.3 ([19, Proposition 2.3]). For n € N, finite subsets U, V,W C P, and S,T C P41
such that S moves U to V and T moves V to W, if STNTT =0 then SUT moves U to W.

Proof. We compute (UU (SUT)")\ (SUT)™:
UUSTUTH\(S"UT) = ((UUSH\SHUTH\ T
=(VUTH\T~
=W.
Similarly, (WU (SUT)")\ (SUT)" =U and S UT moves U to W. O
The next property gives sufficient conditions for decomposing movements.

Lemma 2.1.4 ([19, Proposition 2.4]). For n € N, finite subsets UyW C P,, S,T C P,4+1 such
that SUT moves U to W and ST C U, if S L T then there exists V such that S moves U to V
and T moves V to W.

Proof. Let R=SUT. By Lemma 2.1.1, RFf CU and UNST CUNR'" = (. By Lemma 2.1.1
again, S moves U to V = (U US™) \ S~. Moreover,

STNTT=85TnT* (since STNTT =0, by S L T)
cunTt (since ST C U, by hypothesis)
cUNSuUT)*™
=0 (by Lemma 2.1.1).

Therefore,
RTCU
& (STUTH\TH\STCU
& (T-\THYusS)\STcU (because S~ NTT = ()
& TTUS  CUUSt
& TFC(UuUST)\ S~ (since TT NS~ =10,
by S LT).
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Hence, 7T C (UUST)\ S~ =V and
VATt CcUusSHNTT C(UNRYHU(STNTT) =0.

By Lemma 2.1.1, 7' moves V to (V UT*)\ T~. Moreover,

S NTT=85TnT* (since S L T)
CUNR" (since ST C U by hypothesis)
= 0.

Therefore,

(VUTH\NT = (UUSH\SHUTH\ T~
=(UuUSTUTH\ (S UT") (since ST NTT =)
=W.

Hence, T moves V to W. O

The last properties (not in [19]) describe which elements are touched or left untouched by
movement.

Lemma 2.1.5. For n € N, finite subsets U,V C P, and S C P,11, if S moves U to V', then
ST=U\V and ST =V \U. In particular, if T moves U to V, then ST =TT and S* = T*.

Proof. By the definition of movement, we have
V=UuUSH\S and U=(VUsS)\st
and therefore

UNnV=Un(U\S7)usH)
=U\ST (since UN ST =0).

Similarly, U NV =V \ S*. Hence, ST =U \ V and S* =V \ U. O
Lemma 2.1.6. For n € N, finite subsets U,V C P,, and S C Py11, if S moves U to 'V, then

U\NS™=U\ST=UnNV=V\St=v\S .

Proof.
U\S™=U\ST (since U N ST = 0, by definition of movement)
=UnV (by Lemma 2.1.5)
=V\S*
=V\S* (since VNS~ = (), by definition of movement) O

Lemma 2.1.7. For n € N, finite subsets U,V C P, and S C P,11, if S moves U to V, then

U=UnNV)UST and V=(UNV)US*
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Proof. We have

U=(VUs)\s+
=(VASHU(S™\5T)

=UNV)usSt (by Lemma 2.1.6)
and
UNnvV)nsStTCcvns-
=((UUSH)H\S)NnS~
= ®.
Hence, U = (UNV) U ST. Similarly V = (UNV) U S*. O

2.2 An adapted proof of Street’s Lemma 3.2

Here, we state and prove an a property similar to [19, Lemma 3.2] which enables to build new
cells from other cells. We adapt the proof to the new set of axioms and simplify it (notably, we
remove the need for the notion of receptivity and the apparent circularity of the proof). In the
following, we suppose given an w-hypergraph P.

2.2.1 Gluings and activations. Let n € N, X be an n-pre-cell of P and G C P41 be a
finite subset. We say that G is glueable on X if GT C X,,. If so, we call gluing of X on C the
(n+1)-pre-cell Y of P such that

Y1 =G,

Yo =Xy,

Yot = (Xn U GJr) \G™,
Yie= Xi..

We denote Y by Glue(X,G). Moreover, we call activation of G on X the n-pre-cell
I (Glue(X, @)) and we denote it by Act(X,G). We say that G is dually gluable on X when
G* C X,, and we define the dual gluing Glue(X, G) and the dual activation Act(X, G) similarly.

For example, take the w-hypergraph (16). Then {A} is glueable of X and Glue(X,{A}) =Y
and Act(X,{A}) is the 2-pre-cell X’ with

X) ={a1,ah, ab, a4},
X - ={a,b}, X4 ={e, d e},
Xo,— = {z}, Xo+ ={z}.

2.2.2 The gluing theorem. We prove the following theorem which is an adaptation of [19,
Lemma 3.2].

Theorem 2.2.3. Suppose that P satisfies axioms (G0), (G1), (G2) and (G3). Given n € N,
an n-cell X of P and a finite fork-free set G C P,11 such that G is glueable on X, we have that

(a) Act(X,G) is a cell, and Gt N X, =0,
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G Glue(X,G)
Xn (Xn U G+) \ G~
Xn—l,— 'Xn—l,—i-
Act(X,G)
Xi1,— X1+
Xo,— Xo,+

Figure 1: Cells involved and their movements in Theorem 2.2.3

(b) Glue(X,G) is a cell,
(c) for G' C P,y finite, fork-free and dually glueable on X, G'~ NGT = ().
This theorem naturally admits a dual statement, when G is dually glueable o X.

Proof. See Figure 1 for a representation of the cells in the statement of the theorem. The proof
of this theorem (and its dual) is made with an induction on n. For a given n, there are four
steps. Firstly, we show that (a) holds when |G| = 1. Secondly, we use the first step to show
that (a) holds for all possible G. Thirdly, we prove that (b) holds. And fourthly, we prove
that (c) holds. In the following, let S be Act(X,G), = (X, UGT)\ G™.

Step 1: (a) holds when |G| = 1. Let x € P,41 be such that {z} = G. If n = 0, then there
exists y € Py such that Xy = {y}. By axioms (G1) and (G2), there exists z € Py with y # z
such that 2= = {y} and 2t = {z}. So Act(X,G) = {z} is a cell. Otherwise, n > 0. Then,
S = (X, Ux")\ 2z~ and in order to prove that Act(X,G) is a cell, we need to show that

— S moves X,,_1_ to X143
— S is fork-free.

Using the segment Axiom (G3), we get that =~ is a segment in X, for <x,. By elementary
properties of partial orders, we can decompose X,, as the partition

X, =UUx UV

with U initial and V final for <y, , which implies that UT C X,,_; _ and VEC Xp-14. As
subsets of the fork-free set X,,, U, x~ and V are fork-freeand U L. =, 2= LV, U L V. Using
Lemma 2.1.4, we get A, B C P,,_1 such that

— U moves X,,_1,_ to A,

— 2~ moves A to B,
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Xp_o_

S n—1,+

Xn—27+

Figure 2: The decomposition of X,

— V moves B to X,,_1 +

as pictured on Figure 2. In the following, for Z C P,_;, we write D(Z) for the (n—1)-pre-cell
of P defined by

D(Z)p-1 =2,
D(Z)je=X; fori<n-—1landeec{—, +}.

Since D(A) = Act(D(Xp—1,-),U), D(B) = Act(D(A),27), D(Xp—1,—) =0~ X is an (n—1)-cell
and both U and z~ are fork-free, by using two times the induction hypothesis of Theorem 2.2.3,
first on D(X,,—1,—), then on D(A), we get that

D(A) and D(B) are cells. (19)

By (G2), we have that
xT is fork-free. (20)

Since £~ moves A to B, by Lemma 2.1.1,
Anz~t =0. (21)

By (G2), it holds that ztF = 2=F C A. By (19) and (20), using the induction hypothesis of
Theorem 2.2.3 on D(A), we get
Anztt =40. (22)

By Lemma 2.1.1, there exists B’ such that 2™ moves A to B, and

B =(AuztH)\ ot
— (A\at) U@\ )
— (4\ ) Ut (by (22))
(A\z F)uz™= (since z7F = 2~ F, by (G2))
(AN ) UG o) (by (21))
=Auz N \z "~
=B (since ~ moves A to B).
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Hence,

+

" moves A to B. (23)

Since T C D(A),_1 and U* C D(A),_1, using the induction hypothesis of Theorem 2.2.3,
by (c) we get that
U natt =0. (24)

Similarly with D(B), we get that
TNV =0. (25)

By definition, U moves X,,_; _ to A and " moves A to B. Moreover, by (24), U~ Nzt = (.
Using Lemma 2.1.3, we deduce that

UUz" moves X1 _ to B. (26)

Since U and V are disjoint and respectively initial and terminal for <, , we have that U NV T =
(. Also, by (25), we have (z*~ NV™T) =0, therefore

Uuzs) " nVvTCc U NnVvHu@ — nvTh)
0.

Using (26) and Lemma 2.1.3, knowing that S = U Uat UV, we deduce that
S moves Xp,—1,— to X1 4. (27)

The set U UV is fork-free as a subset of the fork-free X,,, and x" is fork-free since x is relevant
by (G2). Moreover,

U Nt~ =U"nat™ (by (24))
CU NA (by (23) and Lemma 2.1.1)
=0 (since U moves X,,—1 — to A),
Utnatt =u*natt (by (24))
CANxtT (by Lemma 2.1.1 since U moves X,,_1 _ to A)
=0 (by (23) and Lemma 2.1.1).

So U L zT. Similarly, z+ L V. Hence, since S =UUxzT UV,
S is fork-free. (28)

Then, by (27) and (28),
Act(X,G) is a cell.

Finally, we prove the second part of (a). By Axiom (G1), z~ Nat =0 . Since U L z* and
zt LV (by (28)), using (GO0), we deduce that

Unzt=ztNnV =40

Hence,
X, Nzt =Wuz-uV)nat =0

and it concludes the proof of the Step 1.
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Step 2: (a) holds. We prove this by induction on |G|. If |G| = 0, then the result is trivial and
the case |G| = 1 was proved in Step 1. So suppose that |G| > 2. Since the relation < is acyclic
by (G1), we can consider a minimal z € G for <g. Let G be G\ {z} and recall that we defined
S as (X, UGT)\ G™. In order to show that Act(X,G) is a cell, we need to prove the following:

— S moves X,,_1_ to X143
— S is fork-free.

For this purpose, we will first move X,, with {z} to U := (X, Uz™")\ 2~ and use Step 1, then
move U by G to V := (UUG")\ G~ and use the induction of Step 2. Finally, we will prove
that V' = S. So, using Step 1 with X and {z}, we get that

— Act(X, {x}) is a cell;
— in particular, U is fork-free and, if n > 0, U moves X,,_1 _ to X;,,_1 4;
- X, Nzt =10.

By Lemma 2.1.1, we deduce that {x} moves X,, to U. Moreover,

GF =G~ \G"
= (G \z)\(GT\z™) (since fork-freeness implies that G¢ = L,equ®)
C (G- \a)\ G Ut
— (G \G\a) Ut
C(Xp,\z)uxt (since GT C X,, by Lemma 2.1.1)
C(X,Uaxh)\ o~ (since x~ Nz™ = 0 by (G1))

Also, G is fork-free as a subset of the fork-free set G. Using the induction hypothesis of Step 2
for G, we get that

— Act(Act(X, {z}),G) is a cell;
— In particular, V := (UUGT)\ G~ is fork-free, and, if n > 0, V moves Xp—1,— to Xp_1 43
- UNG*t =0.

By Lemma 2.1.1, we deduce that G moves U to V. Also note that = N GT = @ since = was
taken minimal in G. Using Lemma 2.1.3, we deduce that G = {z} U G moves X,, to V. But
S=(X,UGH)\G . So S=V.

One still needs to show the second part of (a), that is, X, NG = {:

X, NGt =WOuz \z")nG* (by Lemma 2.1.1, since {x} moves X,, to U)
=((Uuz )NGH)\ 2"
=(UNGH)\z" (since z" NG =z"N(zTUG) =0)
=(UNG)
=0

which ends the proof of Step 2.
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Theorem 2.2.3

¢y, G |Peoen2? v,

Z@ z,

Figure 3: V, U and Y,

Step 3: (b) holds. By (a), Act(X,G) is a cell. To conclude, we need to show that G moves X,
to S. By definition of S, we have that S = (X, UGT)\ G~. Also:

(SUGTH\GT = ((Xn UG\ GT)UGT)\GT
= (X, UGTUG)\GT
=(X,\GHuGT
=X, UGT (since X, NGT =0 by (a))
=X, (since G is glueable on X).

Hence, Glue(X, G) is a cell.

Step 4: (c) holds. By contradiction, suppose that G'~ NG™ # (). By definition, there are x € G,
y € G and z € x~ Ny™. Consider

U={z €G] :1:51/:13’} uU{z},
V={yeGlyayruiy}
By the acyclicity Axiom (G1), we have
utnv:- =0.
Since U is a terminal set for </, we have in particular UT NG~ C U~. So,
Ut=W0tr\GHuWwtrna)ca*uu-.

Hence, U* C G'* C X, (since G’ is dually glueable on X). Similarly, VT C X,,. Using the dual
version of (a), Y := Act(X,U) is an n-cell with Y,, = (X,, UU ™) \ U™ (see Figure 3) and we have

VI=VF\U" (since V- NU' =)
C X, \U*" (since VT C X,,)
C(X,uU)\U"
=Y,

Using Theorem 2.2.3(a) with Y and V, we get

Y, NVt =40.
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But, since z € UT CY, (by (G1)) and UT CY,, z € Y, NV, which is a contradiction. Hence,
G NGt =0.

which ends the proof of (c). O

2.3 Cell(P) is an w-category

Here, we finally prove that Cell(P) has a structure of an w-category. In the following, we suppose
given an w-hypergraph P which satisfies (G0), (G1), (G2) and (G3).

Lemma 2.3.1. Let n > 0 and X,Y be two n-cells of P that are (n—1)-composable. Then,
(a) X, NY,F =0,
(b) X,NY, =0,
(¢) X %p—1Y is an n-cell of P.

Proof. Using Theorem 2.2.3(c) with 07X, X,, and Y,,, we get

X, Ny, =0.
Moreover,
Xrnyt=XxEny," (since X, NY,F =0)
c anl,Jr N Yn+
=0 (by Theorem 2.2.3(a)).

By (GO0), it implies that X, NY,, = (. Similarly,
X, nY, =10

So X, UY,, is fork-free. For X *,_1Y to be a cell, X,, UY,, must move X,,_1 _ to Y;,_1 . But,
since X and Y are cells and are (n—1)-composable, we know that X,, moves X,,_; _ to X,,—1 ¢,
Y,, moves Y,,_1 _ to ¥;,_1 4+ and X,,_1 4+ = Y,_1 . Since X, N Y, using Lemma 2.1.3, we get
that X, UY,, moves X, _1 _ to Y,_1 . Hence, X x,_1Y is a cell. L]

Lemma 2.3.2. Let 0 <i<n and X,Y be two n-cells of P that are i-composable. Then,
S - - + +\ _
(a) fori<j<mn, (X; UX; )N,_UY")=0,
(b) X x;Y is a cell.

