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BACKGROUND

k-ary numeration system, k > 2
Y, ={0,...,k—1}

l
n=> dikl,d#0, repy(n)=d;---do€ X"
i=0

An infinite word x = (x,)n>0 is k-automatic if there exists a DFAO
A=(Q,q0,%x,0,I,7) s.t. forall n>0,

xn = 7(6(qo, repx(n)))-

THEOREM (COBHAM)

Let k > 2. An infinite word is k-automatic iif it is the image under
a coding of an infinite fixed point of a k-uniform morphism.



ABSTRACT NUMERATION SYSTEMS

DEFINITION

An abstract numeration system is a triple S = (L, X, <) where L is
a regular language over a totally ordered alphabet (X, <).

Enumerating the words of L with respect to the genealogical
ordering induced by < gives a one-to-one correspondence

reps : N — L valg = 1"ep§1 L — N.

EXAMPLE
L=a* ¥ ={a}

n|[001 2 3 4
rep(n) | a aa aaa aaaa




ABSTRACT NUMERATION SYSTEMS

EXAMPLE

L={ab}*, X ={ab}, a<b

n|[001 2 3 4 5 6 7
rep (n) | e b aa ab ba bb aaa

EXAMPLE

L=a*b*, X ={a,b}, a<b

2 3 4 5 6
b aa ab bb aaa




S-AUTOMATIC WORDS

DEFINITION

Let S = (L, X, <) be an abstract numeration system.
An infinite word x = (x,)n>0 is S-automatic if there exists a DFAO
A=(Q,q,%,0,[,7) s.t. forall n >0,

Xn = 7(0(qo, reps(n))).

THEOREM (MAES, RIGO)

An infinite word is S-automatic for some abstract numeration
system S iif it is the image under a coding of an infinite fixed point
of a morphism, i.e. a morphic word.



IDEA OF THE PROOF IN DIMENSION 1

EXAMPLE (S-AUTOMATIC — MORPHIC)

S=(L,{0,1,2},0 <1< 2) where L = {w € X*: |w|; is odd}

minimal automaton of L DFAO generating x
0,2 0,2
e S £ )
1 0,1

n 0 1 2 3 4 5 6 7 8
reps(n) 1 01 10 12 21 001 010 012 021
X b a a b b b b a a




EXAMPLE (CONTINUED)

f:ra— al, Far FplpFs g:a,lyly—e

Ia — /bela Fb = Fa/an Fa = a

Ib (d laFalb Fb — b
LCXY* e 0 1 2 00 01 02 10 11 12
o) | L Iy Fp 1o la Fa Iy Fi o Fp
X b a a b

g(f*(@)) = x



IDEA OF THE PROOF IN DIMENSION 1

EXAMPLE (MORPHIC — S-AUTOMATIC)

Consider the morphism 1 defined by a — abc ; b +— bc ; c — aac.
We have p¥(a) = abcbcaacbcaacabcabcaacbcaacabcabce - - - .
One canonically associates the DFA A, ,

L,a={e1,2,10,11,20,21,22,100,101,110, 111,112,200, ...}
If S =(Lu21{0,1,2},0 <1< 2), then

(1 (a))n = 0u(a,reps(n)) for all n > 0.



MULTIDIMENSIONAL CASE

A d-dimensional infinite word over an alphabet X is a map

x : N9 — ¥ We use notation like Xny,...ng OF X(N1,...,ng) to
denote the value of x at (ny, ..., nyg).
If wa,...,wy are finite words over the alphabet %,

(wa,..., Wd)# = (#m_|W1‘W1, R #m_|Wd|Wd)
where m = max{|wi|, ..., |wq|}.

EXAMPLE
(ab, bbaa)™ = (#+ab, bbaa)



BACKGROUND

A d-dimensional infinite word over an alphabet I is k-automatic if
there exists a DFAO

A= (Qa qu(zk)d \ {07 e 70}757 rvT)

s.t. forall ny,...,ng >0,

T ((5 (qo, (repr(m), ..., repk(nd))0)> = Xpy,....ny-

THEOREM (SALON)

Let k > 2 and d > 1. A d-dimensional infinite word is k-automatic
iif it is the image under a coding of a fixed point of a k-uniform
d-dimensional morphism.



