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Abstract

We prove that the sum-of-digits function with respect to certain digital expansions (which
are related to linear recurrences) and similarly defined functions evaluated on polynomial
sequences of positive integers or primes satisfy a central limit theorem. These digital
expansions are special cases of numeration systems associated to primitive substitutions
on finite alphabets, the digits of which form Markov chains and induce Markov partitions
of the torus T¢. We provide an algorithm to determine the (fractal) boundary of these
partitions.

1. Introduction

Let the sequence G = (Gy)r>o be defined by the linear recurrence
Gr = a1G-1 + asGr—o+ -+ agGi—_q for k > d

and
Gk = ale_l +a2Gk_2 + -4 akGO for 1 < k < d, GO = 1,

with non-negative integers a; which satisfy the relations
(aj, a1, ... aq) < (ay,ag,...,a4-541) for j=2,...,d
(where “<” denotes the lexicographical order) and a4 > 0.

Then every non-negative integer n has a unique (greedy) G-ary digital expansion

n= Z ex(n)Gy,

k>0
with integer digits ex(n) > 0 satisfying

(ex(n), €x—1(n), ..., €k—ar1(n)) < (a1, az,...,aq) for all k > 0. (1)
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Furthermore, let

x(r) =2 —axm — - —ag 7 —ay

be the characteristic polynomial of the linear recurrence. It is easy to show that it has a
unique dominant root &« € Rt (e.g. consider its (primitive) companion matrix and apply

the Perron-Frobenius theorem). If y(z) is irreducible over Z, denote by o, ..., a4 the
(distinct) algebraic conjugates of a. Then we have, for some constants ¢y, ..., cq,
Gy = c;af + CQalg 4+ 4 cdo/d"’. (2)
e | 1 . ) )
(a1 = %5 T, o ay) will be calculated in Section 4 and, for reasons of symmetry, we
Oéd—l 1

have ¢; = for all j > 1, where oy = a.)

aj =1 [z (aj—a;)

(1) and (2) show that these G-ary expansions of integers have essentially the same
properties as a-expansions of real numbers (where « is a simple S-number), which where
first considered by Rényi [24]. The relevant characterization of a-expansions (and the
notion f-number) is due to Parry [21]. Therefore we call these G-ary expansions Parry
expansions. For additional properties, we refer to Grabner and Tichy [16].

We want to study the distribution of G-additive functions f, i.e.
= _fla®Gi) =) flex(n)) for all n € N, f(0) =

k>0 k>0
on polynomial sequences of non-negative integers and primes.

Drmota and the author proved in [8] the following theorem for sequences G of the
above type with d = 2,0, = 1:

Theorem 1. Let the sequence G = (G )r>0 be defined by
Gr=aGp_1+Grofork>2 Go=1, Gi=a+1

for some integer a > 1, a be the dominant root of 22 —ax —1 and f a G-additive function
such that fr(e) = O (1) as k — oo for all e = 0,...,a. Then, for all n > 0, the expected
value of f(n), 0 <n < N, is given by

By = 5 3 f(n) = M(N) + O ((log N)").

n<N

where
[log,, NV]

Z“k with g = 2_|_1ka 2_|_1f()'

Furthermore, set

[log, N]

L fr(@)? =} i k=K
D(N)2 = Z O-I(:])c/ Wlth O"Ef’z_, — a2+1 Z {f(ki a2+1 fk‘( ) lj'k
BR=0 (_aQ) :umin(k,k’)ﬂmax(hk/) if k 7& k‘/7



INTEGERS: ELECTRONIC JOURNAL OF COMBINATORIAL NUMBER THEORY 2 (2002), #A14 3

where

a a—1 (]{2
He =~ 2 +1 ;fk(e) * a? + 1fk(a>

and assume that there exists a constant ¢ > 0 such that a,(j,)c > cfor all £ > 0. Then we
have, as N — oo,
1
+ S (f(n) — Bx)? ~ DNV,
n<N

and, for polynomials P(n) of degree r with positive leading term,

%# {n <N ’f(P(nl)))(;[r];/[(NT) < x} — &(x)

and

1 FPQ) - MOV _
e rr < NPT <o) - 0w,

(Here and in the sequel ®(x) denotes the distribution function of the normal law.)

The strategy of the proof is based on a paper by Bassily and Katai [3] who stud-
ied g-additive functions (i.e. G-additive functions with Gy = ¢*). Gittenberger and
Thuswaldner [15] used this strategy to prove a similar theorem for b-additive functions
on the Gaussian integers. More generally, the distribution of g-additive functions has
been discussed by several authors (see Drmota [7] for a list of references).

Our aim is to prove a similar theorem for G-additive functions with sequences G
defined by linear recurrences of higher degree. As in [8], we will first prove the following
theorem on the distribution of the sequence f(n),0 <n < N.

Theorem 2. Let G be as in the first paragraph, f a G-additive function such that
fr(e) =0(1) as k — oo for all e = 0,...,ay. Then, for all n > 0, the expected value of
f(n), 0 <n < N, is given by

Ex =1 3 f(n) = M(N) + O ((log N 3)
n<N
where
(log, N] ai
M(N) = Z pr with  py = Zpefk(e)
k=0 e=1

and the constants p. are the asymptotic probabilities of the digits e, the values of which
are determined by equation (11).

Furthermore, set
[log,, N]

2
DIN?= Y o\

k,k'=0
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with
ai
o > pefr(e)’ — i if k=K
e=1
O_k,k’ = d o Ik_kll a ai (Z) , . ,
22 (%) Zl > Deer fmin(k k) (€) frmaxe ) (€')  if k£ k
i= e=1le/=1

and constants pg)e, described on page 10 and assume that there exists a constant ¢ > 0
such that 0,&2,1 > c for all k> 0. Then we have, as N — o0,

1 2 2
§ XSl = B~ DOV )
%#{n<N‘%<m}—>@(m), (5)

for all integers h > 0.

