PERMUTATIONS AND NEGATIVE BETA-SHIFTS

EMILIE CHARLIER AND WOLFGANG STEINER

ABSTRACT. Elizalde (2011) characterized which permutations can be obtained
by ordering consecutive elements in the trajectories of (positive) beta-transformations
and beta-shifts. We prove similar results for negative bases beta.

1. INTRODUCTION

The complexity of a dynamical system is usually measured by its entropy. For
symbolic dynamical systems, the (topological) entropy is the logarithm of the ex-
ponential growth rate of the number of distinct patterns of length n. Bandt, Keller
and Pompe [3] proved for piecewise monotonic maps that the entropy is also given
by the number of permutatitions defined by consecutive elements in the trajectory
of a point. Amigé, Elizalde and Kennel [I] and Elizalde [4] studied realizable per-
mutations in full shifts in detail. Elizalde [5] extended this study to S-shifts (with
B > 1), and he determined for each permutation the infimum of those bases 3 where
successive elements of the S-shift are ordered according to the permutation. Archer
and Elizalde [2] considered periodic patterns for full shifts with different orderings.

We are interested in S-shifts with 5 < —1, which are ordered naturally by the
alternating lexicographical order. While several properties for positive bases have
analogs for negative bases, negative -shifts also exhibit interesting new phenomena.
For example, Liao and Steiner [9] showed that the support of the unique absolutely
continuous invariant measure of the g-transformation has more and more gaps as
8 — —1, and they determined the combinatorial structure of the gaps.

The (-shift is governed by the S-expansion of 1. This expansion becomes trivial
as B — 1, while it is the fixed point of a primitive substitution for  — —1, which is
aperiodic. Hence the only permutations that occur in all S-shifts with g > 1 are of
the form j(j+1)---nl2---(j—1), while more permutations are possible for § < —1.
Similarly to [5], we determine the set of (—/)-shifts allowing a given permutation.
Our main result (Theorem was obtained independently by Elizalde and Moore [6].

2. DEFINITIONS AND MAIN RESULTS

For an ordered space X, a map f: X — X, a positive integer n, a point x € X
such that f*(z) # f7(x) for all 0 <i < j < n, and a permutation m € S, let

Pat(x, f,n) =7 if 7(i) <n(j) for all 1 < 4,5 <n with f~(x) < fI7 ().

Otherwise stated, for all 1 < i < n, 7(i) = j if f=!(x) is the jth element in the
ordered list z, f(x),..., f*"1(x). For example, if n = 3 and f?(x) < z < f(x), then
Pat(z, f,3) = 231. The set of allowed patterns of f is

A(f) = {Pat(x, fin):xzeX, n> 1}.
1
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For g > 1, the S-transformation is
Ts:[0,1) = [0,1), x> Bz — |Bx],
and Elizalde [5] gave a formula for
Bi(r)=inf{8>1: 7€ A(Ts)}.
—B)-transformation, which was defined by Ito and

— Pz on the interval [B_—fl, ﬁ) We find it more

—~

Here, we are interested in the
Sadahiro [§] as x — L% — Bx
convenient to use the map

T 5:(0,1] = (0,1], =z~ |Bz]+1- Pz,

which is easily seen to be topologically conjugate to Ito and Sadahiro’s one, via
T — ﬁ —x (which reverses the order between elements); see Figure Theorem
below gives a formula for

B_(m)=inf{8>1:me€ A(T_p)}.

[

08 Ty 1 08 Tisyvmy

FIGURE 1. (—pf)-transformation T_g (left), Ito and Sadahiro’s ver-
sion (middle) and S-transformation (right), 5 ~ 2.618.

Instead of numbers z € (0, 1], we will rather consider their (—f)-ezpansions

oo

= — Z dﬁ(’i(;))k—i—l with d_gi(z) = WT]_C?(@J
k=1

Set d_g(z) =d_g1(x)d_pg2(x)---, and note that d_g(z) € {0,1,...,]8]}>°. Then
we have z < y if and only if d_g(x) < d_g(y). Here and throughout the paper, we
use the alternating lexicographical order for sequences (or infinite words):

. v < wg  when k is odd,
Vvg s < wWe -+ vy --rvp_1 =Wy wi_1 and ]
w < v when k is even,

for some k > 1; we will also use it to compare finite words of same length. Note that
Ito and Sadahiro used an “alternate order”, which is the inverse of our alternating
lexicographical order. The set of (—f3)-expansions forms the (—03)-shift

Qs = {d_g(2): z € (0,1]},
which is stable under the shift map %: wyws - -+ = wows - - -. Thus, for all z € (0, 1],
Pat(z,T_g,n) = Pat(d_g(z), X, n),
with the alternating lexicographical order on the (—/)-shift.
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By Theorem 10 of [§], we have wiws - -- € Q_g if and only if, for all k > 1,
0d_pg1(1)---d_gp-1(1)(d—pp(1)—1) if d_g(1) is purely

d_p(1) > Wk,e0) > periodic with odd minimal period length p,
0d_p(1) otherwise.

We denote by wiws -~ w,, the purely periodic sequence with period wyws - - - Wy,
Wk,00) = WEWE41 """ 5 W[5) = WilWi41 - Wj—1, W5 = WiWi41 -~ Wy..

Note that the ordered space €2_3 is not closed; taking the closure of {2_z amounts
to replacing the strict lower bound for wi ) by a non-strict one. By Theorem 3
of [I1I], we know that whenever 1 < a < 8 we have d_,(1) < d_g(1), and hence
Q,a - Q,ﬁ and A(T,a) - A(T,ﬁ).

A number 8 > 1 is an Yrrap number if d_g(1) is eventually periodic. By The-
orem 2.6 in [9], each Yrrap number is a Perron number, i.e., an algebraic integer
B > 1 with all its Galois conjugates (except itself) less than g in absolute value.
On the other hand, not every Perron number is an Yrrap number. However, each
Pisot number is an Yrrap number by Theorem 5.15 in [7].

For a bounded sequence w = wyws --- € N*°, where N denotes the set of non-
negative integers, let

W = SUP Wik, o0)-
k>1
Let ¢ be the substitution defined by ¢(0) = 1, ¢(1) = 100, with the unique fixed
point u = p(u), i.e.,
w = 100111001001001110011 - - - .