Proof. By induction on n —i. If n —¢ = 1, the properties follow from Lemma 2.3.1. So suppose
that n —¢ > 1. For ¢,n € {—,+}, by induction with 9°X and 97Y, we get that
-

n—1,e

m Y?’L—tl,n = @.

Therefore,
(X,

n—1,—

U Xr:fl,Jr) N (Yntl,f U Yntl,+) =0.
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We also get that
(XJT_UXj_,Jr)ﬂ(Y}f_UYZ;):@ fori<j<mn-—1.

Let Z = 0" X %; 07Y. Then, by induction, Z is a (n—1)-cell and
Zn—l = Xn—1,+ U Yn—l,—'
Using Theorem 2.2.3(c), we get
X, NnYF=0

which concludes the proof of (a).

For (b), we already know that 9~ X %; 0~Y and T X x; 7Y are cells by induction. So, in
order to prove that X %; Y is a cell, we just need to show that X,, UY,, is fork-free and moves
Xn—l,— @] Yn—l,— to Xn_1,+ @] Yn_17+. But

Xyny =Xxpnyf (by (a))
=0 (by Theorem 2.2.3(a)).
Similarly,
X, Ny, =0

so X, UY,, is fork-free. Using the dual of Theorem 2.2.3(a) with Z and X,,, we get that
X, N (Xn,17+ U Ynfl’,) =X, N Ynfl’, = (.

Similarly, if Z/ = 07X %; 0”Y then Z),_; = X,,_1_ UY,_; _. Using Theorem 2.2.3(a) with Z’
and X,,, we get that

n

XN (Xno1,-UY1) =X, NnY,1_ =0.
Since X, moves X,,_1 _ to X,_1 4, using Lemma 2.1.2, we deduce that
X, moves Xy, 1 _UY, 1 _to X, 1 UY, 1 _.

Similarly,
Y,, moves Xn,LJr U Yn,L, to Xn,LJr @] Yn,17+.

Since X,, NY," = (), using Lemma 2.1.3, we get that

X, UY, moves X,,_1_UY, 1 _to X, 1 UY, 1.
Hence, X ;Y is a cell. O
Theorem 2.3.3. (Cell(P),0~,07, *,id) is an w-category.

Proof. We already know that (Cell(P),0~,97) is a globular set. By Lemma 2.3.2, the compo-
sition operation * is well-defined on composable cells. Moreover, all the axioms of w-categories
(given in Paragraph 1.1.3), follow readily from the definitions of d~,0", *,id. For example,
consider the exchange law (vi). Given j <i <n € N, X, X" Y,Y' € Cell(P),, such that X,Y
are i-composable, X', Y’ are i-composable and X, X’ are j-composable, let

Z=XxX)x YY) and Z'=(X#;Y)* (X" %;Y").
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For k <n and € € {—,+}, we have

Xie UYy e U X,’M U Y,g’6 when k > 1,
X;-U XZQ_ when k =7 and € = —,
YUY/, when k =i and € = +,
Lie = lem =q Xp U X,;’E when j < k < 1,
X - when £k = j and € = —,
X]’-,Jr when k = j and € = +,
X when k < j,
so Z = Z'. Thus, Cell(P) satisfies axiom (vi) and the others as well.  Hence,
(Cell(P),0~,0T, x,id) is an w-category. O

3 The freeness property

In this section, we give a complete proof of freeness for generalized parity complexes. We first
define the freeness notion we are using and give some tools to manipulate the cells of an w-
category.

3.1 Generating sets

Suppose given n € NU {w}, C an n-category and S a subset of | Jo<;<p, 1 Ci- The set generated
by S in C, denoted by S*, is the smallest subset T' C C such that

- SCT,
- if X, Y eTNC; and H;FX:(?;Y for some j <4, then X x; Y €T,
—if X e T'NC; and i < n then id;41(X) € T,

and in this case, we say that S generates T in C. Note that if S generates C, every cell of C can
be written by an expression involving only cells in S, compositions and identities.
For example, consider the following w-hypergraph:

f

TRAT

r———

Then, the set S; = {A, B} is not generating, whereas the set Sy = {z, vy, f, g, h, A, B} is gener-
ating.

The notion of generating set for an w-category can be reduced to the notion of generating
set for an n-category, with n € N:

Lemma 3.1.1. Let C be an w-category and S C U;>0C;. Then S generates C in C if and only if
for alln > 0, S<,, generates C<y, in C<y,.
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Proof. Let n > 0. Since S<;, C (5*)<yp, we have (S<,,)" C (5*)<,. For the other side, since S C
(S<n)*UU;sn Ciy we have S* C (S<;,)* U U;sp Ciy 50 (S*)<n C (S<p)™. Hence, (S<,)* = (5*)<n.

Suppose that S is generating C. Then, for all n > 0, (S<,)" = (5*)<;, = C<,. Conversely,
suppose that for all n > 0, (S<,)* = C<p. For all n, we have C<,, = (S<,,)" = (S*)<, C S*.
Hence, C = Unz()CSn = 5*. U

3.2 Atoms are generating
Here, we show that the atoms are generating by adapting the results and proofs of [19].

In this subsection, we suppose given an w-hypergraph P. We define the rank of an n-cell X of P
as the n-tuple
Rank(X) = (|X1’, N X17+‘, RN |Xn,1,, N Xn,1,+|, |Xn|)

We order the ranks using a lexicographic ordering <jex: if (a1,...,a,) and (b1,...,b,) are
two n-tuples and there exists 1 < k& < m such that a; = b; for ¢ > k and ap < b, then
(a1,...,an) <iex (b1,...,b,). Note <jex is well-founded. For example, in the w-hypergraph (7),
the 2-cell

X = ({t}, {z}:{a,b,c,d,e, f},{a, V', ¢, d €, f},{a, 3,7,0}) ...
has rank

Rank(X) = (H{a, f}], {a, 8,7, 0}]) = (2,4).

Theorem 3.2.1 (Excision of extremals). Suppose that P satisfies (G0), (G1), (G2) and (G3).
Let n € N, X be an n-cell of P and u € X,, such that X # (u). Then there exist i < n and
n-cells Y, Z such that Rank(Y) <jex Rank(X), Rank(Z) <jex Rank(X) and X =Y %; Z.

Proof. Since X # (u), there is a least ¢ > —1 such that i < n and
(Xj—, Xj4) = ((u)j—,(u)+) fori+1<j<n.

In fact, ¢ > 0. Indeed, if i = —1, then X; _ = (u);— and, since X and (u) are cells, Xo_ =
XT_ = (u){_ = (u)o- and similarly Xo 4 = (u)o 4, contradicting X # (u). If i <n — 1, since
X is a cell, Xjy0 ¢ = (u)iyo,e moves X;y1,— to Xjy1 4, and, by Lemma 2.1.7, we have

Xitt,e = (Wit1,e U (Xig1,- N Xip1,4) foree {— +}

This equality is still valid when i = n — 1 since (u);j11,. = {z} € X,. By definition of i,

there exists w € (Xjy1,— N Xiy14) \ (W)it1,. Let z be minimal in X;4; — for <x such

i+1,—
that Ty, _WOr T =w and let y be maximal for x4, In Xiy1,— such that w<x, , _ Y or
w = y. By Axiom (G3), either z & (u)it1,— or y & (u)i+1,—. By symmetry, we can suppose
that & (u);y1,—. By minimality, we have 27 C X; _. Since 0; X is a cell, by Theorem 2.2.3,

Y :=idy,(Glue(0; X, {z})) is an n-cell with

Yje=10 fori+1<j<nandeec{—, +}
Yit1,e = {z} for e € {—,+}

Yio = Xi_

Yip=(X;-Uah)\z~

Yie=Xje for j <iandee€ {—,+}.
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For € € {—,+}, since X1, = {2} U (Xiq1,e \ {z}) is fork-free and moves X; _ to X; 1, by
Lemma 2.1.4, we have that

{z} moves X; _ to (X;_UxT)\ 2~

and
Xit1.e\ {7} moves (X;_Uzt)\z~ to X; 4.

Ifi+2 <n, fore € {—,+}, since X;12 = (u)iy2, moves X;11 _ to X;y1 4 and X;F?’Eﬂ{x} =0,
using Lemma 2.1.2; we have that

Xito,e moves X;11 -\ {z} to Xjy1 4\ {z}.

So the following n-pre-cell 7 is a cell:

Zie=Xje fori+l1<j<nandeec{— +}
Ziv1,e = Xiv1e \ {2} for e € {—, +}

Zi—=(X;—Uzt)\ a2~

Ziy =Xy

Zie=Xje for j <iandee {—, +}.

One readily checks that that Rank(Y') <jex Rank(X), Rank(Z) <jex Rank(X) and X =Y %
Z. O

Theorem 3.2.2. Suppose that P satisfies (G0), (G1), (G2) and (G3). Let S = {(z) | = € P}.
Then S is generating Cell(P).

Proof. Let T be the generated set by S in Cell(P). We show that T" = Cell(P) by induction on
the dimension of the cells. By the constraints on cells, the 0-cells of P are necessarily atoms. For
n > 0, we do a second induction on the rank of the n-cell. So let X be an n-cell of P such that
all n-cells with lower ranks are in T. If X,, = ), then X = id,(X’) for some X’. By induction,
X' €T,so X € T. Otherwise, if X,, # (), then either X is an atom, in which case X € T, or
by the excision Theorem 3.2.1, there are ¢ < n and Y, Z n-cells of P with lower ranks than X
such that X =Y %; Z. By induction, Y,Z € T so X € T. So Cell(P),, C T for all n. Hence,
T = Cell(P). O

3.3 Properties of the exchange law
Here, we show some useful properties related to the exchange law.

In this subsection, we suppose given an m-category C with m € NU{w}. The first lemma states
that low level compositions commute with sequences of high level compositions.

Lemma 3.3.1. Let j<i<n<m+1,p>0and x1,...,2p,Y1,...,Yp n-cells of C such that
(1,...,2p) and (Y1,...,Yp) are i-composable, and 8;-%6;9 =0; yx for 1 <k <p. Then

(@1 % -k mp) %5 (Y1 %5 - % Yp) = (T1 %5 Y1) *i -+ % (Tp %5 Yp).
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Proof. We do an induction on p. If p = 1, the result is trivial. So suppose p > 1. Then

Ty Y1) %k (Tp1 %5 Yp—1)) *i (Tp *i Yp) (by induction)
T1 %G Y1) ki * (Tpo % Yp—1) *i (Tp *i Yp)- O

The next lemma states that compositions with identities distribute over sequences of composi-

tions.

Lemma 3.3.2. Let j <i<n<m+1,p>0and (z1,...,x,) n-cells of C that are i-composable
and y an i-cell of C.

- If@;rx;c = 3;y for 1 <k <p, then

(@1 ki - % p) *5 idy (y) = (@1 %5 idp(y)) *i - - % (2p *5 idn(y))-
- If@;xk = Gjry for 1 <k <p, then

idp(y) *5 (21 % -+ % 2p) = (1dn(y) %5 1) % - - % (1dn(y) %5 zp).

Proof. Note that id,,(y) = id,,(y) *; - - - *; id,(y). Using Lemma 3.3.1, we conclude the proof. [J

P
The next lemma states that composing two sequences of cells in low dimension is equivalent to

composing the first one and then the second one in high dimension.

Lemma 3.3.3. Let j <i<n<m+1, p,qg >0 and n-cells x1...,x, and y1,...,y, such that
(x1,...,2p) and (y1,...,yq) are i-composable and 8;r3:k =0y for 1<k <pand1 <k <gq.
Then,

) ki -k (@ %5 1dn (0 Y1)
) i oooxg (1dn (0]

= (idy (05 1) *; 1) *; -+ i (i
)

*i

(

= (1 %; id, (0] ¥1)
(
(

Proof. We have that

(@1 % - % Tp) = X1 %4 -+ ki Tp kg idn((?j:cp) STREREY idn(apr)

q

and
(Y1 *i - % Yg) = idn (0 Y1) *i -+ - *4 1dn (0 Y1) *iy1 *i -+ % Yp-
p

So, using Lemma 3.3.1, we get that

(w1 % - xg mp) x5 (Y1 % - i Yg)
= (1% idn(0; y1)) *i -+ *i (zp %5 1dn (05 y1))
*j (idn(ai—i_xp) *jYL) Kic ok (idn(a;_xp) *j Yq)-
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Similarly,

(w1 %5 =i p) (Y1 % - %i Yg)
x4

J
= (idn(0; 1) %5 y1) *i -+ *; (idn (9] 71) *5 Yq)
*; ($1 *5 idn(a;ryq)) *5 (xp J id,, (8 yq)) O

The next lemma is a special case of Lemma 3.3.3.
Lemma 3.3.4. Let j <i<n<m+1 and n-cells x,y such that 8;%: =0;y. Then,
@ xjy = (25 idn (9 y)) *i (idn (9] @) %; )
= (idn (97 @) %5 y) *i (2 *; idn (9] y)).

Proof. By Lemma 3.3.3. O

3.4 Contexts

Here, we define contexts, a tool to manipulate the cells of an w-category. They can be thought
as a composite of cells with one “hole” that can be filled by another cell. Using contexts, we are
able to define a canonical form for cells.

In the following, we suppose given an m-category C with m € NU {w}.
3.4.1 Definition. Given n < m + 1, two n-cells y,z € C are said parallel when n = 0 or
O~ y=0"zand 0Ty = 0T z. Given p withn <p < m+1 and a p-cell z, we say that x is adapted

o (y,z) when 9, x = y and 9z = 2. Given z,y,z as above, we define an n-context E of type
(y, z) and the evaluation E[z] of E on x by induction on the dimension n of y and z as follows.

— For 0-cells y and z, there is a unique context of type (y, z), noted [—]. Given a p-cell x as
above, the induced cell is [z] = x.

— For parallel (n+1)-cells y and z, a context of type (y, z) is given by a context E of type
(07 y,0%z), together with a pair of (n+1)-cells z, 41 and 2, ; such that

0" (xn+1) = E[07y] and 97 (a7,41) = E[072].

Given a p-cell x as above, the evaluation of F on x is

Elx] = Tpy1 *n Elz] %p x;l+1

so that we sometimes write
I /
E=xpi1 %0 B ¥y x4

for the context E itself.

