ON THE ERGODIC THEORY OF TANAKA-ITO TYPE o-CONTINUED
FRACTIONS

HITOSHI NAKADA AND WOLFGANG STEINER

ABSTRACT. We show the ergodicity of Tanaka—Ito type a-continued fraction maps and construct
their natural extensions. We also discuss the relation between entropy and the size of the natural
extension domain.

1. INTRODUCTION AND MAIN RESULTS

In 1981, two types of a-continued fraction maps were defined by [0l 12]: For « € [0, 1],
e the first author considered in [6] the map

1 1
1) T(x) = | —Hx\ﬂ—aJ,
e S. Tanaka and S. Ito [12] studied
1 1
@) T =3 - [3+1-].

where 0 # z € [ — 1, ) and T,(0) = 0.

The main aim of these papers was the derivation of the density functions of the absolutely
continuous invariant measure by constructing the natural extension of a 1-dimensional continued
fraction map as a planar map. For the map , this was successful only for % <a< @, though
for % < a<1incase (I)). In [5], this was extended to all a € (0, 1] in case . Here, we show that
\/5271
type in the above, except where specified otherwise. Then T, is symmetric w.r.t. % Therefore,
we can assume that % < a <1, and it is easy to extend our results to 0 < a < % Since there

V51
2

this method also works for o > in case . In the sequel, the map T, denotes the second

and

were no proofs of the existence of the absolutely continuous invariant measure for o >
for the ergodicity w.r.t. this measure for a > %7 we give these proofs for all a in [%, 1].

In §2, we give some basic properties of T,,, in particular that the set of full cylinders generates the
Borel algebra (Proposition . In §3, we show the existence of the absolutely continuous invariant
probability measure u, for T, by the classical method (see [§]) based on Propositions [I| and
We note that Rychlik’s result [I0] implies the existence of the absolutely continuous invariant
measure; however, Propositions [I| and [2| show both the existence of the absolutely continuous

invariant measure and its ergodicity altogether.

Theorem 1. There is an ergodic invariant probability measure po for the dynamical system
([ = 1,0), Ty) which is equivalent to the Lebesgue measure.

Recall that an ergodic measure preserving map S is the natural extension of an ergodic measure
preserving map S if S is invertible and any invertible extension of S is an extension of S. We give
the natural extension of T, as a planar map

T = (3 [+1 -] o)

Date: September 27, 2020.
2010 Mathematics Subject Classification. 11K50, 11J70.
This work was supported by the Agence Nationale de la Recherche, project CODYS (ANR-18-CE40-0007).

1



2 HITOSHI NAKADA AND WOLFGANG STEINER

with 7,(0,y) = (0,0), and the natural extension domain

Qo = [J T2 (la—1,0) x {0}).

n>0

Then (1 + )2 gives an absolutely continuous invariant measure i of (Q4, 7o), and we denote by fi,,

the corresponding probability measure. The main problem here is to show that €, has positive
Lebesgue measure. We show the following theorem, where the density function of . is given by

L,
ﬂ(QCE) y:(%y)EQa (1 +$y)2 .

Theorem 2. For a € (g,1], Q4 has positive Lebesgue measure and thus (Qu, Ta, fia) s a natural
extension of ([a — 1, a), Ty, tia)-

‘We note that the existence of u, follows directly from the result in §4 but we need the ergodicity
proved in Theorem [I| for the concept of the natural extension.
In §5, we give a selfcontained proof that Rokhlin’s formula

WT) = [ ~2logls]du,
[a—1,a)

holds for T, (Proposition [6]); we refer to [13] for the general case of one dimensional maps. In
this paper, we use Propositions [I] and [5] with the Shannon-McMillan-Breiman—Chung theorem;
see [2 4]. Moreover, we show that

. 1
—2n11_>1rr01O - log |ga,n(x)] = h(Ty)

for almost all x € [a — 1, a), where ¢qo. () is the denominator of the n-th convergent of x given
by T,; note that Tanaka and Ito [12] mentioned this fact for & = 1/2.