If W =w and w > u, then let b(w) > 1 be the largest positive solution x of
> wg + 1
1 =0
P2

which exists by Corollary 1 of [II]. Note that b(w) < maxy>iwp + 1. If w is
eventually periodic with preperiod of length ¢ and period of length p, then b(w) is
the largest positive root of the polynomial

(CEEES SR (S g;l(wk 1) (),

k=1

If W = w and w < u, then we set b(w) = 1.
Throughout the paper, let 7 € S,, be an arbitrary but fixed permutation and

m=n"t(n), L=7"Ynn)-1)ifr(n)#1, r=x "(r(n)+1)if r(n) #n.
The sequence of digits z[1,,,) defined by
=#{1<i<w():i#an) #£i+1, 7(z @)+ 1) <a(x @i+ 1)+ 1),
ori+1l=n(n)#n, n(l+1) <w(r+1)}
will play an important role. See the examples in Section 3| for an effective compu-

tation of these digits z;. Following [6], we say that « is collapsed if w(n) ¢ {1,n}
and 2[p.n) = Z[rn)Z[r,n) OF Z[rn) = Z[¢,n)2[¢,n)- 1N this case, we also use the digits

Zj

0, . 1 if 7(j) > w(r +¢) and ¢ is even, or m(j) > w(£+ i) and ¢ is odd,
’ 0 otherwise,
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for0<i<|r—¢,1<j<n.
Theorem 1. Let m € S,,, 8 > 1. We have m € A(T_p) if and only if 5 > b(a),

with
2[m,n) Zt,n) if n —m is even, w(n) # 1, and 7 is not collapsed,
2[m,n)0 if n —m is even and w(n) =1,

a = { ming<;<|r—g z[(:rzn) % if n —m is even and 7 is collapsed,
2[m,n) Zrn) if n —m is odd and 7 is not collapsed,
MiNg<j<|r—y| z[(:'zn) % if n —m is odd and 7 is collapsed.

In particular B_(7) = b(a), and B_(r) is either 1 or an Yrrap number.

Note that Z[m,n) Z[,n) = Z[m,n)?[t,m) if £ <m, Z[m,n) Z[t,n) = Z[m,€) Z[¢,n) if £ > m.

Theorem 2. We have B_(m) =1 if and only if a = ¢©*(0) for some k > 0.

It would be interesting to count the permutations with B_(7) = 1. From Bandst,
Keller and Pompe [3], we know that lim,,_,o  log #{m € S, : B_(m) < 8} =log 3
(which is the entropy of the (—f)-transformation) for 8 > 1, but we do not know
whether ¢, = #{m € S,, : B_(w) = 1} grows polynomially; we have

co=2,c3=05,c4 =12, c5 =19, cs =34, c7 =57, cg =82, cg =115, ...
Recall that #{m € S,, : B (w) =1} = n. It would also be interesting to give more

precise asymptotics for the number of permutations with B_(7) < N or B_(7) < N
for some integer N > 2. The following theorem characterizes B_(mw) < N.

Theorem 3. Let w € S, n > 2. The minimal number of distinct elements of a se-
quence w satisfying Pat(w, X, n) = 7, w.r.t. the alternating lezicographical order, is

N (m) = |B-(m)] +1 = max 5 +1+ ¢,
with € = 1 if m is collapsed or a = maxi<j<y, 2;0, € = 0 otherwise. We have
N_(m)<n—1 foralmesS,, n>3, with equality for n > 4 if and only if

me{l2---n, 12--- (n—2)n(n—-1), n(n—-1)---1, n(n —1)---312}.
Moreover, for n > 3, we have

max B_(7) =b((n—2)(n—3)---10) € (n —2,n — 1),

the mazimum is attained only for m =n(n—1)---1 if n is even, * = n(n—1)---312
if n is odd.

We mention without proof that b((n—2)(n—3)---10), which is the largest root
of z"~ 1 — (n —2)2" 2 4 (—1) Z?;OS(—x)i, is a Pisot number.

We prove that the numbers occurring as B_ () are exactly the Yrrap numbers.
The corresponding question for B4 (7) is an open problem of Elizalde [5].

Theorem 4. Let 8 > 1. We have B_(w) = 8 for some ® € S, n > 1, if and only
if B is an Yrrap number.

Following [5], it is sometimes convenient to use the circular permutation

7= (r()7(2)---7w(n) €Sy,
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ie, w(n(4)) =7n(j+1) for 1 <j<n, 7(n(n)) =n(1). Thanks to this notation 7,

we get another formulation of the digits z;:
zi=#{1<i<m(j):i#nn)#i+1, 7(i) <7(i+1),
ori+1=m(n)#n, 7(i) <7(i+2)}.

In particular, max;<;<y, 2; equals the number of ascents in 7 with (1) removed.

3. EXAMPLES

In Table |1} we give the values of B_(m) for all permutations of length up to 4,
and we compare them to the values of B, (w) obtained by [5]. Note that more
permutations satisfy B_(7) = 1 than B4 (7) = 1; see also the list of open problems
at the end of the paper. Some other examples are below.

J5] root of m with B_(w) = m with By (m) =0
1 1 12,21 12,21
123,132, 213, 231, 321 123,231, 312

1324,1342,1432,2134 | 1234, 2341, 3412, 4123
2143,2314, 2431, 3142
3214, 3241, 3421, 4213

1.465 -z -1 1342,2413, 3124, 4231
1.618 22 —r—1 312 132,213,321
1423, 3412, 4231 1243, 1324, 2431
3142, 4312

1.755 | % — 222+ — 1 | 2341,2413,3124,4123

1.802 |23 —227 — 22 + 1 4213

1839 | 25 —22—2—1 4132 1432, 2143, 3214, 4321
2 x —2 1234, 1243, 4312 2134,3241

2247 | 23— 222 —x +1 4321 4132

2.414 22 —2x—1 2314, 3421

2.618 22 —3x+1 1423

TABLE 1. B_(7) and B4 () for all permutations of length up to 4.

(1) Let m = 3421. Then n =4, 7 = 3142, 211 4y = 110, m =2, n(n) = 1, r = 3.
We obtain that a = z[ 40 = 100 = ©2(0), thus B_(r) = b(a) = 1. Indeed,
for w = 1100, we have Pat(w,X,n) = 7 and @ = a.

(2) Let m =892364157. Then n =9, 7 = 536174892, 2[1,9) = 33012102, m = 2,

¢ =5,r =1, thus a = 23,9) Z[1,9) = 30121023, and b(a) is the root x > 1 of

2 —dx" + 2% — 2% + 324 — 223 4+ 22 -3z +3=0.

We get B_(7) = 3.831, and for w = 330121023 301210220, we have Pat(w, 3, n) =
m, w = 301210220 and b(w) = b(a).

(3) Let 7 = 453261. Then n = 6, & = 462531, 2(1.5) = 11001, m = 5, m(n) = 1,
r = 4, thus a = 252325 = 10, b(a) = 2. For w = 1100102, we have
Pat(w,X,n) = 7, w = 2 and b(w) = b(a).
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(4) Let m = 7325416. Then n = 7, T = 6521473, 2[;,7) = 100100, m = r = 1,

¢ = 4. Hence 7 is collapsed, and z[( )) = 200100, z[(l )7) = 200210, z[(12)7) =
211210. Since n —m is even, we have

a= win 241y 747 = min{200 100, 200210, 211 210} = 211 210.
Therefore, B_(m) ~ 2.343 is the largest positive root of the polynomial
28 — 32° + 22 — 3 — 1. We have Pat(211(210)%%2,%,n) = 7 for all k > 1
and limy,_, o, b(211(210)%%2) = b(a).

(5) Let 7 = 4312. Then it can come from one of the following four permuta-
tions m: 1423, 3142, 2314, 4231. When underlying 7 (1) in 7, one actually
differentiates the four possible cases, which we study in detail hereafter.

e Let m = 1423. Hence @ = 4312. We find m = = 2 and ¢/ = 3.