Given parallel n-cells y and z, a context of type (y, z) thus consists of pairs of suitably typed
k-cells (z,x},), for 0 < k < n, and is of the form

E = xy#n_1 (- %1 (21 %0 [—] %0 27) %1+ +) *n_1 2,

We write 7, E = x;, and W;E = x), for the k-cells of the context E. Moreover, an m-context E
will be said adapted to x when its type is (9,,z, 0} x).
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3.4.2 Canonical forms. Here, we show that contexts can be used to give a canonical form
to the cells of an w-category. First, we prove that the composition of an evaluated context with
a cell results in an evaluated context.

Lemma 3.4.3. Letn < p < m+ 1, a p-cell x and an n-context E adapted to x. Given
i < q <nandaq-cell y such that 0; y = ({’);—E[m'], there exists an n-context E' adapted to x such
that E[x] *; y = E'[z].

Proof. Let z = E[z] %; y. Then
z=(n By (- (m{ Exox*on] B)-)tpom 1E)xp_ 17 E)*;y.

We prove this lemma by an induction on (n, q) (ordered lexicographically). If ¢ = n, then, since
y is of dimension ¢ < n,
z = Elz].

Otherwise, if i =n — 1, then
2= (1, B) sy (- (my Exqaxo ] B) -+ ) sz (my_1 B)) #n1 (1) E 1Y)
which is of the form E’[z]. Otherwise, i < n — 1. Then,
— if ¢ < n, using Lemma 3.3.2, we get
2= (1, E % y) #n—1 (B[] % y) ¥-1 () E %i )
By induction hypothesis on the middle part, we get an (n—1)-context E’ such that
2= (1, E*; y) *n_1 E'[x] %n_1 (7 E %; ).
From this, one easily deduces an n-context E” such that z = E"[z].
— Otherwise, if ¢ = n, using Lemma 3.3.3, we get
z = (Bla] % 0p_1y) #n—1 (0,1 Bla] %; y).

Using the induction hypothesis on the left-hand side, we get an n-context E’ such that

z = E'[x] %1 (0} E[z] *; y).

n

Thus,
2= (m B *p1 (- x ) xpq ﬂ':{E') *p_1 (8:_1(77:{E) SN
B e () e (1B 4t (O (7 B) %)
which is the evaluation of an n-context E” on z. O

Contexts can be used to obtain the canonical form for the cells of an w-category, as in the
following lemma.

Lemma 3.4.4. Suppose that P C C generates C. Then, for n > 0, every n-cell x of C can be
written in one of the following form:

— idy,(2') with 2’ an (n—1)-cell.
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— Er[z1] #n—1 Eaxa] *p_1 - - - *p—1 Eplay] withp >0, z1,...,2p € P, and En, ..., E, (n—1)-
contexts.

Proof. Let x be an n-cell of C. Since P is generating, there is a formal expression involving only
compositions, identities and elements of P that is equal to . We make an induction on the
structure of such an expression.

If x € P, then

x=0,_1(x)*n_1 (--- (Oy T *0 T %0 86%) o) kp 8;[71(3:)

which has the form of an evaluated context. Otherwise, if x = id,(z") with 2’ of dimension
(n—1), which is one of the desired forms. Otherwise, z = y %; z. By induction, we can write y
and z in one of the desired form. There are four cases:

—y = id,(v') and z = id,(2), with ¢/,2" (n—1)-cells. Then = = id,(y" *; 2’) which is a
desired form.

—y=Ei[y1] *n—1 - *n—1 Eplyp] and z = id,(7'). If i = n — 1, then y *; z = y and it is a
desired form. Otherwise, ¢ < n — 1 and, using Lemma 3.3.2,

y iz = (Erlyn] i 2) sn1 - - #n1 (Bplyp] % 2)-
By applying Lemma 3.4.3 to all Fx[yg] *; z for 1 < k < p, we get the desired form.

— y=1idp(y') and z = Ei[21] #p—1 - - - *n—1 Ep[2p]. This case is similar to the previous one.
—y = Eily1] #n—1 - #n-1 Eplyp] and z = Ej[z1] #n—1 -+ #n-1 Eylzg]. If i = n — 1, we can
concatenate the two decompositions directly. Otherwise ¢ < n — 1 and, by Lemma 3.3.4,

y*iz = (Y*i 0,_1(2)) ¥n—1 (0,1 (y) *n—1 2)-
Using Lemma 3.3.2,
y*iz = (Exfyi] i 0, _1(2)) #n—1 - o1 (Eplyp] % 0,_1(2))
sn-1 (Op_1(y) i Bi[21]) #n—1 -+ #n-1 (931 (y) *i Bylzq)).

By applying Lemma 3.4.3 to all Ey[yx]*; 0, _,(2) for 1 <k < p, and to all ;_; (y) *; E}[2]
for 1 < k < ¢q, we get a desired form. O

3.5 Free w-categories

Here, we define briefly the notion of freeness we use for the w-category of cells. We refer to [12, 2]
for a more complete presentation.

3.5.1 Cellular extensions. An n-cellular extension
C ? S
is given by an n-category C, a set S and functions s,t: S — C,, such that, if n > 0, 0" os = 9~ ot
and Ot os = 9" ot. When there is no ambiguity, we denote by (C,S) such an extension. A
morphism (F, f) between two n-cellular extensions
C Psi S and D PS; T
t t/
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is given by an n-functor £': C — D and a function f: S — T such that the following diagrams

commute:
p—— [S——
SJ s/ t t e
c—t5p c—tsop

Following [2], we denote by n-Cat™ the category of n-cellular extensions. Note that there is a
forgetful functor U: (n+1)-Cat — n-Cat™ where

o
U(C) =C<p a<<:+ Cni1-

By generic categorical arguments, it can be shown that this functor has a left adjoint
—[-]: n-Cat™ — (n+1)-Cat

sending an n-cellular extension (C, S) to an (n+1)-category C[S]. A free extension of C by S is a
categorical extension of C isomorphic to C[S]. Note that C[S].,, is isomorphic to C and C[S],,,
is the set of all the formal composites made with elements of S (considered as (n+1)-cells with
sources and targets given by s and t) and cells of C.

Given an n-cellular extension (C,.S), the unit of the adjunction induces a morphism

ne,s): (C7S) - (Cac[S]n+1)

satisfying the following universal property: for all (n+1)-category D and all morphism of cellular
extension

(Fa f) (C7 S) — (D§n7Dn+1)

there is a unique (n+1)-functor G: C[S] — D making the following diagram commute:

F7
€.8) —E s (D, Do)

ﬁ(c,S)J( %

(Cac[S]n+l)

3.5.2 Polygraphs. For n € N, we define inductively on n the notion of an n-polygraph P
together with the n-category P* generated by P:

— A O-polygraph P is a set Py. The generated O-category P* by P is Py (seen as a 0-category).

— An (n+1)-polygraph P is given by an n-polygraph P<,, together with an n-cellular exten-
sion

Sn
(Pgn)* T Pn+1
and the (n+1)-category P* generated by P is the free extension

(P<n)"[Pnta]-

An w-polygraph P is then a sequence (P?);>o where P* is an i-polygraph such that (Pi!)<; = P
and the w-category generated by P is the colimit U;>o(P?)".
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3.5.3 Freeness. For n € NU {w}, a free n-category is an n-category C such that there
exists an n-polygraph P with C ~ P*. By unfolding the definition, it means that, for k < n,
C<kt1 =~ C<p[Pr+1] for some k-cellular extension

C<k <—< Pryq.

3.6 Cell(P) is free

Here, we show that generalized parity complexes induce w-categories as defined in Subsection 3.5.

In the following, we suppose given a generalized parity complex P.

3.6.1 A cellular extension for Cell(P). For n € N, there is an n-cellular extension

97 (=)
CGH(P)<n <<: Pn+1
o 0t()

where, for z € P,1; and € € {—,+}, 0°(—)(z) = 0°(x) (which is an n-cell by (G2)). In the
following, we denote by Cell(P);n the (n+1)-category Cell(P)<p[Pn+1] . We have a morphism
of cellular extensions

97 (-) (deen(p),, (=)

(Cell(P)gn a+<<:<> Pn+1) E— (Cell( )<n T Cell( )n-‘rl)

where, for all x € P11, (—)(z) = (z). By the universal property discussed in Subsection 3.5,
there is an unique (n+1)-functor

evaly41: Cell(P ) — Cell(P)<n+1

such that the following diagram commutes:

Py —> Cell(P)p+1

N(Cell(P) <y, "H)J, /
evaly 41

Cell(P

For # € P41, we write Z for 1ceypym p,,,)(®) € (Cell(P )<n)n+1 For m <n and y € P,, we
write y for (y) € (Cell(P )<n)m = Cell(P),. For conciseness, we will sometimes write eval for
evaly1.

3.6.2 The generators are preserved by eval. In order to show that eval is an isomorphism
and in particular a monomorphism, we state lemmas relating the generators involved in the
images of eval with the generators involved in the arguments of eval. The first lemma states
that the evaluation of identities gives cells with no top-level generators.

Lemma 3.6.3. Forn € N and X € (Cell(P )<n>m eval(id,4+1(X))nt1 = 0.
Proof. Since eval is an (n+1)-functor, we have

eval(idy4+1(X)) = idp41(eval(X)) = idy 41 (X).
Hence,

eval(idn+1(X))nt1 = (idn41(X))nt1 = 0. [
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The next lemma states that the generators involved in the decomposition of Lemma 3.4.4 are
the top-level generators of the evaluation.

Lemma 3.6.4. Given n € N, k > 1, x1,...,2x € Py41, adapted n-contexts Fn, ..., FE, of
Cell(P)gn and X = E1[x1] *p, - - - xp Ex[Tx] € Cell(P)gn, we have

(a) eval(X)p41 is equal to {x1,...,xx},
(b) fori#j, xi # ;.

In particular, if

with 1> 1, y1,...,y1 € Poy1 and EY, ..., E] being adapted n-contexts, then k =1 and
{z1, . o} ={y1,- .0

Proof. By definition, for all 1 < i < k, eval(z;) = (z;), thus eval(Z;)p+1 = {x;}. With an
induction on the structure of E;, one can show that

eval(F;[Z;])nt1 = eval(z;) = {xz;}.
Moreover,

eval(X) = eval(F1[Z1] *n - - - *n Ex|Tr])nt1
= (eval(E1[T1]) *n - - - %, eval(Eg[T5]) ) na1
= eval(E1 [i\l])n-i-l y---u eval(Ek [@])n-i—l

= {:El,...,ka}
so (a) holds. Now let 1 <i < j <k and Y, Z be (n+1)-cells defined by
Y =eval(E1[Z1] %y - % B4[Z5]) and  Z = eval(Eip1[Tig1] *n - -« k0 Ex[Tr]).

Then x; € Yy41, v € Z,41 and Y,Z are n-composable. Using Lemma 2.3.1, we have that
Yot1 N Zyy1 = 0. Hence, x; # x;j. O

3.6.5 Properties on Cell(P). We first state a simple criterion for the equality of two cells
in Cell(P).

Lemma 3.6.6. Given n € N, € € {—,+} and X,Y € Cell(P),, such that 0°X = 0°Y and
X, =Y,, we have X =Y.

Proof. If n = 0, the result is trivial. So suppose n > 0. By symmetry, we can moreover suppose
that € = —. By the hypothesis, we only need to prove that X;,,_1 + =Y, _1 4. But

Xn-14 = X1 UXD\ X = (Y1 - UY,D)\ Y, =Yoors O

The next states that, given m € N, an evaluated m-context induces a partition of the m-
generators involved in the associated cell.
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Lemma 3.6.7. Givenn € N, 1 <m <n, z € Pyy1, € € {—,+}, an adapted m-context E of
Cell(P);n, we have that

(T By (T)mee, (M E)m is a partition of (05, E[Z])m.
Moreover, given another m-context E' adapted to T such that E[Z] = E'[Z], we have
(T B)in U (1 B)in = (70 B ) U (15, B ).
Proof. For the first part, note that
O (E[R)) = 7 F %1 05,(x) 1 7H E
By the definition of composition,
(05 (BLE]))m = (M E)m U (05 (@))m U (7, E)m (29)

and by the definition of atoms, (95

m

())m = ()me. By Lemma 2.3.1(b), (29) is moreover a
partition. The second part is a consequence of the first since we have

(T E)m U (0 (2))m U (T, B)im = (T B ) U (0 (@) )m U (1, E )i
and both sides are partitions. O
3.6.8 Linear extensions. For n € N, we write N,, for {1,...,n}. Given a finite poset
(8,<), a linear extension of (S,<) is given by a bijection o : Njg; — S such that, for 1 <
i,j <k, if 0(i) < o(j), then i < j. The linear extensions of (S, <) have a structure of an 1-

category LinExt(S) where the objects are the linear extensions o : Njg| — S and the morphisms
between o, 7: Njg) — S are the functions f: Njg — N;g such that the triangle

f
Njg) ———— Nig

N A

The next lemma states that the morphisms of linear extensions are generated by transposi-

is commutative.

tions.

Lemma 3.6.9. Let T be the set of consecutive transpositions in LinExt(S), that is,
T ={(ii+1): 0 — 7 € LinExt(S)1 | 0,7 € LinExt(5),i € Njg|_1 }.

Then, LinExt(S) is generated by LinExt(S)o U T.

Proof. Let 0,7 € LinExt(S)g and f: 0 — 7 € LinExt(S);. Since 7o f = o, f is a bijection.
We prove the result by induction on the number N of inversions of f. If N = 0, then f =
idy g = idi(0). Otherwise, N > 0. Thus, there exists k € Njg|_; such that f(k) > f(k+1). Let
o' = oo (k k+1). o’ is then a linear extension of (S, <) as in

(k k+1) fo(k k+1)
" \NS/ "
S

Indeed, for i # j € Nig such that o’'(i) < o'(j),
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—if {i,j} N{k,k+ 1} =0, then o(i) < o(j) and i < j;
—ifi=kandj#k+1,theno(i+1) <o(j)andi+1<j, soi<y;

—ifi =k and j =k + 1, then i < j;

—ifi=k+1and j#k, then o(k) < o(j),so k< j,and,since j#i=k+1,i=k+1<j;

— ifi =k+1landj =k, theno(k) < o(k+1),so7(f(k)) < 7(f(k+1)), hence f(k) < f(k+1),
contradicting the hypothesis;

—if i ¢ {k,k+ 1} and j € {k,k + 1}, then ¢ < j similarly as when ¢ € {k,k + 1} and
Jjé&{kk+1}.

Moreover, the number of inversions of f o (k k+1) is N — 1. By induction, it can be written
using elements of T'. Hence, f can be written as a composite of elements of T'. O

3.6.10 The technical lemmas. We now state the technical lemmas that we use to prove
the freeness property. They give properties satisfied by Cell(P )<n and they should be thought
as one big lemma since they are mutually dependent. However, we preferred to split them, for
clarity.