The behavior of the entropy as a function of « will be discussed in the forthcoming paper [3].
In the case of T, defined by (1)), it was shown in [5, Theorem 2] that h(T,)i () = 72/6 for all
a € (0,1], where [ is the invariant measure of the natural extension given by % (without

normahzatlon For T, defined by . this does not hold: for « = 1, the maps defined by (/1)) and
are equal and we have thus h(Ty)(Q1) = 72/6 in both cases; for a = 1/2, the maps defined by
and (2) produce the same continued fractlon expansions and have thus the same entropy, but
91/2 for (2) is equal to £y ,9 U (=2 /2) for , hence we have h(T} 2)f1(§2/2) = 72/3 in case .
For case (2), we have the following.

Theorem 3. The function
a— h(T,) 4(Q4a)

is a monotonically decreasing function of o € [%, 1].

2. SOME DEFINITIONS AND NOTATION

We start with basic definitions. Since we discuss a fixed a, we omit « from the index. We define

ap(r) = {Tfﬁll(x)

when TF=1(z) # 0. We put ax(x) = 0 if T*~1(z) = 0. Then we have
L], 1] |

B lai(z) | az(x) | an(2)

+1—aJ, k>1,

+ot

+...7

and the right hand side terminates at some positive integer n if and only if z is a rational number.
As usual we put

®) @ng; ‘ZZEQ)ZG @)) (2 @))((1) 1())
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when ap(z) # 0. It is well-known that

pn(z) _ 1 ‘ 1 ‘ 1 ‘
@ ~[a@  Ja@ 7 [a@)

and we call 2 "Eg the n-th convergent of the a-continued fraction expansion of z. It is easy to

see that T (x) is a linear fractional transformation defined by the inverse of , where is the
same matrix for all z in the same cylinder set of length n. Then we see that

(4) pn(m) = an(x)pnfl(x) +pn*2($)7 Qn(x) = an(z)anl(x) + qn72(£r)7
5 P @)T2() + pale)
In—1(2) T8 (x) + gn(x)’
and
’.’1?— pn(x) _ ngl(x) .
qn () 4n(2) - (qn-1(@)T2(2) + gn(x)) |

here we note that the determinants of all matrices in are +1.

In general we use the notation <§ n-l Z ") without  when ay, ..., a, is given without . For

n—1 n
a given sequence of non-zero integers, a1, ag, ..., a,, we denote by (a1, asg, ..., a,) the associated
cylinder set, i.e.,
(ar, a2, ..., an)y ={zx €fla—1, @): a1(z) =ay,...,an(x) = an}.
A sequence aq, as, ..., a, is said to be admissible if the associated cylinder set has an inner point;
here we note that any cylinder set is an interval. A cylinder set is said to be full if
T ((a1,az2,...,a,)) = [a— 1,a).
Because of the definition we see that
_1(x 1 1 1
in(): ‘_|_ ‘_|_”._|_ ‘
@) [an@) " [an (@) [ax(2)
We set
V-1
=

Lemma 1. For any cylinder set {a1,as,...,a,), we have

)\(<CL1,CL2, - aan>) S g—2(n—l)/27

where \ denotes the Lebesgue measure.

Proof. For |z| < g, we have |T),(z)| = % > g%. For z > g, we have |(T2)(z)| = W > g%.
Since the cylinder of length 0 has measure 1 and each cylinder of length 1 has measure at most 1/2,

this shows the assertion of this lemma. (]
Proposition 1. The set of full cylinders generates the Borel algebra of [a — 1, ).