Then z; 4y = 000 and 7 is collapsed. We get z[(107)4) = 010 and a =

z[(QO’)LL) [(??)4) =10, thus B_(7) = % We have Pat(010%+11, %, n) =
7 for all k > 0 and limy,_ o b(10%*+17) = b(a).

e Let m = 3142. Hence 7 = 4312. We find m = 3,r =1 and ¢ = 2. Then
11,4y = 001. We get a = 23 4) Z[1,4) = 100 = ¢2(0). Thus B_(m) = 1.
For w = 0010011, we have Pat(w,¥,n) = 7 and b(w) = b(10011) =

e Let m = 2314. Hence m = 4312. We find m = 4, r is not defined
and ¢ = 2. Then 21 4) = 000. We get a = z(44)Zp4) = 0. Thus
B_(m) = 1. We have Pat(0001,3,n) = 7 and b(1) = 1.

e Let m = 4231. Hence @ = 4312. We find m = 1, » = 2 and £ is not de-
fined. Then zp 4y = 100. We get a = z[y,4) Z2,0) = 10, B_(7) = 1+T\/5
We have Pat(102*11, 3, n) = 7 for k > 1, limy_,o0 b(102*+11) = b(a).

4. PERMUTATION PATTERNS OF INTEGER SEQUENCES

We first establish a relation between 2 ,) and wy ,) for sequences w € N>
satisfying Pat(w,>,n) = m. Note w € N realizes the permutation © € S, i.e.
Pat(w, ¥,n) = 7, if and only if wiz—1(k),00) < Wir—1(k+1),00) for all 1 <k < m:

Wix=1(1),00) < Wr=1(2),00) < -+ < Wir—L(n),00)-
Proposition 5. Let w = wywy--- € N® and w € S,,. Then Pat(w,X,n) = 7 if
and only if the following conditions @)f hold.
(1) wj —w; >z — 2z foralll <i,j <n with w(j) > n(i),
in particular w; > z; for all1 < j <n,

(“) Win,00) = W[e,00) Zf ()7{17
(Z“) Win,o0) <w[roo Zfﬂ'( )7&”

In the proof of Proposition [5] we use the following two lemmas.
Lemma 6. Let 1 <i,j <n. If n(i) < w(j) then z; < zj, and z; = z; implies that
m(i+1)>7(j+1).
Proof. Let 1 <4,j < n with w(i) < 7(j). Then z; < zj is clear from the definition
of the digits z;. Moreover, z; = z; implies that m(7=*(k) + 1) > n(x "' (k + 1) + 1)

for all k ¢ {m(n) —1,7(n)} with 7(i) < k < 7(j), as well as w(7 = (7(n) —1)+1) >
m(r Y m(n)+1)+1) if 7(i) < 7(n) < m(j). This gives that 7(i+1) > w(j+1). O
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Lemma 7. Assume that wy ,,) satisfies point (@) omeposition@, letl<i<j<n.
Ifw(i) < m(j), then w itn_j) < Wijny, with (=1)"Iw(i+n—j) < (=1)""Ix(n)
in case of equality.
If w(i) > m(4), then w ;1 n_j) > Wiy, with (=1)"Iw(i+n—j) > (=1)""x(n)
in case of equality.

Proof. If m(i) < m(j), then we have z; < z;, thus w; < w;, and equality implies that
7(i+1) > m(j + 1) by Lemmal6] Similarly, (i) > x(j) implies that w; > w; or
w; = wj, m(i + 1) < w(j +1). Recursively, we get the statement of the lemma. O

Proof of Proposition[5 Assume first that Pat(w, X, n) = 7. Then and hold
immediately. For 1 <i,j < n with 7w(j) > m(i), we use the telescoping sum

zr— 2z i w(i) < w(n) < n(j),
25 — & = Z (Zﬂfl(k+1) — Zﬂ'*l(k)) —+ {O ( ) ( ) ( )
m(i)<k<m(j),
kg{m(n)—1,m(n)}
This relation is also valid with z replaced by w. To prove that w; —w; > z; — 2,
it is therefore sufficient to show that w, —wy; > 2. — z¢ if 7(n) ¢ {1,n}, and

otherwise.

(1) Wr—1(hg1) — Wr1(k) > Zn—1(k41) — Zn—1(k)
for all 1 <k < n, with k ¢ {m(n) —1,7(n)}. Since wiz-1(x11),00) > Wr—1(k),00)> WE
have Wr=1(k+1) > Wr—1(k) or Wr=1(k+1) = Wr—1(k) W[r—1(k+1)+1,00) < Wir—=1(k)+1,00)"
The latter inequality means that (7~ (k+1)+1) < (71 (k)+1), L.e., Zr—1(p1) =
Zr-1(k)- AS Zr-1(h41) — Zx-1(k) € {0,1}, this proves (1. Similarly, if 7(n) ¢ {1,n},
then Wir—1(x(n)+1),00) > Wr—1(x(n)—1),00) implies that w, —wy; > 1 > z. — 2y or
Wy = W, Wiri1,00) < Wet1,00); 0 the latter case, we have m(r + 1) < w(£+ 1) and
thus z, = z,. The inequality w; > z; follows by setting i = 7 1(1), as z; = 0 and
thus w; > z; + w; > z; in this case. This proves ().

Conversely, assume in the following that conditions f hold. We claim that

(2)

Wi o) < Wn,ooy for all 4 with 7(i) < m(n),
Wi o) > Wn,ooy for all 4 with 7(i) > 7(n).
Suppose that the claim is false. If wp; o) > W o0y for some i with 7 (i) < m(n),

then we have 7(n) # 1, wy; o) > Wi,o0) by , and 7(i) < w(£) = w(n) — 1. For i <
L, Lemmagives that wi; iy n—e) < Wie,n) < Wi ipn—r), thus w4 n_e = W) and

(i +n—4L) <7T(N), Witn—r,00) > Win,c) if n— L is even,
(i +n—4L) >7(N), Witn—rt,00) < Win,oo) if n—Lis odd.

Moreover, if wi; i+ x) > Winntk) (> Weerk)), then k> n—L, Wi pn_gitr) > Win,etk)
if n — s even, Wiiyn—¢itk) < Win,e4x) if 0 — £ is odd. For ¢ > £, we obtain in the
same way that wy; n) = W ¢4n—i) and

T(n) < Tl 4+n —1), W o) > Wiegn—icc) if N —i is even,
(n) > Tl +n—1), Whpoo) < Wegn—ioc) if n—1 is odd.

Here, Wi itk) > w[n,n+k)(2 w[g,g_‘_k)) implies that &k > n—1, Win,itk) > Wetn—i 0+k)
if n—iis even, Wi iyr)y < Wipgn—ieqrr) if n—7iis odd. If wi; o) < Wiy o0 for some i
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with 7(i) > 7(n), then we get the opposite inequalities, with ¢ replaced by r. In
particular, we have some ¢ such that

(3) Wi o0) > Win,oo)s T(1) < T(N), OF W o)y < Win,oo), T(E) > m(n).

Let £ > 1 be minimal such that there is some ¢ with

(4)  Whitk) > Wnntk), ©(0) < m(n), o Witk < Winntk), 7(1) > m(n).