The proof of Theorem 1 (in [8]) relies on the fact that the digits of the possible
G-ary expansions can be represented by random variables which form a Markov chain (of
order 1). In our more general case, this Markov chain would be of order d — 1. By using
a representation of the digital expansions in terms of substitutions, like Dumont and
Thomas [11] (who studied strongly G-additive functions, i.e. f(n) =>,., f(ex(n))), we
obtain a Markov chain of order 1 (see Section 2). Furthermore, this approach permits to
consider more general numeration systems associated to primitive substitutions on finite
alphabets, which is not done in this paper for the sake of readability. As in [8], we will
use Theorem 2 and a method similar to that of Bassily and Kétai to prove Theorem 3.

Unfortunately we have to make some restrictions on the sequence G: « has to be a
Pisot unit with minimal polynomial y(z), i.e. |a;| < 1 for i =2,...,d and ag = 1, and

Fin(a) = Z[a ' N R, (F)

where Fin(a) denotes the set of non-negative real numbers with finite a-expansion, i.e.
{reRt: 2= ny:_L exa® with (€;,...,€j_ar1) < (ay,...,aq) for all j < M},

Theorem 3. Let G be as in the first paragraph with irreducible characteristic polynomial
x(x) and its dominant root « a Pisot unit which satisfies (F). Let f, M, D be as in
Theorem 2 and P(n) a polynomial of degree r with integer coefficients and positive
leading term. Then, as N — oo,

Lo en|JE@Z000) )y

and
1 FPE) = MONY) Y
7T(N)#{pEIP’,p<N‘ DN < } O (x).
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A plan of the proof of this theorem is given in Section 3. The difficult part is Lemma 8,
which is proved in Section 6 with the help of Sections 4 and 5. As in [8], the proof uses
tilings of the torus T¢ = R4/Z< in order to determine the value of a digit e (n) without
using the greedy algorithm (Section 4). Whereas these tilings consist of rectangles for
d = 2, the involved sets have fractal boundary for d > 2. The restrictions on G are due
to the problem of finding such tilings. Note that tilings with fractal boundary appear
also in the case of digital expansions of the Gaussian integers (cf. [15]).

For a; > as > -+ > a4 > 0, we know from Brauer [4] that « is a Pisot number
with minimal polynomial x(x). Since (F) has been shown in this case by Frougny and
Solomyak [12], Theorem 3 holds for these sequences. For d = 3,a; = 0 (and a3 = 1), az
and ag are complex numbers and have therefore absolute value 1/y/a. For these a;, (F)
was shown by Akiyama [1]. Thus Theorem 3 holds for these sequences too and the only
restriction for d = 3 is ag = 1.

Remark. o may not be a Pisot number (e.g. the dominant root of 2 — z° — 1). There
are also « which are Pisot units, but do not satisfy (F): let @ be the dominant root of
x* — 23 — 1. Then the a-expansion of 2 is 10.010(00001)>°.

2. Proof of Theorem 2

First we recall the notion of digital expansions associated to substitutions (cf. Dumont
and Thomas [10, 11]). Let o be the substitution on A = {1,...,d} defined by

o:i—1%@G+1) fori=1,...,d—1
d— 1%

and let o also stand for its extension on the set of words A* = |J;=, A" U {A} with A
being the empty word. Denote by |m| the length of the word m and write m’ < m if m/
is a strict prefix of m.

A sequence of words m;_1m;_s ... my is said to be b-admissible, if there exist (unique)
letters b; = b,b;_1,...,by such that myb; < o(by4+1). The admissible representation of
an integer n > 1 is the (unique) l-admissible sequence m;_1(n)m;_s(n)...my(n), with
m;_1(n) # A, such that

n= |0/ (m;_1(n))| + -+ [0%(mo(n))|.

Denote by bg(n) the letter by corresponding to this 1-admissible sequence. It is easy
to show (by induction) that the numbers |0¥(1)| are just the Gy, defined by the linear
recurrence in the Introduction and my(n) = 1®).
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The matrix of the substitution

a; QG ad
1 0 0
M = (#{occurrences of b in a(b’)}) W 0 1
bb'e
o --- 0 1 0

is the companion matrix of the characteristic polynomial of the linear recurrence.

Our aim is to study the distribution behaviour of f(n),0 <n < N, i.e. the random
variable Yy defined by

PrYy < 2] = %#{n < N | f(n) < z}.
If we define Yjx by
PriYin < 2] = T#{n < N | fila(n)) < o),
&k, N by

Pri¢.n = (m, )] = %#{n < N [ (mx(n), bp(n)) = (m,b)},
and f(m,b) = f(|m|), we have

Yy = ZYk,N = Z Jr(&r,n ),
k>0 k>0

i.e. Yy is a weighted sum of the &, x. Therefore we first have a detailed look at the & .

Dumont and Thomas [11] showed that, for fixed j, the sequence
(§i-1.6,,&-2,6;» - - -»€0,¢;) constitutes a Markov chain with transition probabilities

Pr[gk,Gj = (m7 b)’karl,Gj = (mI7 b/)] = Pr[é-k,Gj = (m7 b)’karl,Gj = ('7 b/)]

Uk .
_ —,U‘Hf’(’ilﬂ = Py +o(p") i mb < o (V)
0 otherwise,

Vy
vyra?

where (.,b) denotes the set of states {(m,b) | m € A*}, p() (mp) =

(v,...,vq) = (L, —ay, 0 —aja —ag, ..., 0" —a1a®™? — - —aq)

is a left eigenvector of M to the eigenvalue o, and p < 1 a constant such that all roots of
x(z) except a have modulus less then ap. (For Pisot numbers a, we can set p = a™1.)
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Furthermore, denote by P,; the matrix of transition probabilities
Pr(&.c, = (., b)|&1.6;, = (1, V)]. Then we have P ; = P+ O (p*) with

a1 ay . aq1
@ a?—ai«a ad=l_grad=2—...—ay_sa
a=o 0 . . 0
a2—a1a—a2 .
P - (p(.,b'),(.,b))b/’beA = O a2—a1a
a1l _aqrad=2—..—q4_
00 e
P is similar to
a ap aq
a a? ad
1 0 0
0 1
o --- 0 1 0
and its eigenvalues are therefore 1, as/a, ..., ay/a. Hence we have
Pr[gk,Gj = ('7 b)] = DP(.b) + O (pmin(k,j—k)) ) (7)

where the probability vector (p(.1),...,P(.q)" is the right eigenvector of P to the eigen-
value 1 with 3¢ Py = 1