BACKGROUND

A d-dimensional picture over the alphabet X is a map
X IIO,Sl—].]] XX I[O,Sd—]_]] — Y.

The shape of x is |x| = (s1,...,54).
If s; < oo forall i € [1,d], then x is said to be bounded.
The set of d-dimensional bounded pictures over ¥ is By(X).

A bounded picture x is a square of size c if s; = ¢ for all i € [1,d].



EXAMPLE

Consider the two bidimensional pictures

oS-

x—ab and 214

of shapes |x| = (2,2) and |y| = (3,2) respectively.
Since |x]2 = |y|2 = 2, we get

X®1_abaab
Y=Icld|blc|d

But notice that x ®2 y is not defined because 2 = |x|; # |y|1 = 3.



EXAMPLE
Consider the map p given by

ar Z Z ,b»—>|%, c'—>, d'—>.

Let

X =

Since [(2)]2 = (b)) = 2. [1(c)]z = ()l =1,
lu(a)ly = |p(c)lr = 2 and |pu(b)|1 = [u(d)|r = 1, u(x) is well
defined and given by

wx)=[b|d|b]|.

a| a

Notice that p?(x) is not well defined.



BACKGROUND

DEFINITION

Let 4 : X — By(X) be a map. If forall a€ X and all n >0, p"(a)
is well defined from p"~%(a), then u is said to be a d-dimensional
morphism.

EXAMPLE

If for all a € X, p(a) has a fixed shape (s, s2), then the map p is a
morphism.

DEFINITION

If for all a € X, p(a) is a square of size k, then p is said to be a
k-uniform morphism.



BACKGROUND

Let 1 be a d-dimensional morphism and a be a letter such that
(1(a))o = a. We say that u is prolongable on a and the limit

w = pu“(a) = lim u"(a)

n—-+00

is well defined and w = pu(w) is a fixed point of p.

A d-dimensional infinite word x over ¥ is purely morphic if it is a
fixed point of a d-dimensional morphism.

It is morphic if there exists a coding v : I — ¥ such that x = v(y)
for some purely morphic word y over .



MULTIDIMENSIONAL S-AUTOMATIC WORDS

DEFINITION

Let S = (L, X, <) be an abstract numeration system.
A d-dimensional infinite word over the alphabet I is S-automatic if

there exists a DFAO
A= (Q’ qo, (Z U {#})d7 57 r7 7-)

s.t. forall ny,...,ng >0,

T (5 (qo, (reps(ni), ..., reps(nd))#>> — i



EXAMPLE

Consider S = ({a, ba}*{e, b}, {a, b},a < b) and the DFAO
(#. ), (#, b), (a, #)

(a, b), (b, #),
(b, a)

(a,a), (b, b)

(a, b), (b, #),
(b, a)



gee
eee
i
qe

EE

p 9 q p g p g ¢

IS}

p P

S

p P

S
S

p P

We produce the following bidimensional infinite S-automatic word :

a
=
—
A
T
Z
Q
S
€3]
3
=
=
<
>
£a)

€
a

aa

ab|q p

ba
aaa

aab | g p



SHAPE-SYMMETRY

DEFINITION (MAES)

Let 1 : X — By(X) be a d-dimensional morphism having the
d-dimensional infinite word x as a fixed point.

If for any permutation f of {1,...,d} and for all ny,..., ngy >0,
|M(Xn1,...,nd)| = (51, 500 ,Sd)
\
‘/“L(X"fu)w-,nf(d))’ = (sf(l)a ooy 5f(d))7

then x is said to be shape-symmetric with respect to ju.



EXAMPLE

U V|l |0 V|V O|w
QO T QQ TR T|Q
U bl |o bl O|o
Q T|Q|Q T|Q T|Q
U /o ®w V|V bl O
UV OU|w|0 V|V O|w
Q T|Q|Q T|Q TI|Q
QT O|lU|U bl v byl

Il

—

[

N—r

3

3




MAIN RESULT

THEOREM (C., KARKI, RIGO)

Let d > 1. The d-dimensional infinite word x is S-automatic for
some abstract numeration system S = (L, %, <) where € € L iif x is
the image under a coding of a shape-symmetric infinite
d-dimensional word.