Then the above arguments give

(5) Wij,5+h) = Wn,nth) 7T(j) < Tr(”)’ Or Wi i4h) < Wn,nth), T ( ) > 7T'( )
for some j € {n—|i—£|,n— |ifr|}, he{k—n+{ k—n+i k—n+r}, contradicting
the minimality of k. Hence (2| holds.

For 1 <i<j<n with 7(s ) < 7(j), we obtain that

Wi,o0) = Wiiyitn—j) Witn—j,00) < W[in)Win,o0) = Wj,c0)
as Wiii4n—j) < W) OF Wiiign—j) = Wiy, (1) I7(i+n—j) < (=1)"Im(n),
by Lemma 7} and the latter inequality implies w1, —j o) < Win,o0) if 7 — 7 is even,

Witn—joc) > Wn,oo) if 7 — 7 is odd, by (2] . Similarly, Wi,00) > W[j00) holds for
1 <4 < j <n with 7(i) > 7n(j). Hence Pat(w,¥,n) =

Remark 8. If m(n) # 1, then wy, o) > Wi,y 18 equivalent to wp, o) > Wig p)-
Indeed, suppose that wiy ) < Wy, o0) S m OF We, ) < Win,o0) < We,0)- Then
Wien) = Wn2n—t) = W2n—t,3n-20) = , hence wyy ) = Wi ,), a contradiction.
Similarly, wi, ) < Wy, ) is equlvalent to w[n o0) < Wy if (1) # n. Hence we can
replace Wi, o) by Wiz, ) in Proposition [5) I . [r,00) DY W) in Proposition [5) I .

If 7 is collapsed, then we have to increase some digits of z[; ,,) to obtain a sequence
w € N*° with Pat(w, X, n) = .

Lemma 9. Let 7 € S, be collapsed, w = wiws -+ - € Noo such that Pat(w, X, n) =m.

Then wy, > zm~+1, with equality if and only sz[1 n) = = 2 for some 0 < i < |r—{|.

[ln

Proof. By Proposition [5) I . . ) and Remarkl we have Wi ) < W[, ), hence the
collapsedness implies that wyy ) # 2[g,n) OF Wirn) # Zjrn)- By Proposition [5 I .
we have thus w; > z; for some 1 < i < n, and wy, > 2m + W; — 2 > Zm, as
m =n""(n) <n (because 7 is collapsed). If wyy ) = z[( ) for some 0 <i<|r—{,
then we have w,,, = zy(fl) =ZzZm+ 1.

Assume now that wy, = 2z, + 1. From Proposition [f] (i), we get w; € {z;,z; +1}
for all 1 < 57 < n. We have We b4 |r—L)) < Wirr+|r—£])s a8 We o+|r—L]) = Wirr+|r—e|)
would imply that m = Wiy py- SINCe 2[0 o1 |r—r]) = Z[rr4|r—e]), We Obtain that

Wyyi —weys = (—1)% for some 0 <4 < |r—£], thus wy,; = zéﬁl and w,; = zﬁiz By

Proposition [5| and its proof, w,, = z,, + 1 implies that exactly one of the differences
(wr —we) = (20 — 2¢) and (Wr-1(hy1) = Wr-1(x)) = (Zr-1(k41) = Zn-1(r))s 1 <k <,
k ¢ {m(n) — 1,m(n)}, equals 1 and all others are 0. If i = 0, then we obtain that
(wy —we) — (2 — z¢) = 1. This implies w; = z; = z](-o) forall 1 < j < n with j #r,

thus wy ) = [(10) ) Assume in the following that 1 <4 < |r — £|. Suppose that

w(¢+14) and w(r +4) are not consecutive integers, i.e., w(j) is between 7 (£ +¢) and
m(r+i) for some j. Then Lemmal[7]gives that 7 (j —z—Hr £]) is between w(£+|r—¢|)
and 7(r + |r — ¢|), contradicting that the pair (£ + |r —£|,r + |r — £]) is either (r,n)

r (n,f). Therefore, we have {m(r +4),m({ + i)} = {k,k + 1} for some 1 < k < n,
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k¢ {r(n) —1,m(n)}. Then (Wr—1(ky1) — Wa-1(k)) = (Zx—1(ky1) = Zn-1(k)) = 1
this &, Wr—1 (1) = Wr—1(k) = Zr-1(k+1) — Zx—1 (k) for all other k ¢ {m(n) —1,7(n

for
)}

and w, — wy = z, — z¢. This implies that wy ) = Z[(l)n U

Let us illustrate the previous proof by again considering the (collapsed) permu-
tation m = 7325416. Recall that z[; 7y = 100100, m = r = 1, £ = 4. Choose
w € N with Pat(w,¥,7) = w. In order to satisfy w, = z,m +1 = 2, we get
from Proposition that the prefix w; 7) must be one of the following six se-
quences 200100, 200200, 200210, 210210, 211210, 211211. But from Proposition [
and Remark (8] the prefixes 200200, 210210 and 211211 are not possible,

[f)7 = 200100, 2, = 200210 and z[@)) = 211210 are possible.

The following lemma shows that b(a) is well defined.

only z

Lemma 10. We have a = a. If m(n) = 1, then 0z, n) < Zjrpy- If m(n) ¢ {1,n},
then Zig n) < Z[rn)-

Proof. To prove that @ = a, we show that @ = wy,, ) for all sequences w satisfying
Wii,n) = 2[1,n) OF W1 pn) = z[(f)n) for some 0 < i < |r —£|, if 7(n) ¢ {1,n}, Wi o0) =
Wig ), if T(n) # 1, OF Wi 00) = Wy, if T(N) # N, OF Wiy o) = Wiy, if T(0) = 1.
(This means that Win,o0) € {w[g 00)s Wr,00) s Ow[m oo)} )

We first claim that wi; o) < Wp,o0 for all i with m(i) < 7(n), Wi 0) > Wip,o0) for
all ¢ with 7(i) > m(n). The proof is similar to that of (2)). Note that condition
of Proposltonlholds. Suppose that the claim is false, i.e., holds for some i. Let
k > 1 be minimal such that holds for some i. If wp, o) = Wip,00), then we have
Wi itk) > Wit ok, (1) < w(L), or Wi iqk) < Wigeqr), m(4) > w(€), thus Lcmma
gives that (5]) holds for j = n—|i—¢|, h = k—n-+{ or h = k—n+1i, contradicting the
minimality of k. For w, o) = Wr,c0), the same arguments apply, with ¢ replaced
by 7. If Wip o) = OWim,o0) and m(n) = 1, then we have wy; ;1) < OWim mik—1)s
thus wi1,i4k) > Winmtk—1), With 7(i +1) < n = m(m). Now, . holds for
j=n—|i+1—m|,h=k—n+mor h =k —n+ i, contradicting again the
minimality of k. This proves the claim.

Similarly to the last paragraph of the proof of Propositon [l we obtain for 1 <
i,j < n that wy; o) < wj ooy if (i) < 7(j), thus @ = maxi<jcpn Wi o) = Wim, o0)-
Note that if m = n, then m(n) = n and Wy, ) = Wir,o0). This implies that @ = a.