Thus

Pr[fk,cj = (m,b)] = Z Pr[fk,cj = (mab)75k+1,Gj = (-»b/)]

b :mb<c (V')
_ p(m,b) + O (pmin(k,jfk))
With pnb) = D pmb<o(v) PO (mb)P(b)-

This suggests to approximate the digital distribution by a stationary Markov chain
(Xk, k > 0), with the stationary probability distribution Pr[X; = (m,b)] = pmp) and
the transition probabilities Pr[X} = (m, )| X1 = (., V)] = p(p),(mp)- The next lemma,
shows how this approximation can be quantified for finite-dimensional distributions.

Lemma 1. For every h > 1 and all integers 0 < ky < ko < --- < kj, < j, we have

Priée.c, = (01), 5 &y, = (500)] = Qoybon, (b1 (bn) T O (Pmin(kl’j_kh)) 7

where
Qi o, ( b)) (obn) = P X = (1 b1), .., X, = (4, 0n)]
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Proof. For 0 < k < k' < j, we have
PyjPyiij- Poo1y = PY 5+ 0 (p")
and consequently
Préic, = (- b)évc, = (V)] = Pr[X; = (,b)|Xp = (,0)] + O (o) . (8)

Because of

Priée.c, = (01), - &, = (5 0n)]
= Pr[gthj = ('7 b1)|£k‘27Gj = ('7 b2)]Pr[€k‘27G1 = ('7 b2)|£k37Gj = ('7 b3)] e
o .Pr[gkh—lij = ('7 bh*]-)‘fkhycj - (-7 bh)]Pr[gkhij = ('7 bh)]a

it suffices to apply (7) and (8) and the lemma follows.

Hence we have
Pr(éia, = (m,b),&w.q, = (M V)] = Qrp,imp), () + O (ﬂmin(k’j_k/)>

(0<k < K < j) with

P v
T,k (m ), (m! by = Z P )Qk'+1,k’,(.,c),(.,b’)p(.,c),(m,b) (9)
c:mb<o(c) (:6)

because of

Prlg, = (m.b)lew.g, = (m', )
- Z Pr[&kz,Gj = (mab)’£k+l,G’j = ('ac)]Pr[Sk-&-l,Gj = ("C)‘Skl7Gj - (" b/)]

c:mb<o(c)

For the finite-dimensional distributions, we obtain

Pr[fklij = (m17 b1)7 ce ’gkhij = (mh7 bh)] = Qky,..., Ep,(ma1,b1),...,(mp,bp) + @) (pmin(khj_kh)) ’
(10)

where the gr, .k, (m1b1),....(mn.by) ar€ defined similarly to (9).

The next lemma shows that, for general N, & n is similar to & ¢, where G is the
largest element of G not exceeding N (j =~ [log, N]).

Lemma 2. The probability distribution of &, x for G; < N < G4 with k < j is given
by
Pr(&n = (m,b)] = Prléee, = (m,b)] + O (pUi=9/2).
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The joint distribution for 0 < ky < ko < --- < kp, < j is given by

Pr[fkl,N = (mla bl), ce 7£kh,N = (mh, bh)]
= Pr[gklij = (m17 bl)7 s 7&%,03‘ = (mh7 bh)] +0 ( b=k /2)

The proof is similar to that of Lemma 3 in [8] and therefore omitted.

The above calculations indicate that, in order to obtain uniform estimates, we have
to concentrate on the digits e;x(n) with A(N) < k < B(N), where A(N) = [(log N)"],
B(N) = [log, N] — [(log N)"].

Lemma 3. For every h > 1 and for every A > 0, we have

1
N#{n <N | €k, (n) = €1y €k (n> = eh} = k1, kpyeryen, T O ((lOg N)i/\)

uniformly for

A(N)Sklak%'“ >kh§B(N)7

where
(mi,bi):mi|=e;

This lemma is a direct consequence of Lemma 2 and (10). Note that it is not necessary
that kq, ..., k, are ordered and that they are distinct.

Now, we turn to the derivation of Ey = E Yy, i.e. to the proof of (3). We have

BYin = 3 Prl = (m ) = 3.l 0 (001,

m,b

where

> Dim- (11)

m,b:|m|=e
Since fi(e) is bounded, we get
[log,, N B(N)
Y EYin= > EYiy+O0((logN)") =M(N)+ O ((logN)").
k=0 k=A(N)

The variance is given by

[log, N [log, N]

Var Z fe(Xn) | = Z <E(fk(Xk)fk’(Xk’))_Efk(Xk:>Efk’(Xk’)>

k,k'=0
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and
E(f1(Xi) fir (X)) — E fie(X0)E fir (Xp) = i (Gt eer — Deler) fi(€) fir (€]).
e,e=1
Since the eigenvalues of M are oy /a, ..., aq/a (with oy = «), we have, for k < &/,
Ak (0),(0) = Xd;rgi)b),(.,b') <%>k/k

with (easily determined) constants réi)b) ) and r((.li) ) = PLHPb)- Since the gy e
are (weighted) sums of gx ' (_4),(.»), We have

d .
. N\ k—
QiK' ee! = E p(z)/ <%> ’
b 7676 _
— e,e o ?
1=
1)

@ are the respective sums of rgf)b) () Note that pi,e’ = DePer

ee’

With these pfj) we get D(N)? = Var ( floga Nl fk(Xk)>

e

where the constants p

In Lemma 5, we will need D(N)/(log N)" — oo. We show that this lower bound
holds for n < 1/2 if the variances of f(Xj) have a uniform lower bound.