The first lemma enables to modify a context E adapted a generator x without changing the
evaluation.

n

Lemma 3.6.11. Letn € N and m < n. Let x € P,1, E be an adapted m-context of Cell(P)JSr
with m < n. Consider the following subsets of Pp,:

S = (T E)m U (7, E)m, U={yeS|yg@m-}
S'=SU(x)m,, V={yeS| (@)m- ;,],y}

Then, for every partition U' UV’ of S such that U C U’, and V C V', U’ initial and V' final
for <g, there ewists an m-context E' adapted to T such that

(7 B = U, (T E Y =V, E[z] = E'[7].

Graphically, with m = 2, this can be illustrated as

Next, we show that if two (n+1)-generators in context do not have common n-generators in

their source and target then we can apply the exchange rule.

Lemma 3.6.12. Let n € N and m < n. Let ki,ka > 0 be such that max(ky, ko) =n+1,
x1 € Py, x2 € Py,, E1, E2 be adapted m-contexts of Cell(P )< with 0 < m < min(ky, ke) such
that E1[z1) and Eq[T3] are m-composable. Then

n

<~T1>m,— N <x2>m,+ = @
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Moreover, if (x1)m,+ N (x2)m,— = 0, then there exist m-contexts EY, EYy such that
B [T1] #m Eo[T3] = B[] #m Eq[71].

An instance of the above lemma with m = 2 can be pictured as

We have seen in Lemma 3.4.4 that every n-cell can be expressed as a composition of n-generators
in context. The following lemma states that there is such a decomposition for every linearization
of the poset of such n-generators under the “dependency order” <.

Lemma 3.6.13. Letn € N. Let U = {x1,...,xx} C Pyy1 be a set of generators and Ey, ..., Ey
be adapted n-contexts such that the cell

X = Er[z1] %y - - - #n Eyg[2]
exists in Cell(P)t . Then

n

x; ij implies 1< J

for all indices i,j such that 1 < i,j < k. Moreover, if o is a linear extension of (U,<y), then
there exist n-contexts EY, ..., Ej. such that

— —

X = E{fo(D)] #a - #a E4lo(R)]

The following lemma states that, in order for two contexts applied to a generator to evaluate to
the same cell, it is enough for them to have same source or target.

Lemma 3.6.14. Letn € N. Let x € Pp+1 and Ey, Es be adapted m-contexts with m < n such
that O, E1|z] = 0,, Ex[Z] or O;f E©[Z] = O} E5[Z]. Then

E\[Z] = Eq[7).
The following lemma generalizes Lemma 3.6.14 to other cells.

Lemma 3.6.15. Letn € N. Let X,Y € Cell(P);n and € € {—,+} be such that (eval(X))n41 =
(eval(Y))pt1 and 05, X = 05,Y. Then, X =Y.

Finally, we can conclude that Cell(P)<, 1 is a free extension of Cell(P)(™ by P, 1.
Lemma 3.6.16. Cell(P);“n is isomorphic to Cell(P)<p1.
Proof. We will prove the lemmas above using an induction on n. For a fixed n we will prove

Lemma 3.6.11 and Lemma 3.6.12 together by induction on m.
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Proof of Lemma 3.6.11. 1If m = 0, the property is trivial. So suppose m > 0. By Lemma 3.4.4,
T can be written

7TrirL‘El = El [@ﬂ *m—1 """ *m—1 Ep[gz\?]
with p e N, y1,...,yp € Py, and Ey,. .., E, (m—1)-contexts. Let Y be {yi,...,yp}. Since U’ is
initial for <g, U’ NY is initial for <y, so there exists a linear extension of (Y, <y )

o:Np, =Y

such that {i € N, | 0(i) € U'} = {1,...,i0} for some iy € {0} UN,. Since we can use
Lemma 3.6.12 to permute the y;’s in 7, E according to o, we can suppose that 7, E is such that

(ieN, |y eU}={1,..., i}

Remember that
E[z] = 7, E %1 E[Z] #m_1 7 E

If ig < p, we want to swap all the FE;[y;] for i > ig with E[Z] using Lemma 3.6.12. We just need
to show how to do it for ¢ = p when iy < p, and then iterate this procedure for ig < 7 < p. So,
suppose that ig < p. Let T be E,[yp] #m—1 E[Z]. Since y, ¢ U’, we have y, ¢ U. In particular,
Wp)m—1,4 N (T)m—1,— = 0. So, using Lemma 3.6.12, we get adapted (m—1)-contexts F and F’
such that

T = F[z] %m-1 F'[yp).

Thus, we obtain an m-context E' adapted to Z with E’[Z] = F[Z] and

mE, = [@T] *m—1 " *m—1 Epfl[y/p;\l]
B = Fla]

B = F'[yp) #m-1 L E

T

After iterating this procedure for all i > ig, we get an adapted m-context E’ for Z such that
E'lz]) = E[z] and (7, E")p = (7, E) NU’.

Using a similar procedure to transfer elements from m}E’ to m E’, we get an adapted
m-context E” for  such that E"[z] = E[z] and (m, E"), = (7t E') NV, By Lemma 3.6.7,
(7 BN U (BN, and (7, E" ) U (7,5 E”),y, are partitions of S, as U’ UV’ (by hypothesis),
thus

(T B )m = S\ (WrtzEH)m

=S\ (mpE")m N V')

= (m, E)muUlU’

= ((r, E)m NUYUU’

=U.
By partition, we have (m; E”),, = V'. Hence, E” satisfies the wanted properties.
Proof of Lemma 3.6.12. We have

eval(F1[21] *m F2[%]) = eval(E1[21]) *m eval(Fs[22]) = E1[{21)] *m Ea[(22)].

By Lemma 2.3.2, (E1[(21)]m+1.—)" N (E2[(22)]m+1.+)" = 0. But

Eil(z)lme1,— = (z1)m+1,— and  Eb[(22)]m+1,4 = (22)mt1,4-
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Therefore,

(21)m,— N (22)m,+ C <Zl>;1+1,— N <Z2>r—;+1,+ =0.
For the second part, suppose that (z1)m + N (22)m,— = 0. If m = 0, then since z] *q Z3 exists,
we have (21)0+ = (22)0,— and they are non-empty by Axiom (G2), which contradicts (z1)o,4+ N
(z2)0,— = 0. Hence, m > 0. Consider the following:

M = o By [A)] (or equivalently 0, Ea[z3]),
Si = (T Ei)m U (7, i) for i € {1,2},

S" = My,

Ui={z € 5i |z g{zi)m+} for i € {1,2},

Vi={z eS| (zi)m+ ;1/36} for i € {1,2}.

We have (z1)m + C S’ and (22)m,— C S’. By (G4), we do not have both (z1)m, 4 <g/(22)m,— and
(22)m,— <s7(21)m,+. By symmetry, we can suppose that —=((22)m,— <s/(21)m,+). Since we can use
Lemma 3.6.11 (which is proved for the current values of m and n) to change E; and E2, we can
suppose that

(T B )m = Un, (mh B ) = S1\ Uy,
(T B2)m = 52\ Va, (mh Ea)m = Va.

Then
(U1 U {21)m,+) N ((22)m,— UVa) =0

since, otherwise, it would contradict the condition —({22)m,— <s/(21)m,+). Consider the following

sets:
Q1= Ui, Q2 = (21)m,+
Q3 =5\ (U1 U (z1)m+ U (22)m,— UVa),
Q4 = (22)m,—, Qs = Va.

Then Q1,Q2,Q3,Q4, Q5 form a partition of S’. Let Ry,...,Rs be such that R5 = Q5 and
R; = R;y1 U Q;. Note that

R5 is final for <g/, by segment Axiom (G3) used for zy and M,
— Ry is final for <g/, by definition of V5,
— Rg is final for <g/, because S’ \ R3 = Q1 U Q2 is initial for <gr,
— Ry is final for <g/, by segment Axiom (G3) used for z; and M.

This implies that there exists a linear extension for (S’ <g/)

o:Ng — 5

such that for i,7 € Ngs and 1 < k,1 < 5, if 0(i) € Qk and o(j) € @Q; with k < [, then i < j.
Since S’ = M,,, using Lemma 3.6.12 inductively, M can be written

19|

M =[] Filo(i)]
=1
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with F1,..., Fjg adapted (m—1)-contexts. By regrouping the terms corresponding to
Q1, ..., Qs respectively, we obtain five m-cells M, M2 M3 M* M> € Cell(P),, where

M= [ Flo(i)
iEO'_l(Qj)

and such that
M = ]\41 *m—1 M2 *m—1 M3 *m—1 M4 *m—1 M5.
Since

O s (T 1) = 0

m

and
(W;El)m =U; = Mgﬁb,

by Lemma 3.6.6, it implies that 7, F; = M'. Moreover, since

67—1E1 [3:7251] = 8+—1(W;1E1) = 6;1—1M1 = 8;1_1M2

m m
and
(E1[0f41])m = (z1)m+ = My,
by Lemma 3.6.6, it implies that E1[9;}71] = M?. Similarly, we can show that
Esl0,%) = M* and whEy = M5,
Moreover, since

(7Tr_nE2)m =5\,
= 5"\ ((22)m,— UV2)
=Q1UQ2UQ3

and
O ((mmE2) =0, (M =0, |(M"%y,_1 M?x,_1 M),

m m

by Lemma 3.6.6, we have that

T, Ee = M! *y—1 M? *yy—1 M3.
Similarly, we can show that

ot By = M3 sy M* 5,1 MO,
Hence,

E1[A] #m Ea[%) = (MY %1 B1[21] #m_1 M3 %1 0, B[ 53] %1 M®)
¥y, (M1 *—1 ({);Lél [21] *m—1 M3 %, Eg[;?g] *—1 M5)
= M'x, | Ey [Z1] *m—1 M3 %, Eg[z}] 1 MP
= (MY %1 0, (E1[21]) %1 M? 51 Fa[2] %1 M®)
s (MY 5,1 Fy [21] *m—1 M3 %, G,Z(Eg[z}]) *m—1 M?)

which is of the form Eb[23] *,, F{[Z1] as wanted.
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Proof of Lemma 3.6.13. In order to show that z; <y z; implies 7 < j, we only need to prove that
2z <1%] zj implies ¢ < j, since < is the transitive closure of <1[11. So suppose given 7,j € N, such
that z; <}; z;, that is, 2;* N z; # 0. By (G1), i # j. Consider

Then, Y/ := eval(Y) and Z’' := eval(Z) are n-composable (n+1)-cells. By Lemma 2.3.1(a),
Yy 1)~ N (Z,.1)" = 0. But, by Lemma 3.6.4, z; € Z),,; and Y, = {z1,...,2-1}. Hence,
since z;™ N z; # 0, we have i < j.

For the second part, note first that the first part implies that 7: N, — U defined by 7(i) = 2;
is a linear extension of (U,<y). Let f = 0~! o7 be a morphism of linear extensions between
o and 7. By Lemma 3.6.9, we can suppose that f = (¢ i+1) for some i € N,_;. To conclude,
we just need to show that z; and ;17 can be swapped in X = Eq[z1] %, - -+ %, Ep[Zp]. By
contradiction, suppose that (z;), + N (Tit1)n,— # 0. Then, 7(i) <y 7(i +1). But 7 = oo (i i+1),
so o(i + 1)<y o(i) and, since o is a linear extension, i + 1 < ¢ which is a contradiction. So
(®i)n+ N {Tit1)n,— = 0. By Lemma 3.6.12 (which is proved for the current value of n), there
exist adapted n-contexts E; and Ej | such that

X = El [i\l] *p vk Eifl[tr/ijl] *n E;[ﬁl] *n E{+1[-@] *n Ei+2[$/i-4:2] Kyt ok Ep[@]

which concludes the proof.

o~

Proof of Lemma 3.6.14. By symmetry, we will only handle the case when 9, E1[z] = 0,, Ea[Z]
We prove this property by an induction on m. If m = 0, the result is trivial. So suppose m > 0.
Consider the following subsets of Pp,:

S = (" E1)m U (@B,
S'=SU(2)m, -,
U={ze§| x;(z&m,_},
V=5\U.

By Lemma 3.6.7, S = (7~ E3);, U (71 E3) . By Lemma 3.6.11, there are m-contexts Fy, Fy such
that
F[Zl=FEzZ] and (7,F)m=U and (7}tF),=V.

For i € {1,2}, we have that 0,, (7, F;) = 0,,_,Ei[z] = 0~ 0,,E;i[Z], so

m

Oy (T FY) = Oy (T ).

m m

Since m,, Fy, m,, F5 € Cell(P)y,, by Lemma 3.6.6, we have

m Fy =7 _F5.

m m

Moreover, for i € {1,2}, 0 | (7, F;) = 0. _,(E;[2]), so

O1(F1[2]) = 0,1 (F2[Z]).

m m—

By induction on m, we have that



But 0F | (E[2]) = 0., (7L F}), so

m m

O

71(7T:;F1F1) = 8;#1(7%1?2)
Since ;5 Fy, ¢ Fy € Cell(P),,, by Lemma 3.6.6, we have

Tt F =7 Fy.

Hence,
F1[zZ] = F»[Z]
which concludes the proof.
Proof of Lemma 3.6.15. By symmetry, we only give a proof for e = —. We do an induction on

N = |eval(X)p41|. If N =0, then by Lemma 3.4.4 and Lemma 3.6.4, there exist n-cells X', Y’
such that
X = idpsr(X') and Y = idpy (YY)

so, since 9, X = 0, Y, it holds that X’ =Y’. Hence, X =Y.
Otherwise, if N = 1, then we can conclude by Lemma 3.6.14 and Lemma 3.6.4. Otherwise,
N > 1. Then, by Lemma 3.4.4 and Lemma 3.6.3, X,Y can be written

X = Ei[z1] *p -+ %y EplTp] and Y = Fi[yr] % - - - *p FglUy]
with p,q € N, z;,y; € P,y1 and E;, F}j n-contexts. By Lemma 3.6.4,
{z1,...,2p} = eval(X)pr1 = eval(Y )1 = {1, ..., yq}

and the z;’s are all different, and the y;’s too. So p = ¢ = N. Using Lemma 3.6.12 to reorder
the y;’s, we can suppose that z; = y; for 1 < ¢ < N. Since 0, X = 0,7, it holds that
0, E1[z1] = 0, Fi|y1]. So, by Lemma 3.6.14,

Er[n] = Fifu].
Moreover,
On (Ea[T3) s - n Ep[p]) = O EnlT1] = Oy Fu[gi] = 0, (Fa[ga] s -+ % Fp[Tp)-
So, by induction on N,
Eo[a] #p - - 4 Eplitp] = Folya] #n - - #n FplUp)-

Hence, X =Y.
Proof of Lemma 3.6.16. Given X € Cell(P),1, if X can be written

X =idp1(X")
with X’ € Cell(P),, then X = eval(id,,+1(X")). Otherwise, if X can be written
X = Er[(z1)] #n -+ 50 Ep[(@p)]
then X = eval(E1[z1] #y, - - - Ep[Z,]). So, by Lemma 3.4.4,

eval: (Cell(P)gn)nH — Cell(P)y41
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is a surjective function. Let
reval: Cell(P)pi1 — (Cell(P)E, )ni1

be a section of eval. For X € Cell(P),+1 and € € {—,+}, we have 05 (reval(X)) = 9 (eval o
reval(X)) = 05X. So reval can be naturally extended to a morphism of cellular extensions

reval: (Cell(P)<p, Cell(P)p+1) — (Cell(P)<p, (Cell(P)JSrn)nH).