Proof. Fixn > 1. If

(6) TE(ay,a9,...,ax)) # [a—1,a) forall 1 <k <n,

then (a1,a2,...,a,) is a concatenation of sequences of the form (ai(c),as2(a),...,a;(a)) or
(a1(a—1),a2(a—1),...,a;(a—1)), 1 < j < n. This implies that the number of admissible se-
quences satisfying @ is at most 2". We put

Bn: U <a17a27~.~,an> and B: ﬂ BTL‘
(al,...,an)with@ et

From Lemma [Tl we have

(7) NBy) < (2¢%)7"F1/4,



4 HITOSHI NAKADA AND WOLFGANG STEINER

and then A\(B) = 0 since 2¢g*> < 1. Then we see that

A(glnﬁuﬂ>:o

This implies that for a.e. v € [o — 1,a) we have T2 (x) ¢ B for all n > 1, hence there exists
a sequence n; < ng < --- (depending on z) such that T0* ({a1(z),az(x),...,an,(z))) is a full
cylinder for any k > 1. This shows the assertion of this proposition.

The following lemma is essential in this paper.

Lemma 2. Let (ai,...,a,) be an admissible sequence. If a € [%,g], then we have |g,| > [gn—1].
If o € (g, 1], then we have —3 < q’q‘—’l < 2, with q’q‘—’l > 1 only if ap, = 1.

Proof. We proceed by induction on n. Since go = 1, ¢1 = a1, |a,| > 2 when « € [%,g], a, >1or
an < —3 when « € (g, 1], the statements hold for n = 1. Suppose that they hold for n — 1 and
recall that -9 = a,, + 2=2 by (4).

dn—1 -
If a € [3,g], then |a,| > 2 gives that | 72| > 1; see also [12] Remark 2.1].
Let now « € (g, 1]. If a,, < 0, then we have a,, < —3 and a,,—1 # 1, thus q""—’:l < =2 Ifa, >0,

then we have qul > % when a,, > 2, and qz: > % when a,, = 1. O

We now define the jump transformation of T,, which we will use to show the existence of the
absolutely continuous invariant measure. From Proposition [1} for a.e. x € [a — 1, a) there exists
n > 1 such that T2 (a1(x),...,an(x)) = [ — 1, ). We denote the minimum of those n by N(x).
If there is no such n, then we put N(x) = 0. The jump transformation of Ty, is

(o)

To:la—1,a) = [a—1,0), z—TN® ().
Note that y € (a1(x),...,an(x)) means that a;(y) = a;(z) for all 1 < j < n. Hence we see that
N(y) = N(x). Thus there exists a countable partition J = {J; : k > 1} of [@ — 1, ) such that
each J, is a cylinder set of length N, with T (z) = TN*(z) for x € J;, and T Jy # [a — 1,0),
1 <j < Ni, TN J, = [@ — 1,a). Obviously, T, is a piecewise linear fractional map of the form
quI - ka
—qN,—1Z + PN, —1
for « € Ji, and it is bijective from Jj to [a — 1, &).

3. EXISTENCE OF THE ABSOLUTELY CONTINUOUS INVARIANT MEASURE AND ERGODICITY

We first prove the following.

Proposition 2. For any admissible sequence aq, ..., an,,
1 /
92 < |wa1 ,,,,, an(y)| < 72
n n
holds for ally € T2 {a1,...,an), where g, . 4, isthe local inverse of T} restricted to (a1, ...,an).
Proof. From , we see that
,(/} ( — Pn—1Yy + Dn
e o dn-1Y =+ dn
and then )
Y, Y| =r—""7"
| a1rin )| (19 + qn)?
for y € T {ay,...,an). If a € [1/2,g], then we have y € [-1/2,¢) and thus
g2 < 1+y<1n—1 <l+4g
an

by Lemma If o € (g, 1], then we have y € (—g?,1], with y > 0 if a,, = 1, thus

1 "
Scl4y=l o3 0
2 In
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o
Proposition 3. There exists an invariant probability measure v for T that is equivalent to the
Lebesgue measure.