Lemma 4. Suppose that there exists a constant ¢ > 0 such that a,f,)c > cfor all £k > 0.

Then we have a constant w such that

Var (Z fk(Xk)> >w(s —s+1) (12)

for all s,s" > 0 with s’ — s > 3d.

Proof. By Dobrusin [5], we have Var <ZZ,:5 fk(Xk)> > c(s' — s+ 1)4/100, where 3 is
the ergodicity coefficient
B=1- s [PrlX, € AlXep = (m.0)] ~ PriX € ALK = ()]

m,bm/ b’
(which does not depend on k). Hence the lemma is proved, if we have 5 > 0.

If all a; are non-zero, we have p(np), 1) > 0 for all possible (m,b). Therefore,
if (A,1) € A, we have Pr[X; € A|Xpy1 = (m,b)] > 0 for all (m,b) and the dif-
ference cannot be 1. If (A,1) & A, the difference cannot be 1 because we have
Pr[X; € A| X1 = (m,b)] <1 for all (m,b). Since the transition probabilities attain
just finitely many values, we have 3 > 0.

If @ = 0 for some b (1 < b < d), then Pr[X, = (A, b+ 1)| X1 = (1%-1,0)] =1
and Pr[X; = (A,b+ 1)| Xk = (A,1)] = 0, hence 5 = 0. Nevertheless we have
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Pr[ Xy = (m,b)|Xgra—1 = (m/, V)] > 0 for all possible (m,b), (m/,b') and Corollary 6 in

Giesbrecht [13] concludes the lemma (after a tedious consideration of his notation).
Immediately, we get the following corollary.

Corollary 1. Suppose that there exists a constant ¢ > 0 such that a,f,)c > cforall £ > 0.

Then we have
D(N)? > log N.

In order to prove (6), it suffices, because of the following lemma, to show that the

moments
1 (f<n>—M<N>)h
Nn<N D<N)
with
B(N)
F)= > fulex(n)) = f(n) + O ((log N)"),
k=A(N)
B(N) B(N)
M(N)= " . and DN = Y o)
k=A(N) kk'=A(N)

converge to the corresponding moments of the normal law. This implies

%#{MN‘WM}WW

and, again by the following lemma, (5).
Lemma 5 (cf. Lemma 5 in [8]). Suppose that D(N)/(log N)" — oo for some n > 0.
Then we have

M(N)

%#{n<N‘%<x}—>@(z)

for all z € R if and only if

for all z € R.

Furthermore, if for all A > 0

then we also have
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and conversely.
The proof is the same as that of Lemma 5 in [8].

For the convergence of the moments of f(n), we first prove a central limit theorem
(with convergence of moments) for the exact Markov chain X}, and compare f(n) to

ZkB:(]XzN) fr(Xy) afterwards.

Lemma 6. Suppose that there exists a constant ¢ > 0 such that a,f,)g > cfor all k£ > 0.
Then the sums of the random variables fi(X}) satisfy a central limit theorem. More

precisely,
f X M(N
Sy Fu(Xk) = M ( ):>N(0,1)
D(N)
and, for all h > 0, we have, as N — oo,
B(N) _MN)\" e
D ke A(N) _( k) () H/ " D (z).
D(N) =

Proof. 1f all a; are non-zero, then 3 > 0 (see the proof of Lemma 4) and the lemma can
be proved with the help of Theorem 4 of LifSic [18], as in [8]. If = 0, we have to adapt
this theorem.

An inspection of Lif$ic’ proof and Dobrusin’s paper [5] (which is used by LifSic) shows
that we get the same result if we replace the ergodicity coefficient § by a constant 6 > 0
that satisfies

1= g sup S [Pr[Xi = (', 1) Koy = (m, )] — PrlXe = (', 1) < (1 - 0) (1)

m,b
I m/7b/

for all j > 1 and

<kaXk>>CS—S+1)6 (14)

for all s,s" > 0 with s’ — s > sy for some constant sg.

We have ; > 0 for all j > 1 since the sum in (13) is always less than 1 and the
number of states (m, b) is finite. Dobrusin [5] proved v; < 1 — f3;, where
Bi=1-— sup |Pr[X; € AlX;y; = (m,b)] — Pr[X; € A Xy; = (m/,V)]|.

m,bom/ b\ A

For some jo with 1 < j, < d, we have Pr[X; = (A,1)|X}s; = (m,b)] > 0 for all
possible (m,b) and all j > jy, which implies 5; > 0 for all j > jo. Set

w
O =min (11— max /% 1— max (1—38.)"% —).
B ( 1r<I}f<}§0 Tk j02}€<}§jo( 6k) e
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Then (14) holds because of (12) and (13) holds for j < 2j, because of v; < 1 — ;.
For j > 2jy, we apply the inequality 1 — f;4; < (1 — 53;)(1 — ;) (see [5]) and get, by
induction on ¢,

L= Buigss < (1= Bi)(1 = Bg-yjore) < (1= 0)(1 = )it — (1 — g+

for ¢ > 2, t < jo. Hence 0 satisfies the required properties, we can apply the (adapted)
theorem of Lifsic and the lemma is proved.

The next lemma concludes the proof of Theorem 2. In particular, for h = 2, the
equation implies together with Lemma 5 and (3) the asymptotics for the variance (4).

Lemma 7 (cf. Lemma 7 in [8]). For every h > 1 and every A > 0, we have

h

_TL - M " f—(]X)N ka —MN
1 (f() M(N)) _ ( o S (X0) <>> 40 ((log V) ).

D(N)

The proof is the same as that of Lemma 7 in [§].