Moreover, if X = idy41(X’) for some X' € Cell(P),, we have eval(reval(id,4+1(X’))) =
eval(id,+1(X’)) = idp4+1(X’). So, by Lemma 3.6.15,

reval(id,+1(X")) = idp41(X7).

Otherwise, if X =Y %; Z for some i <n and Y, Z € Cell(P),,+1, we have eval(reval(X *; Y)) =
eval(reval(X) *; reval(Y)) = X. So, by Lemma 3.6.15,

reval(X *; Y) = reval(X) %; reval(Y).

Thus, reval is an (n+1)-functor and is an inverse to eval. Hence, Cell(P)L  is isomorphic to

CGH(P) <n+1- OJ

3.6.17 Freeness property. We are able to conclude the proof of freeness for the w-category
of cells Cell(P).

Theorem 3.6.18. Cell(P) is a free w-category generated by the atoms T for x € P.

Proof. By Lemma 3.6.16, for n € N, Cell(P)<p+1 is a free extension of Cell(P)<y by Py41. So
Cell(P) is a free w-category. The generating property is given by Theorem 3.2.1. O

4 Alternative notions of cells

Before being able to relate generalized parity complexes to the other formalisms, we first give
alternative notions of cells to the one of Paragraph 1.3.3 that are still suited for describing the
w-category of pasting diagrams.

In this section, we suppose given an w-hypergraph P.

4.1 Closed and maximal pre-cells

We write Closed(P) for the graded set of closed fgs of P. Given an n-fgs X of P, x € X is said
to be mazimal in X when for all y € P such that Ry and = # y, it holds that y ¢ X. We
write max(X) for the n-fgs of P made of the maximal elements of X. The n-fgs X is then said
to be mazimal when max(X) = X. We write Max(P) for the gradet set of maximal fgs. Given
n € N and X an n-pre-cell of P, we write UX for the n-fgs of P given by Up<i<n(Xi— U X; ;).
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4.2 Maximality lemma

Here, we show that there is a simple criterion to know whether an element is maximal in a cell

of Cell(P).
In this subsection, we suppose that P satisfies (G0), (G1), (G2) and (G3).

Lemma 4.2.1 (Maximality lemma). Let m < n € N and X be an n-cell of P. For x € X, _
(resp. © € Xon ) with x not mazimal in UX, we have v € X.J | (resp. x € XffLH’Jr).

Proof. We prove this property by induction on p := n — m. By symmetry, we only prove the
case where x € X,,, _. Since z is not maximal, by definition of R, there exist p > 0, n € {—, +},
20, 21,...,2p € P and €,...,¢ € {—,+} such that 29 = z, ) € Xpmipy and z; € z;}] for
7 < p.

Suppose that p = 1. By Lemma 2.1.1, X,,, - N X;Hm = (). Since z € z{ and =1 € Xpt1,,
we have e; = —and z € X;F ;. By Lemma 2.1.5, 2 € X;} ., _. Otherwise, suppose that p > 1.
Let y € Xp1py be the smallest element of X4y, for <x, - such that yRaxp . If 2,1 €y,
then, by minimality of y, there is no v’ € Xy, 45 such that z,_; € y'*. Therefore,

Tp—1 € Xt

m+p,n = Xm+p—1,—-

Hence, x is not minimal in 0 X and we conclude by induction. Otherwise, x,_1 € y™.

m+p—1
Consider

G={z¢€ Xmipn| z, y}U{y} and Y = Act(9,, X,G).

m+p—1
m+p,n P

We have z € Yy, — and x,_1 € Y,,,4p—1 € UY and, by Theorem 2.2.3, Y is a cell. By induction,
x €Y, . Since Xppy1,— and Yy, 41 — both move X, — to X 4, by Lemma 2.1.5, x € X;F .,
which concludes the proof. O

This criterion gives a simple description of the set of maximal elements of a cell of Cell(P).

Lemma 4.2.2. Let m <n €N, e € {—,+} and X be an n-cell of P. Then,
max(UX) NPy, = X, - N Xy 4
Proof. By Lemma 4.2.1,
max(UX) N P, = (X, - \XT:‘I’:L+1,7) U (Xim,+ \X$+1,+)-
By Lemma 2.1.6, it can be simplified to
max(UX) N Py = X - N XF . O

4.3 Relating representations of pre-cells

In this subsection, we relate Cell(P), Max(P) and Closed(P) by giving translations functions
and properties on these translations.
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4.3.1 The translation functions. We define several functions between PCell(P), Max(P)
and Closed(P), as represented by

Max(P)
TN TR
e . T
PCell(P) = Closed(P)
THe

where
— TYC: PCell(P) — Max(P) with, for X an n-pre-cell of P,
ThE (X) = max(UX),

— TM,: Max(P) — PCell(P) with, for X an n-fgs of P, Th(X) is the n-pre-cell Y of P

such that
Y, =X,,
Vio=X;UYT, for i < n,
Yy =X;UY, for i < n,

— TM: Max(P) — Closed(P) with, for X a maximal n-fgs of P,
T&(X) = R(X),
~ T{}: Closed(P) — Max(P) with, for X a closed n-fgs,
THi(X) = max(X),
— TES: PCell(P) — Closed(P) with, for X an n-pre-cell of P,
TG (X) = R(UX),

— TE4: Closed(P) — PCell(P) defined by
The = T o T -
These operations can be related to each other, as state the following lemmas.
Lemma 4.3.2. T o T{{ = idciosea(p) and T} 0 T = idyjax(p)-
Proof. Let X be a closed n-fgs of P and x € X. We have T{}(X) C X so
TH o TH(X) C X.
Moreover, for € X, since X is finite, there is y € max(X) with y R 2. It implies that y € T§}(X)

and z € TN o T{}(X). Therefore,
X C T o T (X),
which shows that
TM o T = id
C1° 1M = 1dClosed(P)-

For the other equality, note that, for all n-fgs X of P, R(X) has the same maximal elements as
X. It implies that
Tl(\j/ll (¢] Tl\c/[l - idMaX(P)' D
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Lemma 4.3.3. Suppose that P satisfies axioms (G0), (G1), (G2) and (G3). Let n € N,
X € Cell(P),, and Y = TYE(X). Then,

Y,=X, and Yi=X;,_NX;, 4 fori<n.

Proof. This is a direct consequence of Lemma 4.2.2. O

Lemma 4.3.4. Suppose that P satisfies axioms (G0), (G1), (G2) and (G3). Then, for X €
Cell(P), TM, o T (X) = X

Proof. Let n € N, X € Cell(P),,, Y = TYP(X) and Z = T¥.(Y). We show that X; = Z;, by
a decreasing induction on ¢. By Lemma 4.3.3, we have

Zn =Y, =X,
and, for ¢ < n, we have
Zi,— = Y; U Z;_F,'_L_

= (X@* N Xi,+) U Xiil,f

=X;_ (by Lemma 2.1.7).
Similarly,

Ziy = Xit,

so X = Z. Hence, Th- o TLE(X) = X. O

Lemma 4.3.5. T} o TYF = TEC
Proof. Let n € N and X € Cell(P),. Then,

TM o THE(X) = R(max(UX))
=R(UX)
= Tor (X).

M . TPC _ mPC
Hence, T o Ty = Ty O

4.3.6 Sources and targets. Given n > 0 and X a maximal n-fgs, define the source X
(resp. target 91 X) of X as the maximal (n—1)-fgs Y with

Y1 =X UXT (resp. X1 UXE),
Y= X; fori<n—1.

Similarly, given n > 0 and X a closed n-fgs, define the source 9~ X (resp. target 9t X) of X as
the closed (n—1)-fgs Y with

Y =R(X\ (Xp UR(X,))))  (resp. R(X \ (Xn UR(X,))))-

These sources and targets are compatible with the translation functions from Paragraph 4.3.1
as state the following lemmas.
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Lemma 4.3.7. Suppose that P satisfies axioms (G0), (G1), (G2) and (G3). For n > 0,
e € {—,+} and X € Cell(P),,, we have
T (0°X) = 9°(Ty (X))
Proof. Let Y = TyC(0°X), X' = TYC(X) and Z = 9°X’. By Lemma 4.3.3,
Yn—l = Xn—l,eu
Yi=X,-NX;+ fori <n—1,
and
X! = Xy,
X/ =X;_NX;+ for i < n.
If e = —, then
Zp-1= (anl,f N Xn71,+) U X;LF
=Xp—1— (by Lemma 2.1.7)
Zi = X!
=X, _NX;y fori<n-—1
so Y = Z. Similarly, when ¢ = 4+, Y = Z. Which concludes the proof. O
Lemma 4.3.8. Forn >0, e € {—,+} and X € Max(P),, we have
TEH(0°X) = 0°(T&(X).
Proof. By symmetry, we only prove the case e = —. Let Y = Tl(\j/ll(éfX) and Z = 5*(T1(\341(X)).
By unfolding the definitions, we have
Y =R((X\ Xn)UX]T),
Z =R(R(X) \ (X UR(X,)))).
In order to show that Y C Z, we only need to prove that Y’ C Z where
Y= (X \ X,) UXF.
First, we have that Y’ C R(X). Moreover,
Y'0 (X, UR(X,)))
= (X \ Xp) UXT) N (X UR(X,))
= ((X\ Xn) UXF) NR(X,))
= (X \ Xn) NR(X))
= X NR(X,)
=0 (since X is maximal).

So Y’ C Z, which implies that Y C Z.
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Similarly, to show that Z CY, we only need to prove that Z’ CY where

Z' = R(X)\ (X, UR(X])).

But
Z'CY & R(X)CYUX,UR(X,))
and
YUX,URX;)=R((X\ X,)UXT)U X, UR(X,")

=R(X\X,)UXFUuXhHux,

=R((X\X,)UX, UX)UX,

=R((X\X,)UX, UX,fUuX,)

= R(X).

So Z' CY, which implies that Z C Y. Hence, Y = Z, which concludes the proof. O

Lemma 4.3.9. Suppose that P satisfies axioms (G0), (G1), (G2) and (G3). For n > 0,
e €{—,+} and X € Cell(P),,

Tor (0°X) = 9°(TEF (X))

Proof. We have

TEC(9°X) = T o TRC(9°X) (by Lemma 4.3.5)
TM(95(TEE (X)) (by Lemma 4.3.7)
= 09(TM o TEE (X)) (by Lemma 4.3.8)
= 9°(T&r (X))
which concludes the proof. O

4.4 Compositions and identities

Here, we define compositions and identities for the globular sets Max(P) and Closed(P), and
prove some compatibility results with the translations functions.

Given i < n € N and X,Y two maximal n-fgs, we define the mazimal i-composition X MY
of X and Y as a maximal n-fgs defined by

X MY = max(R(X) UR(Y)).

Similarly, given ¢ < n € N and X,Y two closed n-fgs, we define the closed composition X *lCl Y
of X and Y as a closed n-fgs defined by

XSy = X uy.

For simplicity, we sometimes write ! (resp. M) for *&! (resp. *M). Given n € N and a closed
(resp. maximal) n-fgs X, we define the identity id,,+1(X) of X as the closed (resp. maximal)
(n+1)-fgs

(Xo,- .., Xp, 0).

These compositions and identities are compatible with the translation functions from Para-
graph 4.3.1 as state the following lemmas.
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Lemma 4.4.1. For k <n € N and k-composable n-cells X and'Y of P,
Tar (X . Y) = Ty (X) «A TP (Y).
Proof. Let Z = X %, Y. We have
TEr (X 4 Y) = R(UZ)

and
TEC(X) «“' TEC(Y) = R(UX) UR(UY) = R((UX) U (UY)).

By definition of composition, UZ C (UX) U (UY), so
Ter (X . Y) C Ty (X) « A TP (Y).
For the other inclusion, note that X; . C Z; . for (i,€) # (k,+), and

Xp+ = (Xk’,— U le+1,—) \Xk_+1,—
C R(UZ)

so UX C R(UZ). Similarly, UY C R(UZ), thus
(UX) U (UY) C R(UZ),

which implies that
Tep (X)«A TE(Y) € T (X 4 Y).

Hence,
TEE (X))« TEF(Y) = TEP (X #1 Y).

Lemma 4.4.2. Forn € N and an n-cell X € Cell(P),

TEE (i 1(X)) = idnet (TEC(X)).
Proof. 1t readily follows from the definitions.
Lemma 4.4.3. For n € N and X,Y € Closed(P)y,

THX O Y) = TH(X) M TH(Y).
Proof. We have

THH(X) # TR (Y) = max(R(T{; (X)) UR(T§(Y)))
=max(X UY) (by Lemma 4.3.2)
= T (X «7Y)

which concludes the proof.
Lemma 4.4.4. For k <n € N and k-composable n-cells X and Y of P,
TN (X 5, Y) = T (X) M T (Y),
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Proof. We have

TEE(X %, V) = T{{ o TEC(X %, V) (by Lemmas 4.3.2 and 4.3.5)
= TG(TEC(X) «C TEC (V) (by Lemma 4.4.1)
=T o TEC(X) M T{ 0 TEC(Y) (by Lemma 4.4.3)
= ThC (X)) «MTLC (V) (by Lemmas 4.3.2 and 4.3.5)
which concludes the proof. O

Lemma 4.4.5. For n € N and an n-cell X € Cell(P),
TEC (41 (X)) = ids1 (TRO(X)).

Proof. 1t readily follows from the definitions. O

4.5 Alternative cells

In this subsection, we define notions of cells for Max(P) and Closed(P) and prove that the
associated w-category of cells are isomorphic to Cell(P).
Given n € N and X € Max(P),,, we say that X is maximal-well-formed when

— X, is fork-free,
— 0~ X and X are maximal-well-formed,
~ifn>2 009 (X)=0 00" (X)and T 0 0~ (X) = 9t 0 DT (X).