IDEA OF THE PROOF IN DIMENSION 2

EXAMPLE (S-AUTOMATIC — SHAPE-SYMMETRIC)

Consider S = ({a, ba}*{e, b}, {a, b}, a < b) and the DFAO A

| (#, a), (#, b), (2, #)

(a, b), (b, #);
(b, a)

(a,a), (b, b)

(a, b), (b, #);
(b, a)



IDEA OF THE PROOF IN DIMENSION 2

EXAMPLE (CONTINUED)

One associates a uniform bidimensional morphism @4 to A :
If o9 = #, 01 = a and 0 = b, then

pa(t) = z with zy, , = (¢, (om, op)).

plalq glplq
palp)=|p|p|s | pal(@)=|pP|s|q]|:
qglp plals
r|s S| r
pa(r)y=|p|r|s|:pals)=|r|q
plr ris

Iterating 4 from p, we obtain ...



()
=)
5
Z
B
Z,
©)
S
M
—
&
=
=
X
63

p

(o]

W

q

p
s

p

S

P

q

S
S

P P

LxL

## P g

#a

#b | q p

a#|q p q

aa

ab|p ¢

b# | p ¢
ba

bb|q p

The subword in blue is the S-automatic word from the beginning.



IDEA OF THE PROOF IN DIMENSION 2

EXAMPLE (SHAPE-SYMMETRIC — S-AUTOMATIC)

) = ) =g 1(8) = (€)= [eTBJste) =[]

we) == z;u(g)Z;u(h)Z - Z :

g c

a ble|le b|le ble

c dic|lg dlg d|c

e b|fle b|h b|f

e ble|a ble bje

p(a) =1 & dlclc d|g d|c

e ble|le bla bje

g dicl|lg d|c d|c

h b|fle ble b|f




ExXAMPLE (CONTINUED)

Consider the morphism 17 defined by
ar»ab;br e ;e eb.

We have pf(a) = abeebebeebeebebeebebeebeeb - - - .
One canonically associates the DFA A, 5

:
1 0
Boged

Ly, = {&,1,10,100, 101, 1000, 1001, 1010, 10000, . ..}



EXAMPLE (CONTINUED)

Consider the morphism 1, defined by
arsac;crre;ereg.g+ h;hw— hc.

We have 1§ (a) = aceegegheghhceghhchceeghhchce - - - .
One canonically associates the DFA A, 5

0 : 1
\I/ e

L,,.a = {e,1,10,100, 101, 1000, 1001, 1010, 10000, ...}

Luya = Lul,a = Luz,a



DEFINITION

Let : X — X* be a morphism having the infinite word
X = Xpx1X» - - - as a fixed point.
The shape sequence of x with respect to ji is

Shape,, (x) = (|(xk)])k>o0-

LEMMA

Let x,y be two infinite (unidimensional) words
and \, ;n be two morphisms s.t. there exist letters a, b s.t.
x = \“(a) and y = p“(b).

L2 = Ly < Shape,(x) = Shape,,(y).



EXAMPLE (CONTINUED)

Consider S = (L, ,,{0,1},0 < 1).

o — |8 3|2

w ~|321S 818 9138

cla blele b|le b|e
l|c d|lc|g d|g d]c
10|e b|f|le b|h b|f
100 | e b|e|a b|le bje
101 |{g d{c|c d|g d]c
1000 | e ble|le bla b|e
1001 |g d|c|g d|c d|c
1010 |h b|f|le ble b|f

(M(yvals(lOI),vals(lO)))071 = Yvals(1010),vals(101)



EXAMPLE (CONTINUED)

(07 0) 5M(07 (’a./)) = (M(U))(i,j)

(0,1)

(1,1) o 0)5

(11 (@) m,n = 6,(a, (reps(m), reps(n))°) for all m,n > 0.