3. Plan of the Proof of Theorem 3

Set f as in Section 2 with A(N™) and B(N") instead of A(N) and B(N). Then, similarly
to Theorem 2, it is enough to prove

—# {n <N ’f )MUW) < a:} — O(x) (15)
and
w(%i\f)# {p <N '?(PQ%)U_V?(NT) < :c} — ®(2). (16)
We show
and - L N
RO R

p<N n<NT

as N — oo by the following lemma. With the results of the previous section and the
Fréchet-Shohat theorem, this proves (15), (16) and thus Theorem 3.
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Lemma 8 (Main Lemma). Let P(n) be an integer polynomial with degree r > 1 and
positive leading term. Then, for every h > 1 and for every A > 0, we have

A <N e (P00) = 1,4, (P)) = 1} = by + O (log N) )

and
1

7T(N) #{p <N | €ky (P(p)) = €15 €py, (P(p)) = eh} = Qkq,....kp €1, e +0 ((lOg N)_A)

uniformly for all integers
(log N")" < ky, ks, ..., ky <log, N" — (log N")"
and ey, eq,...,e, €4{0,1,...,a1}. (The gk, Ky, er...c, are as in Lemma 3.)

The proof of this lemma (Section 6) requires tilings of the torus and exponential sums
which are treated in the next sections.

4. Tilings

For g-ary expansions we have

(n) { n }G[e 6—1—1)
€g(n) = e <— R ! )
qk’—l-l q q

where {z} denotes the fractional part of x.

In order to get an analogue to this for our expansions, we need a tiling of the torus
T¢ =R?/Z%, i.e. a family of sets (Q)eeqo,..a} Such that

o Uy Qe =T,

e cach of the €, is the closure of its interior,

e the intersection of two different €2, has Lebesgue measure zero,

and vectors v(n, k) € T¢ such that we have (at least in most cases)

ex(n) = e <= v(n, k) € Q..

Proposition 1. Let G be as in Theorem 3 and

naoa—1, .4

V(n,k’)zgﬁ(@ g

., Q, 1)t e T
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Then we have a tiling (£2c)ceqo,....a;} Of T? with
d(v(n,k), Q) = O (o) for all k,n €N, (17)
where d(x,5) = infyeg ||x — ¥ -

Remark. The distance d(v(n, k), Q, ) is positive and, equivalently, v(n, k) € Q, ;)
only for a small number of n and k (see Lemma 15). The error term O (a™*) is not
surprising because we have L#{n < Gj | e(n) = e} = pe + O (a™nFi7k) for all
j > k, whereas g-ary expansions satisfy exactly #{n <@ | e(n) =e} = %. The
Lebesgue measure of the tilings is Ag(€2) = pe.

Proof. We regard the linear map

al a2 DY DY ad
1 0 0
p=10 1 " o | € GL(d,Z)
O -~ 0 1 0
with eigenvalues a, as,..., 4. Since « is a Pisot unit, ¢ is a hyperbolic toral auto-

morphism and we have a ¢-invariant decomposition of R? into the unstable eigenspace
E, = R(a%1 ... a,1)" and the stable eigenspace E, (of dimension d — 1). Let
e, =7,((1,0,...,0)") and e, = m,((1,0,...,0)") where m, : R? — F, is the pro-
jection along F, to E, and 7, : R? — FE, the projection along E, to Fs. Set
e, =cj (a1 ... a, 1)t

Then the sequence (G);>0 defined by the linear recurrence
Gy =a G+ -+ aqG_y for j > d
with initial values G, =0,...,G)_, =0,G),_, = 1 satisfies
G = ol + chad + -+ e,
for some constants ¢, ..., ;. By induction on j, the equation
Gi=G,+Gi++Ga
can be easily proved. Since G; — ¢;o/ and G — cia’ for j — oo, we have

a=c(l+a+---+a").

With

o0

clzej )ad + 0 (1),

J=0
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we obtain

vn k) = e, =gl e, +0 (a7F) = 36 (m)e e + 0 (ah).

Clearly we have
¢ (en) + ¢’ (es) = ¢'((1,0,...,0)") € Z% for all j > 0

and hence

N

—1

vin, k) =) ¢j(n)¢’ *(e,) — Z ej(n)¢’ *(e;) +O (@) mod Z°. (18)

o

Jj= J
N

7

v!(n,k)

Set
Q. = Clos{v'(n, k) : k,n € N with e,(n) = e}.

.....

.....

Example. Figure 1 shows the sets . for the Tribonacci expansion (d = 3,
a; =as =az =1). € is the largest of the three prisms and €); is the union of the
two smaller ones. 74(€)) is the Rauzy fractal (for details on the Rauzy fractal see Mes-
saoudi [19, 20] and Rauzy [23] for the original work). Figure 2 illustrates how (£, €2;)
tiles R3. These figures were drawn by Siegel, who obtained in [25] tilings for substitutions
of Pisot type by different methods than Praggastis.

Figure 1. Figure 2.
Qo, 2, for the Tribonacci expansion Tiling of R? for the Tribonacci expansion
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Remark. Akiyama [2] obtained tilings of R?~! for Pisot units « satisfying the condition
Zla~'|NRY C Fin(a) — Fin(a) N[0,¢) for all € > 0, (W)

which is weaker then (F) and conjectured to hold for all Pisot numbers «, but this
improvement is not important for this work because we need (F) for the proof of Propo-
sition 2 too.

In Section 6, we will need a covering of ). and its boundary by convex sets. Since
the boundary of €). has fractal structure for d > 2, we approximate it by parallelepipeds.

Each (). is the union of sets
Qeo.ego = Clos{V'(n, k) : k,n € N with (ex(n),...,exra2(n)) = (€o,...,eq-2)}

(with eg = e) which are prisms:

k—1
Uuprocis = (e ) B0, sup S s(m)adHe,

k,n asabove T _
7=0

Therefore we study the boundary of ms(Qe,.. e, ,)-

The problem of determining all points on the boundary is equivalent to determining
all points with more than one ¢-representation, which can be done with the help of a
finite automaton. This method is adapted from Messaoudi [20] who examined the Rauzy
fractal. Siegel [25] studied similar problems with similar automata.