We write Maxwp(P) for the graded set of maximal-well-formed fgs of P. Similarly, given n € N
and X € Closed(P),, we say that X is closed-well-formed when

— X, is fork-free,

— 9~ X and 01X are closed-well-formed,

0328 08 (X) =8 0d+(X) and 5 0 - (X) = &+ 0 5 (X).
We write Closedwr(P) for the graded set of closed-well-formed fgs of P.
Lemma 4.5.1. T induces a bijection between Max wr(P) and Closed yp(P).

Proof. We already know that Tl(\é[l is a bijection by Lemma 4.3.2. For n € N, we show that T 1(\;/[1
sends a maximal-well-formed n-fgs X to a closed-well-formed fgs by induction on n. If n = 0,
the result is trivial. So suppose n > 0. Let Y = T (X). Then, Y, = X, is fork-free and,
for e € {—,+}, 9(Y) = TM(9°(X)) by Lemma 4.3.8, and it is closed-well-formed by induction.
Also, when n > 2,

D00 (V) =TH(0 0d (X)) (by Lemma 4.3.8)

= 00T (Y)

So Y is closed-well-formed. Similarly, TI(\J/} sends closed-well-formed fgs to maximal-well-formed
fgs, which concludes the proof. O
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Lemma 4.5.2. Suppose that P satisfies (G0), (G1), (G2) and (G3). For n € N and
X € Cell(P),,, TEC(X) € Max yr(P),.

Proof. We proceed by induction on n. If n = 0, the result is trivial. So suppose that n > 0 and
let Y = TLC(X). Since Y, = X,,, Yy, is fork-free. Moreover, by Lemma 4.3.7, oY = TEC(0°X)
for € € {—,+}. By the induction hypothesis, Y is maximal-well-formed. And, when n > 2,
for n e {—,+},

"o (Y) =TLE (8" 007 (X)) (by Lemma 4.3.7)
— TEC(97 0 07 (X))
=0T (Y).
Hence, Y is maximal-well-formed. O

Lemma 4.5.3. Suppose that P satisfies (G0), (G1), (G2) and (G3). For n € N and X €
Max yr(P)y,, there exists an n-cell Y such that TS (Y) = X.

Proof. We proceed by induction on n. If n =0, the result is trivial. So suppose that n > 0.
By induction, let S, T € Cell(P),_; be such that TYC(S) = 0~ X and TLO(T) = 9t X. When
n > 2, for e € {—,+}, we have

9°S = TN, o TEE(0°9) (by Lemma 4.3.4)
= T (9°(TYE(9))) (by Lemma 4.3.7)
= Tpc(9° 007 (X))
= TML(9° 0 O (X)) (because X is maximal-well-formed)
(

= TR (0T (1))

= TN, 0 TNC (8T
= O°T.
Also,
(Sn-1UX)\ Xy = (Xt UXT UXH)\ X,
=X, UXE
— T, ;.

Similarly, (T,,-1 U X, )\ X, = S,—1 so X,, moves S,_1 to T},_1. Hence, the n-pre-cell Y defined
below is a cell:

Y, =X,
Yo1,- = Sn-1
Yn—1,+ =Th
Yis = Sis fori<nm—1andd e {—,+}.

Let Z = TYE(Y). We have Z,, = X,, and
b7 = o (TEC(Y))
=TYE(07Y) (by Lemma 4.3.7)
=Ty (S)
=0 X.
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So, by definition of d~, Z; = X; for i <n—1 and Z,_; UX] =X,_1UXT. Since X and Z are
maximal, we have

X1 N Xi =Znp_ 1N X?T = 0.
Hence, X,,_1 = Zp_1and X = 7 = TﬁC(Y) which concludes the proof. O

Lemma 4.5.4. Suppose that P satisfies (G0), (G1), (G2) and (G3). Then, TLC induces a
bijection between the Cell(P) and Max wp(P).

Proof. By Lemma 4.5.3, TYC: Cell(P) — Maxwy (P) is onto, and by Lemma 4.3.4, it is one-to-
one, so it is bijective. O

Theorem 4.5.5. Suppose that P satisfies (G0), (G1), (G2) and (G3). Then, Maxwp(P) is an
w-category and TYC induces an isomorphism between Cell(P) and Max yr(P).

Proof. We first prove that composition is well-defined. Let i <n € Nand X,Y € Maxwg(P), be
such that 9 X = 9;Y. By Lemma 4.5.4, there exist X', Y’ € Cell(P),, such that TYC(X') = X
and TYC(Y’) = Y. By Lemma 4.3.7, we have

TEC (07 X') = 87 X = 0;Y = TEC(07Y),

and, by Lemma 4.5.4, 9 X’ = 0, Y' so X’ and Y’ are i-composable. By Lemma 4.5.4, TC (X" *;
Y') € Maxwr(P) and, by Lemma 4.4.4, X *MY € Maxwr(P).

Now, we prove that Maxwp(P) satisfies the axioms (i) to (vi) of w-categories. But it readily
follows from Lemmas 4.5.4, 4.4.4 and 4.4.5. Indeed, for example, for axiom (iii), given i <n € N
and i-composable XY, Z € Maxwp(P)n, by Lemma 4.5.4, there exist X', Y, Z" € Cell(P),
such that X = TYC(X'), Y = TLYC(Y!) and Z = TLC(Z'). By a similar argument as above, X,
Y’ Z' are i-composable and, by Lemma 4.4.4,

(X *i\d Y) *1\/[ 7 = TE/IC((X’ % Y )% Z') = TII\D/[C(X’ % (Y% Z2') = X*%\/I(Y *i\/[ Z),

so (iii) is satisfied.
Hence, Maxwp(P) is an w-category, and T 11\3/10 is an isomorphism by Lemmas 4.5.4, 4.4.4,
4.4.5. O]

Lemma 4.5.6. Suppose that P satisfies (G0), (G1), (G2) and (G3). Then, TES induces a
bijection between Cell(P) and Closed yr(P).

Proof. The result is a consequence of Lemmas 4.3.5 and 4.5.1 and 4.5.4. O

Theorem 4.5.7. Suppose that P satisfies (G0), (G1), (G2) and (G3). Then, Closedwp(P) is
an w-category and T&C induces an isomorphism between Cell(P) and Closed yyp(P).

Proof. By a similar proof than for Theorem 4.5.5, using Lemmas 4.3.9, 4.4.1, 4.4.2 and 4.5.6. O

5 Unifying formalisms of pasting diagrams

In this section, we show that parity complexes, pasting schemes and augmented directed com-
plexes are generalized parity complexes.
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5.1 Encoding parity complexes

In this subsection, we show that parity complexes are generalized parity complexes, after ap-
plying two reasonable restrictions. Firstly, parity complexes do not require all the generators to
be relevant even though generalized parity complexes do. But, by [19, Theorem 4.2], irrelevant
generators do not play any role in the generated w-category Cell(P) for P an w-hypergraph,
and Cell(P) ~ Cell(P’) where P’ is the set of relevant elements of P. Secondly, as discussed
in Section 1.6.6, parity complexes do not ensure torsion-freeness, which can break the freeness
property. A natural fix is to require parity complexes to moreover satisfy (G4). Then, in the
following, we will suppose given an w-hypergraph P satisfying axioms (C0) to (C5) and (G2)
and (G4).

Lemma 5.1.1 ([20, Proposition 1.4]). For n > 0, U,V C P, with U tight, V fork-free and
U CV, we have that U is a segment for <y .

Proof. Suppose given x,y,z € V such that z,z € U and ac<1‘1/ y<y z. Then, thereisw € 2t Ny~.
By definition of tightness, since y<y 2z, we have y~ N U* = (). So there is 4/ € U such that
w € y'~. Since V is fork-free, y = 3. Hence, U is a segment for <y . ]

Lemma 5.1.2. Let n € N. For xz € P,,, x satisfies the segment condition.

Proof. Let m < n € N, x € P, and X be an m-cell. Suppose that (z),, - C X,,. By (C5),
(@) m,— is tight. Then, by [20, Proposition 1.4], (x), — is a segment for <y, .

Now suppose that (z),, + C X,,,. By contradiction, assume that (z),, 1 is not a segment for
dx,,. Thus, by definition of <x,,, there exist p > 1 and wy,...,u, € Xy, with up,up € (T)m +,
ULy .oy Up—1 & (T)m,+ and u; <§(m uij+1. By definition of <1}<m, there exist zp,...,2p—1 such that
7z € uj Nu;, ;. Note that zp € <w)7in+ Indeed, if zg € v~ for some v € X,,, then, since X,
is fork-free, v =uy, s0 v & (). Similarly, z,_1 € (x)}, . Since x is relevant by (G2),
<m)i+1’+ = ()m,+ € X,. By [19, Lemma 3.2] (which is essentially Theorem 2.2.3, but for the
axioms of parity complexes), Y = Act(X, (z)m+1.4) is a cell with Yy, = (Xom \ (@) m+) U (2)m,—

S0 (2)m,— € Yy, and, as previously shown, (z),, - is a segment for <y, . But, since (z)} = =
(), and <:c>§, = <x>$,+, there exist uf, u, € (z)m,— such that zo € uy” and z,_1 € uj; .
So uy, <1}(m Uy <1}(m- . dkm Up—1 <1}(m uy, with up, ..., up—1 & (T)m,—, contradicting the fact that

() m,— is a segment for <y;,. Thus, (z),, + is a segment for X,,,. Hence, x satisfies the segment
condition. n

Theorem 5.1.3. P is a generalized parity complez.

Proof. (GO) is a consequence of (C0). (G1) is a consequence of (C3). And (G3) is a consequence
of Lemma 5.1.2. Ul

The category of cells of the parity complex is, of course, isomorphic to the category of cells of
the associated generalized parity complex.

5.2 Encoding pasting schemes

In this subsection, we embed loop-free pasting schemes in generalized parity complexes. More
precisely, we will only embed the loop-free pasting schemes that are torsion-free (that is, whose
w-hypergraph satisfies (G4)) since, like for parity complexes, the ones that are not torsion-free
can not be expected to induce free w-categories. So, in the following, we suppose given an
w-hypergraph P satisfying (S0), (S1), (S2), (S3), (S4), (S5) and (G4).
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Lemma 5.2.1. Letk < n e N,z € P, andy € Py. If xBZ_lRZ_ly then y € Bi(z) or
2EP_ R}y, Dually, if e EP_ R} 'y then y € Ef(z) or B! _ R} 1y.

Proof. We do an induction on n — k. If k = n — 1, the result is trivial. If £ = n — 2, the result
is a consequence of (S1). Otherwise, suppose that k& < n — 2. We will only prove the first part,
since the second is dual. So suppose that y ¢ B} (x). By the definition of B, we have

~(@By_iByly) or —(zBi L EpTly).

By symmetry, we can suppose that —(z Bﬁ_lEzfl y). Let u € P,,—1 be minimal for < such that
B}, uRZfl y. Then, there are two possible cases: either uBZ:%RZ“2 y OT uEZ:%R;“2 1.

In the first case, let v € P,,_s be such that u BZ:% v RZ‘Q y. By the minimality of u, we have
—(zB"_;E""3v), so =(xBI_,v) by definition of B. By Axiom (S1), we have 2 E"_;E""Jv. So
x Eﬁ—lRZ_l Y.

In the second case, since we supposed =(z B?_;E}y), we have =(uE} ' y). By induction,
uB' 3R??y and we can conclude using the first case. O

Lemma 5.2.2. Let n > 0 and X be an n-wfs of P. Then 0°X = 0°X.

Proof. We only prove the case ¢ = —. So let n > 0 and X be an n-wfs of P. Recall that
"X =X \E(X) and "X =R(X \ (X,, UR(X,))).
Step 1: 9~ X C 9~ X. We have to show that

R(X\ (X, UR(X,)))) € X \ E(X).
Since X \ E(X) is closed (by [8, Theorem 12]), it is equivalent to

X\ (X UR(X))) € X\ E(X)
which is itself equivalent to
B(X) € (Xn UR(X,)))

which holds.
Step 2: 9~ X C 0~ X. We have to show that

X\ E(X) CR(X\ (X, UR(X;))) = &~ (X).

Let m <n € Nand 2 € (X \ E(X))m. If z ¢ R(X;}) then € 97(X). So suppose that
r € R(X,F). Since E(X),—1 = X,, it implies that m < n — 1. By definition of R(X,), there
exists y € X, such that yE" ;R" 'z and, by Axiom (S2), we can take y minimal for < sat-
isfying this property. By Lemma 5.2.1, it holds that yBZ_lefl x. Let z € P,_1 be such
that y B?_; 2R ' 2. Then, there is no y € X,, such that ' E"_; z: otherwise, ¢ E" R 1 g
and 3’ <y, contradicting the minimality of y. So z € R(X,) and zRz. It implies that
z2€ X\ (X, UR(X;")) and z € 0~ X. O

Lemma 5.2.3. Let n € N and X € WF(P),,. Then X € Closed yr(P),,.

Proof. We prove this lemma by induction on n. If n = 0, the result is trivial. So suppose
n > 0. Since X is well-formed, X,, is fork-free. Moreover, using Lemma 5.2.2, for € € {—, +},
0°(X) = 0°(X) which is well-formed. By induction, 9°(X) € Closedwr(P),_1. Also, when
n > 2, since 90 9~ (X) = 90 9(X), by Lemma 5.2.2, 9 0 0~ (X) = 00 dT(X). Hence,
X € Closedwp(P). O
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Lemma 5.2.4. Letn € N, X be an n-wfs, S C P,1 be a finite subset with S fork-free, ST C X
and let Y = X UR(S). Then Y is an (n+1)-wfs of P and 07Y = X.

Proof. Let k = |S|. We show this lemma by induction on k. If &k = 0, the result is trivial. If
k =1, the result is a consequence of [8, Proposition 8]. So suppose k > 1. By Axiom (S2), take
x € S minimal for <. By minimality, we have

- CSTCX.

Using [8, Proposition 8], X UR(z) is well-formed. By (S5), XNE(z) =0, so 0~ (X UR(z)) = X.
Let X' =0"(X UR(z)) and §" = S\ {z}. We have

STCX &8 CcX us™t
&S CcXx uStur
&8 C(X,\z)uztusStuz
ST CX,ust
s STCX,
so $'F C X’. By induction, X’ UR(S’) is well-formed and 0~ (X' UR(S")) = X'. Since WF(P)
has the structure of an w-category by [8, Theorem 12], we can compose X UR(z) and X' UR(S’).

So
XUR(S)=XUR(z)UX'UR(Y)

is well-formed and 0~ (X UR(S)) = X. O
Lemma 5.2.5. For X € Closedwp(P), we have X € WF(P).