Proof. For any cylinder set J of length n such that T7'J = [ — 1, «), the size of J is
Pr-1()Tg (@) + pla@)  po—i(o—1)TF(ar — 1) + pp( — 1)
Gn-1()TF (@) + anl@)  gn-1(a = 1)TE(a = 1) + gn(a — 1)

From Lemma [2[ and Proposition [2| this is ~ ¢2 since the condition on J implies that |a,| > 2.
Then there exists a constant C; > 1 such that for any measurable set A C [oo — 1, &)

CT'A(A) < AT ™(A4)) < C1A(A).
By the Dunford—Miller theorem we have that

1 & .
v(A) = lim > A(Ta""(4))

exists for any measurable subset A. It follows from the above estimate that
CrA(A) < w(4) < CiA(4),

hence v is a finite measure which is equivalent to Lebesgue measure. O
Proposition 4. The map T is ergodic w.r.t. the Lebesque measure.
Proof. Suppose that A is an invariant set of T\, with A\(A) > 0. For any € > 0, there exists a
full-cylinder set J of length n such that

AMANJT)

A(J)

Then we see that there exists a constant C5 > 0 such that

>1—c.

TEHANT) > 1—Cee and ADTE(AN).
This shows A(4) = 1. O
We can now prove the ergodicity of T,.

Proof of Theorem[], We refer to [I1] for determining the absolutely continuous invariant measure
o

for T, from that of T, and the fact that the ergodicity of T, implies that of T,. Indeed we put

(oo}

(8) po(A) =Y v(T,"ANBy)

n=0

which is an invariant measere for T,,. Then the porperty
o0
> ABy) < o0,
n=1

see , ensures the finiteness of the absolutely continuous invariant measure. Hence we have the
invariant probability measure p by normalization of pg. Since p is equivalent to v, it is equivalent to
the Lebesgue measure A. Thus from Proposition[d] it is easy to see that T}, is ergodic w.r.t. . O

Corollary 1. The map T, is ezact w.r.t. p, i.e. the o-algebra NS T, "B consists of sets of
w-measures 0 and 1.

Proof. For any interval I C [a — 1, ), we have

lim T2 () = [a—1,«).

n— oo

Indeed, from the proof of Proposition [I, we can choose an innner point x of I so that
(a1(z),az(x),...,an(z)) is a full cylinder. This shows the assertion of this corollary; see [9]. O
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Remark. 1t is possible to show that T, is weak Bernoulli following the idea of the proof by R. Bowen
[1], and the proof is similar to the case of other a-continued fraction maps; see [7].

4. PLANAR NATURAL EXTENSION

We consider the planar natural extension map

s e (= g+ -] )

with 74(0,y) = (0,0), and the natural extension domain

— U Tala-La) < 0}).

n>0

It is well known that Q; = [0,1]2. It is easy to see that (Qaﬂ;, m) is a natural extension

of T, if Q, has positive (two-dimensional) Lebesgue measure; see [0, Theorem 1]. The invariance

of the measure /i given by dj = % is proved in the same way as those in [6, 12].
The shape of £, was determined by Tanaka and Ito [12] for a € [1/2, g]. In particular, we have
(9) Qg =[-¢% | x 1 = V2, 55 U [-¢",g] x [ 5 — 1,2~ V2];

see Figure[I] The main purpose of this section is to prove that ), has positive measure for a > g.
To this end, we show that €2, is contained in a certain polygon X, and then we relate £, to £2.

Lemma 3. Let « € (g,1) and d = —a1 (o — 1). We have Q, C X, with
Xo = [a=1Tala=1)]x [5—5— =) Yla—1,a] x [0, 2= V2]U[ L~ 1,a] x [2-V2,V2].
Proof. We see that T, (X,) C X, by determining the images of rectangles

E(M—L;%ﬂx[Lq@ﬂ—Vﬂ%:h—an—U]xbﬁi@t%jL

To((255,0) x 1= V2,2 V2]) = [a - L) x [=.0),
To((0.55] x 1= v2,v2]) = [a = 1,0) x (0, 125],
Ta((F2 2] % [Z5 - 1.v2)) = [o—1,0) x [1 - Z5,2- V2],
mwﬂﬂ%l¢@=k4mxm+wﬁ
andbyus1ngthat2fd:ﬁ—l—\/ilfd—?.,zdeZJM/ f 1ifd > 4,
Tola—1)= 25 +3< 5 ifd=3, an — 1. This implies that Q, C X,. O

We establish a relation between a-expansions for different «; see also [3].