For m(n) ¢ {1,n}, we have seen above that wp, o) < Wy o0) for wp ) = 2[1.0)
and Wi, o0) = Zj.n)s thus Wi, o) < W n) by Remark ie., Zin) < Zpny- In the
same way, taking wi, oc) = 02[m,n) gives that 0z(y, ny < Zjp ) for m(n) = 1. O

The next lemma justifies the definition of collapsedness. Here, a finite word v is
primitive if it is not the power of another word, i.e., if v = s* implies that s = v,
k = 1. We say that v is almost primitive if v = s* implies that k = 1, or k = 2 and
s has odd length. The length of a finite word v is denoted by |v|.

Lemma 11. Assume that wyy ) satisfies point @) of Pmpositon@. Ifr(n) =1 and
n—m is even, then Wiy, )0 is primitive. Ifw(n) # 1, then Wie,n) 18 almost primitive.
If m(n) # n, then wy. y is almost primitive. In particular, for w(n) ¢ {1,n}, we
have Zjg ) = Z[r.n) if and only if 7 is collapsed.

Proof. Let first n —m be even, and suppose that w, ,)0 = sk for some word s and
some k > 2. Then [s| is odd, we have 7(m) = n > w(m + [s|) and Wy, p—|s)) =
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Wim+|s|,n), thus m(n — [s]) < m(n) by Lemmalﬂ (asn—m—|s| is odd). If m(n) =1,
then this is impossible, hence wy,, ,)0 is primitive.

Let now 7(n) # 1, and let p > 1 be minimal such that p divides n — ¢ and
Wig,n) = (w[g’up))("_[)/p. By Lemmalzl, we have, for 1 <i < j < (n—4¥)/p,

sgn(m(+ jp) — m(L +ip)) = (—1)Psgn(r (L + jp — ip) — m(L)).
We distinguish the following cases:

e If p is even and 7(¢) < w(€ + p), then we get that 7(¢) < w(¢ + p) <
m(l+2p) < - - < 7(n). Since 7(€) = w(n) — 1, we get n = £ + p.

e If pis even and 7(¢) > w({+p), then we have w(¢) > w({+p) > w({+2p) >
.-+ > m(n), which is impossible.

o If p is odd and n(¢) < w(€ + 2p) (if n — ¢ > 2p), then we obtain that
w(l) <m(l+2p) <m(l+4p) < - < 7w(L+ L"T;zj 2p). Therefore, n = £+ 2p
or (n—{)/pisodd. If (n—¢)/p is odd, then we get that 7({+p) > w({+3p) >
-+ > m(n), thus 7(¢ + p) > w(¢). This implies that m(n) > m(n — p), and
we know from above that m(n — p) > w({), hence n = £+ p.

e If p is odd and 7(¢) > w(£ + 2p) (if n — £ > 2p), then 7(¢) > = (¢ + 2p) >
w(l+4p) > - > 7(l+ L"T;KJZp), thus (n—¢)/pis odd. Now, 7(£+p) < 7(£)
is impossible since this would imply that m(n) < 7(n—p) < w(¢). Therefore,
we have 7(0) < m({ +p) < 7wl +3p) <--- < 7w(n), thus n =€+ p.

The proof for W[, ) is symmetric.

If £ < r and Zjg,) = Zn), then the almost primitivity of zj,) gives 2y ) =
2[,n) Z]r,n)> With [n — 7| odd. Similarly, £ > r and Zj; ) = Z[,,,) imply that z|,.,,) =
2[¢,n) 2[e,n)» With [n — £] odd. Thus 7 is collapsed if and only if Zj; ) = Z[; ).

5. CHARACTERIZATION OF (—/f3)-SHIFTS

We determine for a given sequence to which (—f)-shifts it belongs. In the fol-
lowing proposition, which is proved at the end of the section, we use the notation

’Ul o Ul’l)g""Ujfl(’Uj—].)O if Vj 7& 0,
V1V - - - Ujfg(’l}jfl—f—l) if v = 0,

for v = v1vy---v; € N\ {0}, where N* denotes the set of non-empty finite words
of non-negative integers. Then we have 7 < v’ if |v] is even, T > v’ if |v| is odd.

Proposition 12. Let w € N* be a bounded sequence. Then we have w € Q_g for
all B> b(W) and w ¢ Q_g for all 1 < f < b(w).

If b(w) > 1, then we have w € Q_yg) if and only if w does not end with 0w,
and W = d_yz)(1) or W = ', d_yz)(1) =T with |v| odd, v primitive.

For B > 1, let W_g be the set of sequences w € N* such that @ = w,

o0

© w41 |
(6) _ij +)j —1 and —ZME[OJ] for all k& > 1.
j=1

(-8 (=B)/

By Corollary 1 of [11], for each w € N*° with @ = w > u, there is a unique § > 1
such that w € W_g. Let W_; be the set of sequences w € N* such that W = w < u.

j=1

Lemma 13. Forl < a < 3, we have W_o,NW_g = 0. Ifw € W_4, then w = ¢*(0)
for some k>0 orw=wu. IfweW_g, §>1, then w > u.
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Proof. By Theorem 1 of [I0], w € W_; implies that w = ¢¥(0) for some k > 0
or w = u. (Note that ¢(1) should be ¢>°(1) in Nguema Ndong’s theorem.) For
w = ¢*(0), k > 1, we have — 377, (w_];)i # 1 for all 8 > 1 by Lemma 3.4 of [9].
By Proposition 3.5 of [9], we have uw ¢ W_g for all 8 > 1. This implies that
W_1NW_g =0 for all 8> 1, in particular w > u for all w € W_g, 8 > 1. Hence,
we have W_, N W_g = 0 for distinct o, 3 > 1 by Corollary 1 of [L1]. O

The set W_g is related to d_g(1) in the following way. Here, {v,v'}* dentoes
the set of all infinite concatenations of copies of v and v’. We use the polynomials

Poyogeny () = (=) + (o + 1)(=a)’ "
k=1

Lemma 14. We have d_g(1) € W_g for all 5 > 1. If d_g(1) is not purely periodic,
then W_g = {d_g(1)}. If d_g(1) =T, v primitive, then w € W_g is equivalent to
w € {v,v'}*® and W = w. Moreover, v does not end with 0, v' is primitive, and
v € W_g if |v| is odd.

Proof. Let B > 1. From d_g(1) € Q_g, we obtain that d_g(1) € W_g. For
w € N>, note that — > 22, % = 1 implies that — 3%, w(’fé;l = Py, ,,(B) for
all k > 1. We also have Py_,  (1)..a_,,1)(8) = T*4(1) € (0,1] for all k > 1. If
d_g(1) is not purely periodic, then T’_‘”‘B(l) # 1 for all k > 1, thus @ holds if and
only if w = d_g(1). If d_g(1) = U, then P,(5) = 1, thus v does not end with 0,
we have P, ](U\u|*1)(ﬁ) =0 and Py (B) = 1. For w € {v,v'}*°, we obtain that

UlL,fv| -1

Py, (B) €10,1] for all k > 1, thus
14>

2 5)

and @ holds by the first paragraph of the proof. If v is primitive, then we have

Tfﬁ(l) # 1forall 1 <k < |v|, hence w € W_g implies that w € {v,v'}*°. Suppose

that v/ = s* for some k > 2. As T > u, we have s # 0 and thus v = sh=lg/,
contradicting Theorem 2 of [I1]. If |v]| is odd, then we have v/ = lim,_,; d_g(z) by

Lemma 6 of [§], thus v/ = v/ and v/ € W_g. O

x>

— 1 1 J - 1 [1,k] _
D T = )

Jj=1

1
J

We also have v/ € W_g if |v] is even in Lemma Indeed, it can be shown,
for any almost primitive word v € Nt \ {0} with ¥ = ©, that v/ = v/ and v’ is
almost primitive. The condition w € {v,v'}*® in Lemma can be replaced by
inequalities.