Proof. Let n € N and X € Closedwp(P),. We prove this lemma by induction on n. If n = 0,
the result is trivial. So suppose n > 0. Let Y = 9~ X. By definition, Y € Closedwr (P) and, by
induction, Y € WF(P). By definition of 97, we have X;7 C Y. By Lemma 5.2.4, Y UR(X,,) is
well-formed. But Y = R(X \ (X, UR(X;}))), hence X =Y UR(X,,) is well-formed. O

Lemma 5.2.6. Let n € N and x € P,,. Then, fori <n ande € {—,+},
R (x) = R((2)ie)-

Proof. Let n € N, z € P, and i < n. By symmetry, we will only prove that 9; (R(z)) =
R((x)i—). We have

07 (R(x)) = 0; (Tea({=}))
= T (95 {z}) (by Lemmas 4.3.8 and 5.2.2)

= Ta({2)i-)
= R((z)i,-)-

Hence, 0; R(z) = R((x); ). O

Lemma 5.2.7. For alln € N and x € P,,, x is relevant.
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Proof. Let n € Nand z € P,. By axiom (S3), R(z) is well-formed. So, for i < nand e € {—,+},
05(R(x)) is well-formed. Then, by Lemma 5.2.6, (x); - and (x); ; are fork-free. We show that
<x>ﬁ17_ = (z)i+ and (z)f,, , = (z);—. We have (z)i_ = (2)* = 2" = (2),,_1,+ and, similarly,
(x)} L = (#)p_1,—. For i <n —1 and for € € {—,+}, we have

<=T>i1,f =d"o 5111({33})
=91 ({x}) (by globularity on maximal-well-formed fgs)
= (T)i+
and similarly, (x)f,, | = (z);-. By definition of 9¢, it gives (x);_ = (z)71, and (:1:>ii+177 =
(x)i+. From these equalities, it readily follows that, for 0 <i <nand € € {—, +}, ()i}1,c moves
(x)i— to (x)i+. Hence, (x) is a cell. O

Lemma 5.2.8. Let n > 0. Then,

(a) for x € P,, x satisfies the segment condition,
(b) for X an n-cell, TEC(X) € WF(P).

Proof. We prove this lemma by an induction on n. If n = 0, the result is trivial. So suppose
that n > 0.

Step 1: (a) holds. Let x € P, and X be an m-cell with m < n such that (), - C X,,. Let
Y = TEC(X). By induction, Y € WF(P). Also, by Lemma 5.2.6, 0;,(R(z)) = R((z);m ) C Y.
So, by (S4), (x)m,— is a segment for <y, = <x,,. Hence, x satisfies the segment condition.

Step 2: (b) holds. Let X be an n-cell. By Lemma 5.2.5, we just have to show that TEIC(X)
is closed-well-formed and this fact is a consequence of Theorem 4.5.7 which requires the full
segment axiom. But we can restrain our w-hypergraph P to an w-hypergraph P’ where P} = P,
for i < nand P/ = ) for i« > n. By (a), P’ satisfies (G3). Then, using Theorem 4.5.7,
TEC(X) is closed-well-formed and is still closed-well-formed in P. Hence, by Lemma 5.2.5,
TEC(X) € WE(P). O

Theorem 5.2.9. P is a generalized parity complex.

Proof. (GO) is a consequence of (S0). (G1) is a consequence of (S2). (G2) is a consequence of
Lemma 5.2.7. (G3) is a consequence of Lemma 5.2.8. O

Theorem 5.2.10. TES is an isomorphism between the w-categories Cell(P) and WF(P). More-
over, for all v € P, TEC((z)) = R(z).

Proof. By Theorem 4.5.7 and Lemmas 5.2.3 and 5.2.5, TE{ induces a bijection between Cell(P)
and WF(P). By Lemmas 4.3.5, 4.3.7 and 4.3.8, for n > 0 and X an n-cell and € € {—, +},
TEC(0°X) = 0¢(TEC(X)). By Lemma 4.4.1, for i < n € N, n-cells X, Y that are i-composable,
TEC(X % V) = TEC(X) ! TEC(Y). Also, for n > 0 and X an n-cell, by unfolding the defini-
tions, we have TEC (idp41(X)) = idy11(TEC(X)). Lastly, for z € P, by Lemma 4.3.5, we have
TEC((2)) = T4 0 TEC((x)) = R(a). 0

5.3 Encoding augmented directed complexes

In this subsection, we embed augmented directed complexes with loop-free unital basis in gen-
eralized parity complexes. In the following, we suppose given an adc (K,d,e) with a loop-free
unital basis P.
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5.3.1 Adc’s as w-hypergraphs. In the following, given n € N and x € P, we will write &
to refer to = as an element of the graded set P whereas x alone refer to x as an element of the
monoid K. Given n € N,

— for s € K}, we write S, (s) for {z € P, | x < s},
— for S C P, finite, we write M,,(S) for > g 2.

The w-hypergraph associated to K is the w-hypergraph structure on P defined as follows. Given
n>0and T € P,y1, we define 7,2" C P, as

where x~ and " were defined in Paragraph 1.5.2.

5.3.2 Fork-freeness and radicality. For n > 0, s € K} is said to be fork-free when for all
z,y € P, such that = +y < s, it holds that z¢Ny* = () for e € {—, +}. Given s € K, s is said
to be fork-free when e(s) = 1. Given X an n-cell of K, X is said fork-free when, for i < n and
e € {—,+}, X is fork-free. For n > 0 and s € K,

» s is said radical when for all z € K} such

that 2z <'s, z = 0. We then have the following properties.
Lemma 5.3.3. Forn>0andz € P,, T~ # 0 and x+ # (. That is, P satisfies (G0).

Proof. By contradiction, if = = (), it implies that [z],—;— = 0. Hence, [z];— = 0 for i < n.
In particular, e([z]o,—) = 0, contradicting the fact that the basis is unital. Hence, 2= # () and
similarly 27 # 0. O

Lemma 5.3.4. Forn >0 and s € K, if s is fork-free, then s is radical.

Proof. If n = 0, s € K}, can be written s = >y ;<4 ; with x; € Py. So e(s) = k, and, by
fork-freeness, k = 1. Hence, s is radical.

Otherwise, assume that n > 0. By contradiction, suppose that there is £ € P, such that
2z < s. By Lemma 5.3.3, it means that 2= Nz~ # (), contradicting the fact that s is fork-free.
Hence, s is radical. ]

Lemma 5.3.5. Forn >0 and an n-cell X of K, X is fork-free.

Proof. We prove this lemma using an induction on n. If n = 0, since e(Xy) = 1, X is fork-free
by definition.

Otherwise, suppose that n > 0. By induction, 9~ X and 0" X are fork-free, so X . is fork-
free for i < n and € € {—,+}. Let z,y € P, be such that z + y < X,,. By contradiction,
suppose that there is z € P,_; such that z € = Ny~. By [17, Proposition 5.4], there are k > 1,
T1,...,T, € P, and n-cells X', ..., X* of K with X! = z; such that

X=Xx! *n,l---*n,le

so X, = x1 + --- + z. Hence, there are 1 < i1,i9 < k with i1 # i2 such that z;;, = x and
Zi, = Y. By symmetry, we can suppose that ¢; < ia. If there is some ¢ such that z € :E:’, by [17,
Proposition 5.4, i < i1. So, for iy <i <ig, 2 € . Let Y = X% s, g XO0Fhuq 4 ooiug, g X
which is a cell of K. We have

Yo1- = Z [Zi]p—1,— — Z [@iln—1+ + Yno1 4

i1 <i<ig 11 <i<ia
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with
2z < Z [Zi]ln—1,— and —(z < Z [@ilp—14+) and Y, 4 >0
i1 <i<ia i1 <i<iz
so 2z <Y, _1_, contradicting the fact that 7Y is fork-free by induction. Thus 2~ Ny~ =
and, similarly, z+ Ny*t = 0. Hence, X is fork-free.

0=

Lemma 5.3.6. For alln >0, S,oM, =idp,.
Proof. The result is a direct consequence of the definitions. O
Lemma 5.3.7. For alln >0 and s € K, radical, My, 0S,(s) = s
Proof. The result is a direct consequence of the definitions. O
Lemma 5.3.8. Letn >0, U,V C P, be finite sets and x € P,. We have the following properties:
(a) if UNV =0, then M,,(U) AM, (V) =0 and M,,(UUV) =M, (U) + M, (V),
(b) if U CV, then M, (U) <M, (V) and M,,(V\U) =M, (V) — M, (U),
(c) if n >0, then M,_1(z°) = z¢,

(d) Suppose that U is fork-free. ~ Then M, (U) is fork-free. — Moreover, when n >0,
M1 (U) = (Mo (D))"

Proof. (a) and (b) are direct consequences of the definitions. For (c), note that z¢ = S,,_1(z).
By Lemma 5.3.5, [z],,—1, is fork-free and, by Lemma 5.3.4, it is radical. So, by Lemma 5.3.7,
M,,—1(z€) = x°.

For (d), suppose that U C P, is fork-free. If n = 0, the result is trivial, so we can suppose
n > 0. For 2,y € P, with x < M,(U) and y < M, (U) such that there exist z € P,_1 and
e € {—,+} with z < z¢ and z < y¢, we have z € z€ and z € y°. Since U is fork-free, z = y.
Also, since M,,(U) is radical, =(z +y < M, (U)). So M,,(U) is fork-free. For the second part,
note that for z,y € U with z # y, we have ¢ Ny = (). Hence,

M,,—1(U€) = My—1(Uzepx©)
=5 M, (7) (by (a))

zeU

=D af (by (c))
zeU

= SE' D

Lemma 5.3.9. Let n > 0, u,v € K be such that u,v are radical and z € P,. We have the
following properties:

(a) if u Nv =0, then S,(u) NSy(v) =0 and Sp(u+v) = S, (u) US,(v),
(b) if u <w, then S,,(u) C S, (v) and Sy (v —u) = (Sp(v)) \ (Sn(uw)),
(c) if n >0, then S,—1(z¢) = 2¢,

(d) if u is fork-free, then Sy (u) is fork-free. Moreover, when n >0, S,_1(u¢) = (S, (u))*.
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Proof. (a), (b) and (c) are direct consequences of the definitions. For (d), suppose that u is
fork-free. If n = 0, the result is trivial, so suppose that n > 0. For Z,y € S,,(u) such that there
exist € € {—,+} and z € z°Ny*, we have z < z° and z < y°. By fork-freeness, ~(x+y < u). But
x <wand y < wu. Sox =y and S,(u) is fork-free. For the second part, note that for x,y € P,
with = # y, x < u and y < u, we have ¢ A y© = 0. Hence,

Spo1(u) =Su (> 2

zeP,,x<u
= U Su(29 (by (a))
r€P,,x<u
= PU< z© (by (c))
= (Sn(u))*. O

5.3.10 Movement properties. Here, we prove several lemmas relating movement proper-
ties on P with properties on K.

Lemma 5.3.11. Let n > 0, u € K} fork-free and U = S,,(u). Then,
ut =M,_1(UF) and o =M,_(UF).

Proof. We have

du=u* — T
=ut —u”
=M, 1(U") = M,_1(U") (by Lemma 5.3.8)
= (Mn—l(Ui)+ Mn—l(U+ n U_))
— (M1 (UF) + M, 1 (UTNU)) (by Lemma 5.3.8)

=M,_1(UF) = M,_1(U¥).
Since U NUT = (), we have M,,_1(U*) AM,,_1(UF) = (). By uniqueness of the decomposition,
uT =M,_1(UT) and o =M,_(U"). O

Lemma 5.3.12. Letn > 0, S C P11 be a finite and fork-free set, U,V C P, be finite sets,
such that S moves U to V. Then, d(My41(5)) = M (V) — M, (U).

Proof. By definition of movement, V = (U U S™) \ S~. Hence,

M, (V) =M,y ((UUST)\ S7)
=M, (UUST) —M,(57) (by Lemma 5.3.8, since S~ C U U S™)
=M, (U) +M,(ST) — M,(S7) (since UN ST = () by Lemma 2.1.1)
=M, (U) + (Mp41(9))" — Mp11(S))~  (by Lemma 5.3.8)
= M, (U) + d(My+1(S5)). O

Lemma 5.3.13. Letn >0, s € K;_ fork-free, u,v € K with u,v radical, such thatds = v—u,
uAst =0 and s~ ANv=0. Then, Sp11(s) moves S,(u) to S,(v).
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Proof. Let S = Sp4+1(s), U =S, (u) and V = S,,(v). Since ds = v — u, we have
sT<s +v=u+s"

SO

ST =8,(57)CSu(u+st)=UUST.
Thus,

M, (U U ST)\ §7) = M, (U U S+) — M, (™)

=M, 0S,(u+s")—s" (by Lemma 5.3.8)
=u+st —s~

=u-+ds

=0

= Mn(V)

so, by Lemma 5.3.6, V = (U U ST)\ S~ . Similarly, U = (VUS™)\ ST. Hence, S moves U to
V. O

Lemma 5.3.14. Let n > 0 and X be an n-cell of K. Then, for i <n and e € {—,+},
Xi— A X:Fl’e =0 and Xﬁrl’e NXiy =0.

Proof. By contradiction, suppose given n > 0, X an n-cell, i < n and € € {—,+} that give a
counter-example for this property. By applying 0, 0" sufficiently, we can suppose that i = n—1.
Also, by symmetry, we only need to handle the first case, that is, when there is z € P,_1 such
that z < X,,_1— A X;}. So there is € P, such that z < X, and z < z*. By the definition of a
cell, we have d X, = X,,_1 4 — X,,—1,—, thus

Xn_1,+ + Z u = n—1,— + Z u+

u€ P, u<l Xy u€Pp,u<lXy,
> 2z

and, since X,,_1 4 is radical, there is y € P, with y < X, such that z < y~. By [17, Proposition
5.1], there are k > 1, x1,...,2 € P, with 1 + -+ + 2, = X, and i; < iy with z;, = =
and z;, = y and n-cells Xt ..., XF with Xﬁb = z; such that X = X! x,_1 -+~ %1 X*. Let
Y = X%, 1 %,_1 X". Since Y is a cell, we have

Yooie+ Y xy =Yoo+ > af

1<i<k 1<i<k
+
=Xp-1-+ ) ;
1<i<k
> 2z.

Moreover, since X is fork-free and 2z < x; , we have —(z < x;7) for i <i1. So 22 < Yy, 14,
contradicting the fact that Y,,_1 4 is radical by Lemmas 5.3.5 and 5.3.4. Hence, X; — A X, = 0.
O
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5.3.15 The translation operations. Given an n-pre-cell X of P, we define THS(X) as
the n-pre-cell Y of K such that Y; . = M;(X;) for i < n and € € {—,+}. Similarly, given an
n-pre-cell X of K, we define TADC(X) as the n-pre-cell Y of P such that Y. = S;(X;) for
i <nand e € {—,+}. We then have the following properties.

Lemma 5.3.16. TYS, is a bijection with inverse TARC from Cell(P) to Cell(K).