Lemma 4. Letg<a<p<l,ze€la—1,a),z€[f-1,0).
1) Ife=zor(z+1)(1—2)=1o0r(1—2z)(z+1) =1, then Tg(z) — To(x) € {0,1}.
(2) Ife+2z=0o0r (z+1)(z+1) =1, then To(x) + Ts(z) € {0,1}.
(3) If z—x =1, then (x+1)(Tg(z) +1) = 1.
(4) If x4+ 2z =1, then

(Tu@+ D1 -9 =1 o>y
(I-2)(Ta(z)+1)=1 zfz>ﬁ+1,
(To(z) + 1) (Ta(2) + 1) =1 otherwise.

Proof. In case , we have L — 1 € {~1,0,1} or # = 2 = 0, thus Ts(z) — T (z) € Z. We clearly
have T3(z) — To(z) € (B —a —1, B—a—l—l) (-1,2—g), thusTﬂ( ) — Tn(z) € {0,1}.
In case (2), 2+1 € {~1,0} or & = 2z = 0 gives that T (2)+T3(2) € ZN[a+B—-2,a+3) = {0,1}.
In case (3), we have z =2+ 1> a > g, thus Ts(z) = L — 1 and (z + 1)(Tp(z) + 1) = 1.
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—g*a—1 —Tala=1) 0 Ty(a—1) g 1-1 ga

FIGURE 1. The natural extension domain Qg is in grey; for a = 13/20, Q, is
contained in the dashed polygon X, and contains the black rectangle.

Finally, in case (4)), if z > =, then T,,(2z) = £ —1 and (T, (z)+1)(1—2) = 1. Similarly, z > -+
a+1 T B+1

implies that (1 —x)(Ts(z)+1) = 1. Ifacgoé#ﬂandzgﬁﬂchengc:l—,zz%ZﬁzO%r2
o 1 1 1

and z =1—x > atl = 313 2 Ao We cannot have z = P because this would imply that

a = g = 8 = z, contradicting that z < . Similarly, we cannot have z = ﬁ From z € (a%_g, Q_IH]
and z € (ﬁ, ﬁ], we infer that (Ta(z) +1)(Ts(2) +1) = (L —1)(1 —1) =1 O

Lemma 5. Letg<a<pf<l,z€la—1,a),z€[—1,8), withz—xz € {0,1} orz+z € {0,1}.
Letn > 1 be such that T"1(x) < % Then there is some k > 1 such that Té“(z) —T7(x) €{0,1}
or TpH(z) + Tj(z) € {0,1}.
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Proof. Denote x; = T (z) and z; = Té( z). By Lemmaand since x,—1 < ﬁf_l < %—H’ we have

2z — @y € {0,1} or &, + 2 € {0,1} or (z, +1)(2,+1) =1 for some k > 1. If (z, + 1) (2 +1) = 1,
then zx_1 —x, = 1 (and k > 2) because 1 —x,,_1 = 21 < ﬁ would contradict z,_1 < % O
Define
S(x,y)Z{(x,y),(— ) (‘r+17ﬁ) (1_337 y+1)}

Lemma 6. Let g < a <5 <1, (5,9) € Da, (9) € S,u), (t0,0) = T (o
Ifze|p—1,8) and y, <1— f’ then there is some k > 1 such that T’“( Z,7

,y) for some n > 1.
9) € S(Tn, Yn)-

Proof. Since Q, C X by Lemma |3 y, < 1 — \% implies that a,(z) > 3 or a,(z) < 0, ie.,
T 1(x) < a+2 < B+1 Therefore, by Lemma we have some k > 1 such that Tk( ) =T (x) €
{0,1} or T2 (2) + TB( x) € {0,1}. Considering the associated linear fractional transformations, we

obtain that T’f(i 9) € ST (z,y). O

Lemma 7. Let g < a< <1, (z,y) € Qy withy <1 — % Then we have S(z,y) N Qg # 0.