Let NV be the set of sequences (b;);cz with
(bj, bj_l, c. 7bj—d-‘rl) < (al, A2, . .. ,ad) forall j € Z

and an integer K such that b; = 0 for j > K. Let Nf be the set of sequences (b;) ez € N
with an integer J so that b; = 0 for j < J. With €& = {z;’il €07 (es) : (€)1 € Nf},
we get the following proposition.

Proposition 2 (cf. Théoreme 1 in Messaoudi [20]). Let x = 3772 | bj¢’(e,) and
y = > = Vid(es), where (b));>—r € N and (V});>— € N, then x =y if and only if
we have, for all 1 > —L,

X, —y: €S
where x; = ¢! (Zész quﬁj(es)), vy, = ¢! (Zzsz b}(bj(es)) and

S= {j: Z Ej(bj(eS)

j=—s

(Q)89506A0¢”7(5i1§:€ﬂy®9>ﬁ#@}-

j=—s

for some (fixed) integer s.
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For the proof of Proposition 2, two small lemmata are used.
Lemma 9. For all integers 7 > d — 1, we have
Qj = ad_lG; 4+ Oéd_Z((IQG;-,I + CL3G3-,2 + -+ CLdG;;dJrl)

4+ O((adflG;‘—l + adG;,Q) + adG;;la (19)

where the sequence (G);>¢ is defined in the proof of Proposition 1.
Proof. Induction on j.
Lemma 10. Define the linear map

K : {i Z ;0 (es)

j=—o0

(€j)jez € Nf} — +Fin(«)

by (¢’ (es)) = o’ for all j € Z. Then & is well defined and a bijection.

Proof. We have to show that all elements on the left side are distinct. Suppose that two
representations €y 7 e’ (e,) and €' 327 €id(e,) with (€))jez, (€))jez € Ny and
e,e’ € {1} represent the same vector. Hence we have Q)(¢)(e;) = 0 for some polynomial

Q=que™+ - +qr+q #0.

The proof of Proposition 1 shows ¢/(e,) = ¢, cdal(a?™, ... a;,1). Hence

>0 ch'l:2 cdaod(ad™t, ... a;,1)! = 0. By easy calculations (solution of a linear equa-
-1

tion system), we obtain ¢, = (Hk#(ai - ak)) #0. If o e Rforalli =2...,d, then

the (ozj-l_l, ..., a;, 1)t are linearly independent vectors of R? and we must have Q(o;) = 0

foralli=2,...,d. For a; ¢ R, we obtain Q(«a;) = 0 similarly.

. . . _ o0 ) ] o / o0 / j o /
This implies Q(a) = 0 and €Y7 eo? =& 377 €;a?. Therefore ¢ = ¢’ and,
since finite a-representations are unique, (€;)jez = (€;)jez-

Thus, « is well defined and clearly bijective.

Proof of Proposition 2. Since ¢

p. 18 contracting, we have
x —y = lim ¢ " (x; —y;) = 0,
71— 00
if X;—Yy; € S.

Now, suppose x = y. Hence ¢~(x) = ¢ %(y) and

Xi —Yi = Z (b; - bj)¢j7i(es) = Z( ;'+z' - bj+i)¢j(es)-
j=i+1 J=1

On the other hand, we have

i Ltitd-1
Xi —yi=¢" (Z (b; — b})cbj(es)) = ¢ b ( Z gjﬁﬁj(es)> ;

j=—L j=d—1
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where g; = bj_r—at1 — ;4.1 We apply  and get, by (19),

R(xi —yi) = a P (g ot e glat gy)
with integers g} which are easily seen to be all positive if
(biybi_1,. .., b)) > (B0 _4,....0 )
and all negative for “<”. Hence we have k(x; —y;) € Z,[a™!] and k(x; — y;) € Z_[a™1]

respectively. (F) implies

R(x —yi) =+ ) &al with (6)-sgjzm € N (20)

j=—s

Assume, w.lo.g., k(x;) = k(y;) + >, €07, Again, (F) implies

j=—s
a(x) = 3 €ad with (€))_gejem € Ny and m/ = m.
j=—s'

Since k(x;) = Zj.:f ; b;a?~" and finite a-expansions are unique, we have m’ = 0 and thus
m < 0.

By applying £~! to (20), we obtain
oo 0
D i = b (e) = £ ) €jd(ey)
j=1 j==s

and

E:I)JJFZ ¢’ (es) €5ﬂ<8iZe]¢J e5>.

Jj=—s

Lemma 2.10 of Praggastis [22] shows that there is an integer s such that
(5 + Z?:_oo ejqu(es)> = 0 if ¢; # 0 for some j < —s. This concludes the proof of
the proposition.

If we set z; = x; — y;, then
Zip1 = ¢ (2) + (biga — iy )es

Therefore the points with two representations are determined by a finite automaton, the
states of which are the elements of S and two states z, z’ are connected by an edge labeled
by (b, V) if 2’ = ¢~(z) + (b—V')e, or, equivalently, x(z') = k(z)/a+b—1b". (The starting
point is 0.)
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As Gilbert [14] for the twin dragon, we obtain a v-th approximation to the boundary
by determining all paths of length v in the automaton and drawing for each such path p
a parallelepiped that contains the image of all paths which start with p. This is the idea
of the following lemma.

Lemma 11. Forallv e Nand e =0, ..., a;, the boundary of ). is contained in sets U, ,
which are the union of O (v”) parallelepipeds of size ca™ for some constants v < « and ¢,
with edges parallel to ay, ..., ay, where a; = (a?*,... a; 1) for the real eigenvalues o;
(y = @) and a; = (R, ..., Ray, 1), ai = (Sad™h, ..., Sy, 0) for the pairs of
complex eigenvalues (a;, a1 = @;).