Proof. Let n € N and X € Cell(P). Then, by Lemma 5.3.8, M;(X; ) is fork-free for i < n and
e € {—,+}. Moreover, by Lemma 5.3.12, for i < n and € € {—, +},
d(Mig1(Xit1,e)) = Mi(Xi4) — Mi(Xi )

)

so TRE(X) € Cell(K). Conversely, given X € Cell(K), by Lemma 5.3.9, S;(X; ) is fork-free
for i <mn and € € {—,+}. By Lemmas 5.3.13 and 5.3.14, for ¢ < n and € € {—, +},

Si+1(Xit1,c) moves S;(X; ) to S;(Xi )
so TARY(X) € Cell(P). By Lemma 5.3.6, for X € Cell(P),
Tpe® o ThHe(X) = X,
and, by Lemmas 5.3.5, 5.3.4 and 5.3.7, for X € Cell(K),
TES o 0 TAEC(X) = X.

Hence, TES and TARC induce bijections between Cell(P) and Cell(K) and are inverse of each
other. O

Lemma 5.3.17. For x € P, we have TASC([z]) = (z).

Proof. Let X = TpEC([z]). We have X,, = S,,([z],) = {=}. We show by induction on i that

Xie = (x)ic fori <mnandee {— +} Wehave [z]; - = [=]f,; so X;_ =S;([z]{; ) =X, _
by Lemmas 5.3.5 and 5.3.11. So X; _ = (z); . Similarly, X; ; = (z >Z+ Hence, TADC([I‘]) =
(T). O

5.3.18 Adc’s are generalized parity complexes.
Lemma 5.3.19. P satisfies (G1).

Proof. Note that, for n > 0 and z,y € F,, i“<1};n y implies & <,—1 y. So, by transitivity, we
have <p, C <,_1. Since the basis P is loop-free, <,,_; is irreflexive and so is <p,. Hence, < is
irreflexive. ]

Lemma 5.3.20. P satisfies (G2).

Proof. Let # € P. By Lemma 5.3.17, TARC([z]) = (z). And, by Lemma 5.3.16, TARC([z]) €
Cell(P). Hence,  is relevant. O

Lemma 5.3.21. P satisfies (G3’).
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Proof. By contradiction, suppose that there are n > 0, i < n, & € P, with (Z); + ~* (Z); —. So
there are k > 1, y1,...,yr € P; with g1 € (Z);i 4, Y € (Z)i— and y; ~ yj41 for 1 < j < k. By
definition of ~, it gives 2z1,..., 2,1 € P with y; € Z77 and y;41 € Ej for 1 < j < k. So we
have

T <21 <irr<i2p-1<;Z,

contradicting the loop-freeness of the basis P. Hence, P satisfies (G3’). O

Lemma 5.3.22. P satisfies (G4’).

Proof. By contradiction, suppose that there are ¢ > 0, m > i, n > i, z € P, and y € P, with
(@)iqy NG)i— =0, (T)ic14+ A (Y)im1,— and (Y)i—1,+ N (T)i—1,—. By the same method than
for Lemma 5.3.21, we get r,s € N, u1,...,u,. € B;, v1,...,05 € P; such that

T<puy < <g Uy <Y <4 UL <4 < Us <G T
contradicting the loop-freeness of the basis P. Hence, P satisfies (G4’). O]

Theorem 5.3.23. P is a generalized parity complex.

Proof. The result is a consequence of Lemmas 5.3.3, 5.3.19, 5.3.20, 5.3.21, 1.6.8, 5.3.22 and 1.6.9.
O

Theorem 5.3.24. Ti%c s an isomorphism of w-categories. Moreover, for T € P, Ti%c(@)) =
[z].

Proof. The fact that Tich is bijective is given by Lemma 5.3.16. The fact that TKCDC commutes
with source, target and identities is trivial.

Given ¢ < n € N, i-composable cells X,Y € Cell(P),, we have that X; . NY;. =0 for
i <j<mnandee€{—,+}. Indeed, by applying 0° sufficiently, we can suppose that j = n. Then,
by Lemma 3.3.4, X #; Y = X' %,_1Y’ where X' = X %,_11d,,(9,, 1Y) and Y’ = id,, (9, _; X)*; Y.
Note that X/, = X,, and Y, =Y,,. Hence, by Lemma 2.3.1, X,,NY;, = (). Then, by Lemma 5.3.8,
it follows readily that M, (X % Y) = M,(X) *; M,(Y). Thus, TS is an isomorphism of
w-categories.

Lastly, given # € P, by Lemmas 5.3.17 and 5.3.7, we have TLS((z)) = [z]. O

5.4 Absence of other embeddings

In this subsection, we show that there are no embeddings between the four formalisms except
the ones already proved, that is, that parity complexes, pasting scheme and augmented directed
complexes are generalized parity complexes. For the comparison with adc’s, we use the transla-
tion from w-hypergraphs to pre-adc’s defined in Paragraph 1.5.4 and the translation from adc’s
to w-hypergraphs defined in Paragraph 5.3.1.

5.4.1 No embedding in parity complexes. Axiom (C4) is relatively strong, so it can be
used for building counter-examples to inclusion. The w-hypergraph (10) is a pasting scheme
satisfying (G4) (and thus is a generalized parity complex) and is an adc with loop-free unital
basis. But it is not a parity complex as we have seen in Paragraph 1.3.8, because it does not
satisfy (C4). So there is no embedding from pasting schemes, augmented directed complexes or
generalized parity complexes in parity complexes (fixed version).
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5.4.2 No embedding in pasting schemes. For pasting schemes, we use the relatively
strong Axiom (S2) for building counter-examples to inclusion. The following w-hypergraph is a
parity complex satisfying (G4) (and thus it is a generalized parity complex) and is an adc with
loop-free unital basis but it not as pasting scheme:

(30)

Indeed, (S2) is not satisfied because ag<ag but y € B(az) N E(as) # 0. Note that (30) is
essentially the w-hypergraph (16) without the 3-generator A and the 2-generators ) and .

5.4.3 No embedding in augmented directed complexes. For augmented directed com-
plexes, the loop-free basis axiom is used for building counter-examples to inclusion. It enforces
a strong version of the torsion-freeness (G4). So, counter-examples of inclusion can be found

with fancy torsion-free situations. The following w-hypergraph is a parity complex and a pasting
scheme, and moreover satisfies (G4), so it is a generalized parity complex:

a d g
w X z
Al
a d g
w X z
B
a d g

mmm
W\/Q’/
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where

A™ ={B,7}, AT ={g' '},
B~ ={4,¢}, BT ={0,¢€},
C™ ={a,v,8, ¢}, Cct ={da,7", ('}

But its associated pre-adc is an adc with a basis which is not loop-free unital. Indeed, we have
e <[Al1+ A [Bli—, h < [Bl14+ A[Cl1,— and b < [C]1— A [A]14, so

A<1B<1C<1A.

Hence, the basis of the associated augmented directed complex is not loop-free.

Conclusion

We hope that this work brought some understanding on the formalisms of pasting diagrams
in several ways. First, by gathering all the three existing formalisms in one paper in the per-
spective of a unified treatment. Second, by giving some intuition on the axioms behind each of
them. Third, by providing a generalization that encompasses the three other ones, with com-
plete proofs. Last, by answering negatively to the questions of inclusions between formalisms.
Moreover, this work was the opportunity to carry out a deep verification of the existing theories,
allowing to discover a flaw that affects the freeness properties claimed for parity complexes and
pasting schemes.

The generalized parity complexes presented in this paper seem to leave room for even more
generalization, through at least two directions. First, it can be observed in several situations
that Axiom (G1) is too strong. For example, the w-hypergraph

w /:ax y
oA

should be considered as a pasting diagram. However, a <, so (32) does not satisfy (G1), and is

— 5z (32)

therefore not a generalized parity complex. Second, by using multisets instead of sets, it seems
possible to authorize some looping behaviors. This could enable to represent unambiguously
“the morphism with one copy of a and two copies of 5” in the diagram

a b

NS Y
rla y I8 2. (33)
NN

a’ b

These improvements would allow a bigger class of free w-categories to be described explicitly.
In particular, related objects, such as opetopes or the pasting diagrams defined by Henry [6] in
order to study the Simpson’s conjecture [7], could benefit from an effective description. Hence,
future work on pasting diagrams might prove valuable and, among others, could help better
understand the difficult world of weak w-categories.
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A Details about the counter-example to parity complexes and
pasting schemes

It was earlier claimed that the w-hypergraph (11) was a counter-example to the freeness proper-
ties [19, Theorem 4.2] and [8, Theorem 13]. This claim assumes that F; and F; are two different
3-cells of the induced free w-category A. In this section, we give two methods to show this fact.

A.1 A mechanized counter-example

A proof that F; and Fy are different has been formalized in Agda and is discussed in [4]. The
proof relies on a verified definition of a 3-category A’ such that there is a 3-functor I: A — A’ for
which I(F}) # I(F,) by definition. The source code is accessible through a GitLab repository!.

A.2 A categorical model

A more theoretical proof is given by an interpretation of A in the 3-category of 2-categories,
functors, pseudo-natural transformations, and modifications, that is, a 3-functor K : A — 2-Cat,
for which K (Fy) # K(F3). After recalling some definitions, we define K and show that K (F}) #
K(F).

A.2.1 Pseudo-natural transformations. Let C and D be two 2-categories and G, H: C —
D two 2-functors. A pseudo-natural transformation o: G = H is given by

— for all x € Cp, an 1-cell o, : G(z) - H(x) € Dy,

—forall z,y € Cy, f: x =y € Cq, a2-cell ay asin

F(a) o F(y)
oy [} af ay
G(z) G G(y)

such that some natural conditions hold.

A.2.2 Modifications. Let C and D be two 2-categories, G, H: C — D be two 2-functors,
«,B: G = H be two pseudo-natural transformations. A modification M: o = S is given by
2-cells M, : a, = B, for all x € Cy such that some natural conditions hold.

A.2.3 The interpretation. Let C be the free 2-category induced by the 2-polygraph con-
sisting in one 0-generator . Let D be the free 2-category induced by the 1-polygraph

1" 1

Y1 ys — Y3 . (34)

!See https://gitlab.inria.fr/sforest/3-pasting-example: the definition of the 3-category can be found

in ex.agda and the main result in ex-is-cat.agda.
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Let £ be the free 2-category induced by the 2-polygraph

A

i T——e. (35)
\ B
Let Fy, Fy, F3: C — D be the 2-functors defined by F;(x) = y;. Let G1,G2,Gs: D — £ be the
2-functors defined by

~ G1(y1) = G1(y2) = i, G1(y3) = e, G1(”) = id1 (i) and G1(B") = 7,

— Ga(y1) =i, Ga(y2) = Ga(y3) = e, Go(a") = 7 and Go(5") = idy (e),

~ Gs(y1) = G3(y2) = G3(y3) = e and G3(a”) = G3(8") = idi(e).

Consider the following pseudo-natural transformations:

: F| = F, defined by a, = o,

Ql

. Fy = F3 defined by 3, = 3",

|
™I

: G1 = G2 defined by 7, =id;, 7y, = 7, Yy, = ide,

|
SO

: Gy = G defined by 6,, = 7, 0y, = ide, &y, = ide.

Note that & %o ¢ is given by (& %o ), = Omyx) © G2(aw) = 7. Similarly, B % 7 is given by
(B %0 )x = 7. So a modification M: & %90 = @ %o 0 (resp. M: x5 = B %0 7) is given by a
2-cell M,: 7 = 7 in £. The interpretation K : C — 2-Cat is then defined by

~ K(z)=C, K(y) =D, K(z) =€,
~ K(a) = Fi, Kb) = F», K(c) = F3, K(d) = Gy, K(e) = Go, K(f) = G5,

- K(a) = K(o) = a, K(8) = K(8') = B, K() = K(v/) = 7, K(8) = K(&) =4,
~ K(A)= A and K(B) = B'

Under this interpretation, we have
(K(Fl))* = A, *1 B, and (K(FQ))* = B/ *q1 A/

Since A’ %y B’ # B’ %1 A" in £, we have F| # F5 in A.

79



	Definitions
	Higher categories
	Graded sets.
	Globular sets.
	Strict higher categories.
	Strict higher functors.

	Higher graphs
	Hypergraphs.
	Fork-freeness.
	The relation .
	Remark.
	Other source/target operations.

	Parity complexes
	Pre-cells.
	Movement and orthogonality.
	Cells.
	Link with Street's definition.
	Compositions and identities of cells.
	Atoms and relevance.
	Tightness.
	Parity complexes.
	A counter-example to the freeness property.

	Pasting schemes
	Conventions for relations.
	Pre-pasting schemes.
	Pre-pasting schemes as @let@token --hypergraphs.
	Direct loops.
	Finite graded subsets.
	Well-formed sets.
	Compositions and identities.
	Loop-free pasting schemes.
	A counter-example to the freeness property.

	Augmented directed complexes
	Augmented directed complex.
	Bases for pre-adc's.
	Remark.
	From -hypergraphs to pre-adc's with basis.
	Cells.
	Compositions and identities of cells.
	Atoms.
	The relations <i.
	Unital loop-free basis.
	The freeness property.

	Generalized parity complexes
	The segment condition.
	Torsion.
	Generalized parity complexes.
	Axioms 1 to 2.
	The segment Axiom 3.
	The torsion-freeness Axiom 4.
	More computable axioms.


	The category of cells
	Movement properties
	An adapted proof of Street's Lemma 3.2
	Gluings and activations.
	The gluing theorem.

	Cell(P) is an -category

	The freeness property
	Generating sets
	Atoms are generating
	Properties of the exchange law
	Contexts
	Definition.
	Canonical forms.

	Free -categories
	Cellular extensions.
	Polygraphs.
	Freeness.

	Cell(P) is free
	A cellular extension for Cell(P).
	The generators are preserved by eval.
	Properties on Cell(P).
	Linear extensions.
	The technical lemmas.
	Freeness property.


	Alternative notions of cells
	Closed and maximal pre-cells
	Maximality lemma
	Relating representations of pre-cells
	The translation functions.
	Sources and targets.

	Compositions and identities
	Alternative cells

	Unifying formalisms of pasting diagrams
	Encoding parity complexes
	Encoding pasting schemes
	Encoding augmented directed complexes
	Adc's as -hypergraphs
	Fork-freeness and radicality.
	Movement properties.
	The translation operations.
	Adc's are generalized parity complexes.

	Absence of other embeddings
	No embedding in parity complexes.
	No embedding in pasting schemes.
	No embedding in augmented directed complexes.


	Details about the counter-example to parity complexes and pasting schemes
	A mechanized counter-example
	A categorical model
	Pseudo-natural transformations.
	Modifications.
	The interpretation.