Proof. Assume first that (z,y) = TJ'(z, 0) for some n >0, z € [« — 1, ), and choose % € [ —1, 3)
such that (2,0) € S(z,0). Sincey < 1—7 Lemma/6|gives some k > 0 such that 7.%(Z,0) € S(z,v),

thus S(x,y)N Qs # 0. Aseach (z,y) € Q, is the limit of points 7*(z,0), this proves the lemma. [

From Lemmamwith o = g, we can easily conclude that Q3 has positive Lebesgue measure, and
the following lemma provides rectangles in the natural extension domain.

Lemma 8. Let o € (g,1), d = —a1(a—1), b= |To(a — 1) + a]. We have Y, C Qy, with

Yo=[a-1b-Tola =] x [mo3= mvaa) Yo —La] x (355 V2 - 1]

Proof. Let (x,y) € Q4\Qq with y < 0. Then Lemmagives that (—z, —y) € Qg or (x+1
Qo or (1 -w, %) € Q. Wehavethus( —y) € Qq when [z <1—o, (1 -2, 7%) € Qo when
z>1—oa. Ifx<a—1andy<2 73 d,thenwealsohave(—x,—y)eQabecausex—i—lzgand
y <m1mply that (x + 1, Ty)¢Qa by Lemma

I-y
From Lemma and equation @[), we get that

([0 g% [1-V2, 5= U(Tala=1), 9]¢ [ m5=2) )\ (62 0] X [1-V2, 1) € 9\,

Considering points (z,y) with < 1 — a in this union of rectangles, we obtain that

L) e

(Ol — 1’92] X (m,\/i— 1] U (O[ - 1,max{a — 1, —Ta(Oé — 1)}) X (ﬁ, m] C Qa

If d > 4, then points (x,y) with > 1 — « and y > % — 1 provide that

9%, @) x (370575 V2 = 1] U [¢*. min{a, 1 = Tu(a = D)}) % (577575 770575 C Qa-

By distinguishing the cases T,(« — 1) <1 —«, ie., b=0, and To(a — 1) > 1 —a, ie., b= 1, we
get that Y, C Q. (Note that €, is a closed set.) O

Since for o € (g,1) we have d > 3, with b = 0 if d = 3, Lemma [8 shows in particular that

(10) [a — 1,min{a, 2= —3}] x [1 - L, v2-1] c Q,

ﬁv

(with ﬁ —3> a—1). Theorem [2|is a direct consequence of this inclusion.



ON THE ERGODIC THEORY OF TANAKA-ITO TYPE o-CONTINUED FRACTIONS 9

5. ENTROPY
From , we obtain the following proposition.
Proposition 5. There exists a positive constant Cs such that
Ci ' A(A) < pa(A) < C3A(A)
for any measurable set A C [a — 1, ).

Proof. By Proposition we have a full cylinder (a1 (z),...,a,(2)) C [@—1,min{l1—a, 1~ —3}].
Then there exists a real number yo and a positive number 7 such that

%"((al(x),...,an(m» X [1 - %’\/5_ 1]) = [Oé - 170) X [y()ayO +77]'

This shows that there is a positive constant C% such that £(z) > C%, where

1 1
- - 4
@)= Ao / o, AT oy ¥

is the density of ji. On the other hand, since Q, C [a —1,a] x [1 —+/2,v/2], we can find C¥ such
that £(z) < Cf. Altogether, we have the assertion of this proposition. O

Let h(T,) denote the entropy of T, with respect to the invariant measure p,. The following
shows that Rokhlin’s formula holds, as mentioned at the end of §3.