Lemma 15. Let v € N*\ {0}, w € N* with @ = w. Then w € {v,v'}* if and
only if v < w < v'T when |v| is even, v/ < w < vv' when |v| is odd.

Proof. If |v| is even (resp. odd), then v has a prefix that is smaller (resp. larger) than
a prefix of v’ of same length. Therefore, w € {v,v'}> implies that 7 < w < V'V
when |v| is even, i.e., [v'| is odd, v/ < w < vv’ when |v] is odd, i.e., [v'| is even.
Assume now that v < w < v'D, |v| even, or v/ < w < v/, |v| odd. Then w
starts with v or v’. If |v] is even, then @ = w implies that wy; o) < w < VT for
all i > 1. If wyy 45 = v* for some k > 0, then we also have Wii,00) = U, thus w; o)
starts with v or v/, If wp ;) = wp ;v'v* for some k > 0, j > 1, then wyj o) < V'
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implies that wy; ooy > T, and wy; o) starts again with v or v’. Hence, we obtain that
w € {v,v'}*°. For odd |v|, it suffices to exchange v and v’ in these arguments. [

Lemma 16. Let 1 < o < 8, s € W_, and w € W_g. Then we have s < w.
In particular, we have s < d_g(1), and s < v' if d_g(1) = U, v primitive, thus
s € Q,ﬁ.

Proof. We have already seen in Lemma (13| that W_, N W_g = . If o = 1, then
we have s < u < w. If @ > 1, then we have d_,(1) < d_g(1) by Theorem 3 in [II].
Asd_n(1) €e W_,, d_g(1) € W_pg, and the elements of W_,, and W_g respectively
are contiguous by Lemmas [T4] and [I5] we obtain that s < w. We also obtain that
s < v if d_g(1) = v, v primitive, hence the lexicographic characterization of Q_g
gives that s € Q_g. g

The following lemma is due to Elizalde and Moore [6], cf. Proposition 3 of [10].
Lemma 17. Let w € N® with @ = w. Then we have w € W_p(y).

Proof. If w < u, then b(w) =1 and w € W_;. Now suppose w > u. By Corollary 1
of [1I], we have w € W_g for some § > 1. We have b(w) > 5. If b(w) > S,
then Lemma (16| gives that w € Q_y(,), hence w = d_p(,)(1), contradicting that
w < d_p( (1) by Lcmma Therefore, we have b(w) = S. O

Proof of Proposition[I3 1f 8 > b(®), then Lemmas[16)and [[7] give that @ < d_z(1)
and @ < v’ if d_g(1) = @, v primitive, thus w € Q_s. If 1 < 8 < b(@W), then we
have @ > d_g(1) by Lemmas[16] and [17] thus w ¢ Q_g.

Suppose in the following that b(w) > 1. If d_y()(1) is not purely periodic, then
W = d_p(q) (1) by Lemmasand and we have w € Q_(g) if and only if w does
not end with 0w.

Let now d_y()(1) = v, with v primitive. Then w € Q_;(z) implies that @ < .
If |v| is even, then we have @ > T by Lemmas and thus w € Q_yq) if
and only if W = ¥ and w does not end with 0v. Let |v| be odd in the following.
Then we have @ > v/ by Lemmas and Note that v/ < @ < T implies
that @ = v’ or @ = v. Therefore, w € Q_y(w) implies that @ € {v/,7}. Recall that
w € _yg) means that 0’ < Wik,0o) < U for all k > 1, in particular w does not
end with 0v’ or 0v (as 00 < 0v’). Let now @ € {v,v'}. If, for some i > 1, Wi, 00)
starts with v, then @ < 7 gives that wy; o) = . Therefore, wi o) < 0v’ means
that wp, ) = 0v’ (hence @ = v’) or Wik, o00) = 0(v")7® for some j > 0 (hence @ = D).
As v" ends with 0, this yields that w ends with 0w if w ¢ Q_p(g). O

Note that, if d_yg)(1) =7, W = v’ and w does not end with 0v’, then the supre-
mum in the definition of @ is not attained. For example, if w = 1101(10)21(10)31 - - -,
then @ = 10, thus b(w) = 2, d_5(1) =2, and w € Q_».

6. PROOFS OF THE MAIN RESULTS

Proof of Theorem[]l By Lemma b(a) is well defined. Suppose first 8 > b(a).
Recall that Pat(x,T_g,n) = Pat(d_g(z),%,n) for all z € (0,1]. By Proposition [}
we have Pat(d_g(z),X,n) =« if and only if

(7) d_gj(x) —d_p;(x) > z; — z; for all 1 <14,j <n with 7(j) > 7 (4),
(8) ngl(x) > ngl(x) if m(n) # 1, and Tf;l(x) < ngl(x) if m(n) # n.
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Let w = wywz -+ with Wy, o) = @, W m) = 2[1,m) if 7 is not collapsed, wyy ) =
z[(f?m) for ¢ as in the defnition of a if 7 is collapsed. As @w = a by Lemma |10[and its
proof, we have w € Q_g by Proposition Let € (0, 1] be such that d_g(z) = w.
Then @ holds. If w(n) # 1, then we have wi o) < Wy, o0) by the proof of Lemma
and thus ngl(ac) < T’_lgl(x). For m(n) # n, we have wy, o) < W o) and thus
Tf;l(x) < Tigl(m). As 8 > b(a), we know that a # d_g(1) by Lemmasand
Then T]_“gl(x) # 1 for all £k > 1, and the following results hold for all sufficiently
small € > 0. We have d_g (z £ ¢) = d_g x(z) for all 1 <k < n, thus (7)) holds for
rteand TF (x+e) = Tfﬂ(as) + (—B)ke for all 0 < k < n. If 7(n) # 1, then we
obtain that

T @ — (—1)") =T 5 () + " 'e > T (@) + B e > T (o — (—1)"e).
For m(n) = n, this implies that Pat(x — (—1)"¢,T_g,n) = w. If 7(n) # n, then
ngl(x +(—=1)"%) = ngl(x) — " e <TG z) — e < Tﬁgl(x + (—=1)"e).