Proof. A point can be on the boundary of €. if its m,-image has at least two
¢-representations > b’ (es) = YT | Wid/(es) with (bo, ..., ba—2) # (b, .-, b} o),
bo = e and jo the smallest integer with b, # b . Denote by B, the number of dlfferent
initial sequences (by, ...,b,) of points on the boundary. We show that these sequences
cannot have 2s 4 2 subsequent zeros.

Suppose on the contrary that (bj,41,...,bj42:12) = (0,...,0) for some j; > jo and
set z; = 3. (bj — V)¢’ ~'(es). We have zj, # 0 by definition and z; # 0 for all i > jo,
because £(z;) = 0 would imply that two different finite a-expansions are equal.

Assume k(z;,) < 0. Then we have x(z;) <0 forall i =j;+1,..., 71 +2s+2 too and
the uniqueness of finite a-expansions implies z; ¢ S for some i € {j; +1,...,751 +s+ 1},
which contradicts Proposition 2. If k(z;,) > 0, then we get either x(z;) < O orz; ¢ S
for some i € {j; +1,...,j1 + s+ 1} and, as above, x(z;) < 0 implies z; ¢ S for some
i <i+s+ 1.

Therefore 2s + 2 subsequent zeros are not possible and B, = O (7¥) for some v < a.

The a; are the real eigenvectors of ¢ and the real and imaginary parts of the complex
eigenvectors respectively. Let ¢ be the size of the parallelepiped that covers £ and all its
images of rotations in the planes spanned by the complex eigenvectors. (£ is a bounded
set.) Then all points on the boundary with same initial sequence (by, . ..,b,) are covered
by a parallelepiped of size c|as|” . .. |aq|" = ca™ and we have B, of these parallelepipeds.
This concludes the proof.

5. Exponential sums
In order to prove Lemma 8, we have to study exponential sums of the form

¥ e (s5=trm),

n<N
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with
1) 4— 1 h) 4— h
S:mg)ad1+k---+ml(i)+”.+mg)ad1—:---+m£l) (21)
o alh
B akh_kl‘Fd—lmgl) 4+ 4 mél)akh—kl 4+ mgh)ad—l 4+ e+ mglh)
= o .

We use the following well known lemma in order to get bounds for S.

Lemma 12. Suppose 1, (31, 3s, ..., B, are linearly independent over QQ, and they generate
an algebraic number field of degree d. Then

By + -+ + Bugy — p| > cg
for arbitrary integers ¢, . .., ¢, p having ¢ = max(|¢|, ..., |¢|) > 0 and some constant c.
Lemma 13. Let |m§i)| < (log N)% for all 4, j,
(logN")" < ky < kg < -++ < ky, <log, N" — (log N")"
and arbitrary constants § > 0,17 > 0. Then S defined by (21) satisfies

(log N)™'

o
S=0 _ S
or = <<||<<a

!

(log N)1
for all ' < 7.
Proof. Assume S # 0. Because of Lemma 9, we have

5 e R R e R

akn

with integers r; which satisfy
;| < (log N)? o= (1 < j < d).

Therefore we have

(log N)® k=1 < (log N)% . 1
akn — logN)7 a(logN)”/'

S| <

To obtain the lower bound, start by setting € = n/h. Then there exists an integer K,
0 < K <h—1, such that

kiv1— ki & [(log N)"#, (log N)(KH)E)

for all 7. Fix K with this property.
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If kiy1 — ki < (log N)%e for all j, we apply Lemma 12 and get

1

max |m;|9takn > (log N)2(@=1)8 gkn+(d—1)(h—1)(log N) K
je{1,....d}

|S] >

_hm_ /
log N)"—(d—1)(h—1)(log N) h+1 a(logN)”

Nr(log N)Q(dfl)(s > N7

ol
>

Otherwise, there is an i < h such that kg — k > (logN)E+De and
ki — ki < (i — 1)(log N)&e. Then split up the sum into two terms

akiikl‘kdilmgl) 4+t m((jl)akiikl 4+ 4 m(li)adfl 4+t mg‘)

aki

S =

N Oékh_ki+l+d_1mgi+1)+ +m(z+1) kn—kit1 + . +m(h) d_l—‘f_ +m()

- Sl +SQ

akn

If S; =0, then S = S5 and we are concerned with a problem containing less terms. By
using induction on A (which is not made explicit here), we may assume that this case
has already been treated. Otherwise, we have

1

511> o Ny gk @G e N
whereas (log N)20 ckn =i+ (log N)2
15| < ackn = kit (log N)(E+De
o o (log N)"—(i—1)(d—1)(log N)** o (log )"
151> N7 (log N)? > NT

and the lemma is proved.

The next lemma on exponential sums, which can also be found in [8], contains adapted
versions of results due to Hua and Vinogradov.

Lemma 14 (cf. Lemma 6.2 and Theorem 10 in Hua [17]). Let P(n) be a polynomial of
degree r with leading coefficient (3. For every 75 > 0, we have a 7 > 0 such that

N~"(log N)™ < 8 < (log N)~"

implies
Z O ((log N)™™)
7 2 (P@) = 0 ((log X))

HZI

as N — oo.
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6. Proof of the Main Lemma

Denote by U., the union of parallelepipeds of Lemma 11 containing the boundary
of Q.. Let 1g.p., the characteristic function of Q. U U,, on the torus T and
Y mezd Cmepe(m - x) its Fourier expansion. Clearly we have co., = Ag(2 U Ue,). In
order to calculate the other ¢y, ¢, split up Q. U U, into parallelepipeds with edges par-

allel to aj,...,a;. The m-th Fourier coefficient of such a parallelepiped is, by Lemma 1
of Drmota [6],
|det(x }’)yer( ) e(-m-x) =3 dI et §3)1§J§d| e(—m - x),
= [[yerpo(—2m)m - (x —y) v [ (—2mi)m - (fa;)

where V' denotes the set of vertices of the parallelepiped and I'(x) the set of vertices
adjacent to x. As in Gittenberger and Thuswaldner [15], the contributions of the inner
parallelepipeds cancel out and only the O (7”) corners of the boundary of Q. U U, , play
a role. By Lemma 2 of Drmota [6], the contribution of a corner can be bounded by

|det(£a;)1<;j<dl
[T, (—2mi)m - (a;)

j=1

d 1
<< -
jl:Il(lJrllfn-aﬂ)2

uniformly for all m. Hence we define m; = m - a; and obtain

d
v : 1
<7 Hmm (1, —‘mﬂ) .