Proposition 6. For any 0 < a <1, we have

h(Ta) = _/[ ) )long dﬂa(m)

and

1
MT,) =2 1i_>m —log|gn(z)| for a.e. x € [a — 1, ).
n—oo N

Proof. Choose a generic point zg € [a — 1, «) so that

e there exists a subsequence of natural numbers (ny)r>1 such that (a1(2¢), ..., an, (o)) is
a full cylinder for any k& > 1,

o —lim, o0 % log jiq (<a1(x0), ... ,an(m0)>) = h(Ty,),
o limy oo & 3N og | T (T (20))| = — f[a_La) log 22 djiq ().
For each ny, we see that

(11) )\(<a1($0)7"‘7ank(’r0)>> =

From Proposition [5] we have

Pnp—1 -« +pnk _ Png—1 - (Oé B 1) +pnk
Qnj—1 * O+ Qn, Qny—1 (a—1)+ dn,,

lim 1 log ,ua(<a1(x0), ey Cpy (x0)>) = kli—>nolo nik log)\(<a1(x0), ey lpy (x0)>)

k—o00 N

Then by the mean-value theorem and there exist yx € [« — 1, ) such that

hMT,) = — lim x log

k—o00 N

¢Q1(mo)---ank(mo)(yk)’ .

From Proposition [2] we see

1
h(Ty) = — lim — log

k—o00 M

%1(10)...@% (o) (Tk) ’

for any gi € [ — 1, ). So we can choose g = T2*(zp). Then

1
/ 7 —
Yosteoran o0 = Ty )
holds. Consequently by the choice of xg and the chain rule we have the first assertion of this
proposition. The second assertion also follows from Proposition O

Finally, we establish the monotonicity of the product h(Ty)i(Qe)-
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Proof of Theorem[3 For each o € [1/2,g], we have h(T,) = = and i(Q2,) = —2logyg. Let now
g<a<pf<l,d=—-a1(a—1),b=|Tou(a—1)+ a]. Set

(max{l—,@,ﬁ—l—d—&—l}) [——, — ]mQ if Tp(a—1) = a—1,

1-v2-d’ —v2-d
Xa,p = { (max{a— 1,5 4 d}, Tala—1)] x [;—— e f N9 ifa-1<Ta(a—1)<1-5,
(max{1— B, 51 +d} Tala— l}x[2 T4 10 f d]ﬂQ if Tp,(a—1) > 1-5.

Note that X, g C X \ Xg, and we have (X, g) > 0 because of (10 together with 7,(Q4) C Qaq,
Talla=1,2] x [1=v2,2=V2)) = [Ta(2), Ta(a—1)] X
and, in case Tp(a — 1) = a — 1,

Ta((a =12 x [1-V2,2=V2]) = [Tu(2), Ta(a = 1)) x {5, —A—) for all z € (a = 1, =],
Let

[2 T f 5] forallz € (a a—1,——]

(—z,—y) if To(a—1) e (1—a,1-70],
(1 -, y+1)
Then we have i(¢(Xq 5)) = (Xq,5) and, by Lemma ©(Xa,8) C Qg. Let 7. be the first return
map of 7o on Xq g, and let T3 be the first return map of 75 on ¢(Xq,p). For (z,y) € Xa, we
have, by Lemma (6, T ¢(z,y) € STe(z,y) for some k > 1, thus Tﬁ’%p(x y) = ©Talz,y), hence

oTa(z,y) = Nﬁmgo(:n,y) for some m > 1. This implies that h(TB) < h(T). Abramov’s formula
gives that

T,y) = .
#lz,9) otherwise.

h<7~;>“ (T.) and h(%)%h(m

thus 2(25) h(T5) < () h(T2)- O
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