This implies that Pat(z + (—1)"e,T_g,n) = 7 in case w(n) = 1. If 7(n) ¢ {1,n},
then we have W,y < W[, ), by the definition of z[(li?n) if 7 is collapsed, by Lem-
mas andotherwise. For even n—m, we have wy, ) = Wig,n) < W[,) and thus
Win,00) < Wir,o0) DY Remark hence TfEl(z:ta) < T:gl(x:l:s), which implies that
Pat(z — (—1)"¢,T_g,n) = m. For odd n —m, we have wy ) < Win,00) = Wr,o0)s
thus Tf}l(m te)< ngl(x +¢) and Pat(z + (—1)"¢,T_,n) = 7. We have shown
that m € A(T_g) for all 5 > b(a).

Let now w € N*° with Pat(w, X,n) = n. We show that @ > a, thus = ¢ A(T_g)
for all 8 < b(a) by Proposition If 7 is not collapsed and wyy ) # 2[1,n), then
Propositon [5| gives that maxi<p<p Wi > maxi<p<n 2 = a1. If m is collapsed and
Wi1n) 7# z[(ll)n) for all 0 <4 < |r — £|, then we have w,, > 2z, = a1 by Lemma@ For

Wi,n) = 2[1,n) and Wi ) = z[(li?n) respectively, we have

m,n n if - i d 1a
w[mpo) > {w[ , )w[& ) 1IIrn m 1S even an 7T(’I’L) 7é

Wim,n) Wrny if n—m is odd,

by Propositon [p| and Remark |§|, thus wp, o) > a in these cases. If n —m is
even and m(n) = 1, then we cannot have @ < a because this would imply that
Zmm)0 > W > Wi o) = Zimn)0W > 2[m )0, a contradiction. This proves that
B_(7) = b(a).

Suppose now that m € A(T_y(,)), with b(a) > 1, i.e., Pat(w,X,n) = 7 for some
w € Q_p(q). For n —m even and 7(n) = 1, the previous paragraph and w € Q_y(,)

give the contradiction d_yq)(1) > @ > @ = 2[,,)0 > d_p(q)(1); the last inequality
is a consequence of a € W_y,) (by Lemmas and |17) and Lemma since
a # d_p(q)(1) as d_p(q)(1) is not periodic with a period ending in 0, and a # v’ for
d_p(q)(1) = T, v primitive, [v| odd, as [, ,)0 and v" are primitive by Lemmas
and and have different parity. For odd n — m or w(n) # 1, we obtain that
a < Win,o0) < d_p(q)(1). Now, we can only have a = v with d_p(a)(1) =, |v] odd,
v primitive, and Wy, o) = (/)"0 for some k > 0. As w does not end with 0¥ (since
w € Q_p(y)), we have k = 0. Then Wiy, o) = Wn4|v|,00), thus [v] > n —m by
the definition of Pat(w, ¥, n), and a = v/ (with v’ primitive by Lemma implies
that n — € > [v/| > n—m, hence { < m if n —miseven, n —r > [V/| >n—m
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r <mif n —mis odd. As v’ ends with 0, we have z,,_1 = 0 if 7 is not collapsed,
5,? 1 = 0 if 7 is collapsed, where ¢ gives the minimum in the definition of a.
However, w € Q_;(, implies that wy,_; > 0. Then, by Proposition @ we have
maxi<k<n W > 1 OF Wy = Zm + 1, m collapsed. In the latter case, wy n) = z[(i)n)
for some j # i by Lemma @ If maxi<p<nwyp > ai, then W < d_y(q)(1) implies

that v' = a,0, v = (a1+1), hence m = n (as [v| > n —m) and wy o) = (a1+1) (as
maxi<p<n Wy = W and W < d_p(q)(1)); this gives Wiy o) = Wim,o0), contradicting

that Pat(w, ¥, n) = 7. If 7 is collapsed and wyy ,,) = 29 for some j # i, then we

[1,n)
have U = W, 00) > z[(jn) n)z[(,z)m) > z[(:’BL n)z[(}?m) =/, with h = £ if n — m is even

or h = r if n — m is odd, which implies that z[(m) )? [(,fb)m) € W_y(q) by Lemmas
and [15| and the proof of Lemma contradicting that no sequence in W_y(q) is
strictly between v” and v. Therefore, we have m ¢ A(T_y(4)) for b(a) > 1

Finally, for b(a) > 1, the eventual periodicity of a implies that d_(1) is

eventually periodic by Lemma i.e., b(a) is an Yrrap number. O

Proof of Theorem[4 By Theoremll] we have B_(7) = b(a) (with@ = a by Lemmal[10)).
If b(a) = 1, then Lemmas [13| and [17] and imply that a = ¢*(0) for some k > 0, as

a = u is not possible since a is eventually periodic and v is aperiodic. If a = ¢*(0)
for some k£ > 0, then we have b(a) = 1 by the proof of Lemma

O

Proof of Theorem[3 We first prove that |B_(7)] = ¢+ €, with ¢ = maxi<j<p 2;.
By Theorem [T} we have B_ () = b(a). If 7 is not collapsed, then we have |b(a)| = ¢
if a # c0, b(a) = c+1if a = 0. If 7 is collapsed, then we have |b(a)] = ¢+ 1.
Indeed, a = (c+1)0 is impossible because this would imply that Z[; ) or Z[, ) is

equal to c0 or Oc, hence ¢ = 0 and |r —¢| = 1 by Lemma ie., Z[(lf))n) =01lif¢ <r,

z[(f)n) =10if r < ¢; if n —m is even, then z[(o) = (10)(»=™)/2 implies that r < £,
hence z[(f) )= =0, if n — m is odd, then we have ¢ < r 200 =T

Asm € A(T_p) for all § > b(a) by Theorem [} we obtiun)that N_(m) < [b(a)]+1.
We have N_(m) > ¢+ 1 by Pr0p0s1tonl, and N_(m) > c+2=c+1+ecif wis
collapsed by Lemma@ It remains to prove that N_ () > ¢+ 2 when a = ¢0. This
holds for a = 0 since n > 2. If @ = c0 with ¢ > 1, then we cannot have n — m even
and m(n) = 1. Therefore, the proof of Theorem (1| gives that wy,, o) > a for all
w € N> satisfying Pat(w, X, n) = 7, hence maxy>1 wy > ¢ and thus N_(7) > c¢+2.

In the following four cases, we have N_(7w) =n — 1.

o If 7 =12---n, then 2z ,) = 01---(n—2) and a = n—2.

o If 7 =12---(n—2)n(n—1), then zj; ,y = 01---(n—3)(n—3), 7 is collapsed.
o If m=n(n—1)---1, then 21 ,,) = (n—2)---10 , a = 21 ,)0 or a = z[ ,,)0.
o If 7 =n(n—1)---312, then z[; ,y = (n—3)---100 and 7 is collapsed.

We have ¢ < n —2, and the only permutations 7 € S,, withc=n—2are 12---n
and n(n—1)---1, for which e =0 if n > 3, thus N_(7) < n for all m € S,,, n > 3.