j=1

‘Cm,e,u

Now, consider the function
A
2

A
1 2

¢e,y,A(X) = E / N .. / N 1Qque7y (X —+ zZiag 4+ -+ zdad)d21 . dZd.
) 2

By enlarging the parallelepipeds of U, ,, we obtain sets )., which are again unions of
O (v*) parallelepipeds with Ay(Q.,,) = O ((2)") such that

«

_ 1 ifere\QeyV
Vewa(x) = { 0 ifxgZQ.UQ.,

for A < a™”. For the Fourier expansion e, A(X) = > c7d dmevac(m - x), we get

d AN o (s
(%) ~e ()
dm@,u,A = Cm,e,v H ) (22)

—2min,; A

=1

d
1 1
Ame v in{l, —,——=|.
el <7 [ (1,757 572)

J=1
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If we set
t(n) = wel,v,A(V(nv kl)) .- 'weh,v,A(V(nv kh))a
thent(n) =1ifv(n, k;) € Q,\Qe,, foralli =1,..., hand t(n) = 0if v(n, k;) & Q.,UQ., »

for some i. Therefore we estimate the number of integers with v(n, k;) € Q.,, by the
following lemma.

Lemma 15. Let
Ek,e,u - # {n <N |V(P(’I’L), k) € Qe,u}> Fk,e,u = # {p <N |V(P(p)a k) € Qey}

and A an arbitrary positive constant. Then, uniformly in &k for (logN")? < k <
log, N" — (log N")", we have

E%&V<:<%) AT+JVGogAU_A,Ek&V<:<%> 7(N) + N(log N)™.

The lemma can be proved similarly to Lemma 13 in [8] by the help of the isotropic
discrepancy and the Erdés-Turdn-Koksma inequality (see e.g. Drmota and Tichy [9]).

Define
Yi=#{n < N|e,(P(n)) =ey,... e, (P(n)) =en},
Yo=#{n < N e, (P(n)) =ey,..., e, (P(n)) =en}.

Since, for v < loglog N and (log N")" < k < log, N" — (log N")", the error term O (a™")
of Proposition 1 is negligible compared to the size of each parallelepiped in ). ,, we have

< Ek1,617V +oet Ekh,Ehw

£ ) HP(n)

n<N

< Fk1,€17V +ooet Fkhaehﬂ/'

Sy — > H(P(p))

n<N

We will consider only ¥, since Y5 can be treated in the same way.

Let M be the set of vectors M = (my,...,m;) with integer vectors
m; = (m\”, ... ,mg)). Then we have
STUPm) = D Taapa D e((mr V(L k) + -+ my - v(L k) P(n)),
n<N MeMm n<N
with

TM7V7A = dmlyeIJ/vA e dm}L7eh7V7A'

Since the a; form a basis of R, we have

1 1 1 1 1 1
< <

mal " fmal T Jac-m| T Jag - m] ] Jmdl
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and therefore

et (5 8 Ml ()
e

mg=—00
h
00 0o 1
- <mlz;oo”‘mdz;oo ( ’mJ’ m?A)>

1 dh
< /yhy (log K)

If |m§z)| > (log N)? for some i, j, then

(o) o0 dh—l
| 11
hv :
> Tl <y Y. <Z min (W’ m))

3i,j with [m ("> (log N)28 m=(log N)?°]

. (log(log N)‘s)d}h1
(logN)s 7

if we set A = (log N)™°. For M with |m§i)| < (log N)* for all i, j, the exponential sums
can be estimated by Lemma 14 with the help of Lemma 13 if 3> m; - v(1,k;) # 0.

Hence we have
= 3 Tatoa + O (fyh”N(log N)~™ 4 4" N(log N) /2 + N (1> ) .
MeM:> m;-v(1,k;)=0 @
Set
TM,I/ = Cmyer,v " Cmyep,v

and compare Ty, A to Ty, (22) implies

TM,V,A:Tlle,y"‘O( max‘m ‘A)

and
> [ Taia — Tag, | < 7" (log N) =2,
MeM: \m( >\<(10gN)Lh foralli,j
For the other M which satisty Zi:l m; - v(1, k;) = 0, we obtain by the same methods as

in Lemma 14 in [8],

3 Tip, < (log N) ™3

MeM:Y m;-v(1,k;)=0,|7m; l)|>(logN) R for some ,j
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If we set

/ o /
Dker ...kpe1,emenv — 2 : TMJ/’
MGMSZ mi-V(l,ki)ZO

we get

)

Z1 = Nq;cl kp,e1,...,en,V + O <7VN(10g N)_th(dh_1)> + @ (N <l> )
..... €150 sChs o

Remark. In case h = 1, we have m - v(1,k) = 0 only for m = 0. Hence
q;f,eyv = Coer — )‘d(Qe) = Pe = Qk,e &S V — OQ.

Set v = [C'loglog N| for some constant C' which satisfies (2)” < (log N)~*, choose &
such that (log ]\7)_26”“3’"’—1> < a7 and 7y large enough. Then

77777

For P(n) =n and (log N)" < ky, ..., k, <log, N — (log N)", Lemma 3 implies

77777

and therefore

For (log N")" < ky, ...k, <log, N" — (log N")", we obtain this result by considering >
for P(n) =mn and N".

As already noted, we get the corresponding result for primes by the same arguments.
This concludes the proofs of Lemma 8 and Theorem 3.
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