Now suppose that n > 4 and N_(7) =n — 1. If e = 0, then we have ¢ = n — 2,
thus m = 12---nor 7w =n(n—1)---1. If e = 1, i.e., if 7 is collapsed or a = c0, then
we have ¢ = n—3. If 7 is collapsed, then ¢ = n—3 implies that |r—£| = 1 (since 2 y)
contains all digits 0,1,...,¢), and 7 = 12--- (n—2)n(n—1) or 7 = n(n—1)---312.
If a = c0 with ¢ = n — 3 and 7 not collapsed, then m > n — 3 since Z[m,n) 18 a prefix
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of a. For m = n — 3, we have m(n — 3) > m(n — 1), and a = c0 with ¢ > 1 implies
that r = n — 2, thus m(n — 2) > w(n); this gives that z,_3 > z,_1, contradicting
that a = c0. For m = n—2, a = c0 with ¢ > 1 is not possible. Form =n—1,a = c0
with ¢ > 1 implies that r = n — 2 and 2, = 0; if 7(n) € {1,2}, then & with =(1)
removed has at most n — 4 ascents; if w(n) > 3, then z; = 0 for at least 3 indices 4,
thus ¢ < n — 4. By similar arguments, we cannot have m = n and a = (n—3)0.
Forn = 3, Tablegives that max,es, B (m) = b(10) = 1+2‘/5, and the maximum
is attained only for m = 312. In the following, let n > 4. We have just seen that
B_(m) < n — 2 for all but 4 permutations = € S,,. Moreover, we have
B_(12---n)=B_(12--- (n—2)n(n—1)) = b(n—2) =n — 2,

b((n—2)(n—3)---100) = b((n—2)(n—3)---11) if n is odd,
b((n—2)(n—3)---10) if n is even,
b((n—2)(n—=3)---10) if n is odd,
b((n—2)(n—3)---210) if n is even.

B_(n(n—-1)---1) = {

B_(n(n—1)---312) = {

By Theorem 2 of [IT], we have d_p(,,)(1) = w for all
w € {(n—2)(n—3)---10, n — 2, (n—2)(n—3) --- 11, (n—2)(n—3) - - - 210},

except for w = 210, as b(210) = 2. For w = (n—2)(n—3)--- 10, we have [b(w)| =
n—2,w>n—2w>(n—2)(n-3)---210 if n is even, w > (n—2)(n—3) - - - 11 if n is
odd. Hence max,¢es, B_(m) = b(w) € (n—2,n — 1), and the maximum is attained
only for m =n(n—1)---1if n is even, 7 = n(n—l) ---312 if n is odd. O

Proof of Theorem [ By Theorem l ) is an Yrrap number for all 7 € S,, with
B_(m) > 1. Let now 8 > 1 be an Yrrap number, w =d_g(1), and p,¢ > 1 minimal
such that wip4q.00) = Wg,00), -€., d—_p(1) = W ,q)Wig ptq)- Define o € Spyy by

e 0(i) < 0(j) if Wieo) < Wjooy, 1 <, 5 <p+g,

o o(p+4q)=olq) — (—1)P+.
We now define 7w by increasing the differences in p and putting the missing elements

at the beginning, ordered by growth. More precisely, define integers y; recursively
for j=0"t(p+q),...,01(3),071(2), 1 <i < p+qsuch that o(i) = o(j) — 1, by

0 if w; = w;, or wj =w; +1, o(i +1) < o(j +1),

1 if wj =w; +1, (i +1) > 0(j + 1), o(i +1) < o)) or
yr > 1 for some 1 < k < p+ ¢ with o(5) < o(k) < o(5 + 1),

2 if wj =w;+1, oi +1) > 0(j + 1), o(i +1) > o(j) and
yr. = 0 for all o(j) < o(k) < o(j +1).

1 if w; =w; +2, o(i+1) < o(j) and

Yj = yr > 1 for some o(j) < o(k) < o(j + 1),

w; —w; if w; > w; +2, o(i+1) < o(j) or
yr > 1 for some o(j) < o(k) < o(j + 1),

wj —w; + 1 if w; >w; +2, o(i+1) > o(j), and
yr > 1 for some o(j) < o(k) < o(j + 1),

wj—w; — 1 if w; >w; +3, o(i+1) < o(j) and

yr =0 for all o(j) < o(k) < o(j + 1),
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with o(p+ g+ 1) = o(g + 1). For o(j) =1, set

1 ifyp,=0foralll <k<p+4+gqwithl < (k) <o(j+1),
y; = wj +

0 otherwise.

Set ¢ = pJ”lzyj,n—c—l—p—i—q, and define 7 € S,, by

o m(c+J) = 0() + Xickcpra oy<oy Yr or 1 <j <p+gq,
e T(i)<m(jifl1<i<j<ec
With the notation of Theorem [I] we show that a = w for this choice of =,
thus B_(m) = b(d_g(1)) = B. First note that m = ¢+ o~ (p + ¢) and m(n) =
m(c+ q) — (—1)P*9 since wy4q = wy, thus

m=c+1, r=c+gq, ifqg>1, p+qeven,

m=c+1, {=c+q, ifqg>2, p+qodd,

m=mn, {=c+1, if g=1, p+ q odd.
Therefore, 2, n)Z[en) and 2(m,n)Z[rn) respectively are equal t0 2jcy1,c1q)Z[ctq,n)-
To prove that z.4; = w; for all 1 < i < p+ g, with 2z, = 2.44, compare zeqj — 2t
to w; — w; for o(i) = 0(j) =17 0. Let h =37, o\ 0 k) <o(j) Y- Then we have

m(h—k)=m(h)—kfor0 <k <y,, m(h—y;+1) =n(c+i)+1, n(h) =n(c+j)—
We obtain that z,—r = 21 + 1 for 1 <k <y; — 2. For y; > 1, we have

1 ifyp >1forsome 1 <k <p+qwith o(j) < o(k) < o(j5 + 1),

Zetj = Zh +
R h {0 otherwise.

+1) > w(h+ 1) if and only if y > 1 for
< o(j +1). For j = p+ q odd, we have
= p+ q even, we have z.; = Zc4q, and

Indeed, for j # p + ¢, we have w(c+ j
some 1 < k < p+ q with o(j) < o(k)
t = ¢, thus w; = w; and y; = 0. For j
yx > 1 for some o(p + q) < o(k) < o(p+q
o(q) < eo(k) < o(qg+1) (as o(p+q+1) = olq
For y; > 2, we have

+ 1) is equivalent to y; > 1 for some
+1), () = e(p+q) +1 and y, = 0).

1 if o(i +1) < o)),

Zh—y;+1 = Zeti T )
Ys 0 otherwise.

Here, m(h —y; +2) > w(c+ 1+ 1) is equivalent to o(i + 1) < o(j) for i # p+ ¢; for
i =p+q, we have ze1; = ze4q and o(p+ ¢+ 1) = p(¢+1). If y; = 1, then

e 1 ifyr,=0foralll <k <p+qwith o(j) < o(k) < o(i + 1),
b e 0 otherwise.

Finally, if y; = 0, then ze4; = zeys + 13 (0 +1) > 0(j + 1), 2e4j = Zeyi
otherwise. Summing up these differences shows that z.4; — ze4s = w; — w; for
0(i) = o(j) —1 # 0. For o(j) = 1, we have z;, = k — 1 for all k < h = y; and
Zetj — zn is given above, thus z.1; = w;.

Therefore, we have 2. 1,,) = w[1,n). The minimality of p and ¢ gives that 7 is
not collapsed, hence a = wy; oWy p1q) = d—p(1). O
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