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ABSTRACT. For two real bases ¢o,q1 > 1, we consider expansions of real
numbers of the form 77 | 4x/(qi, ¢in - - - ¢s,, ) With i € {0,1}, which we call
(o, q1)-expansions. A sequence (i) is called a unique (qo, g1)-expansion if
all other sequences have different values as (qo, q1)-expansions, and the set of
unique (qo, ¢1)-expansions is denoted by Uy ,q, - In the special case g0 = q1 =
q, the set Ug 4 is trivial if ¢ is below the golden ratio and uncountable if ¢
is above the Komornik—Loreti constant. The curve separating pairs of bases
(go, q1) with trivial Uy ,q, from those with non-trivial Ug,,q, is the graph of a
function G(qo) that we call generalized golden ratio. Similarly, the curve sepa-
rating pairs (qo, q1) with countable Uy, 4, from those with uncountable Uy, q,
is the graph of a function K(go) that we call generalized Komornik-Loreti
constant. We show that the two curves are symmetric in go and g1, that G
and K are continuous, strictly decreasing, hence almost everywhere differen-
tiable on (1, 00), and that the Hausdorff dimension of the set of gog satisfying
G(g0) = K(qo) is zero. We give formulas for G(go) and KC(go) for all gog > 1,
using characterizations of when a binary subshift avoiding a lexicographic in-
terval is trivial, countable, uncountable with zero entropy and uncountable
with positive entropy respectively. Our characterizations in terms of S-adic
sequences including Sturmian and the Thue—Morse sequences are simpler than
those of Labarca and Moreira (2006) and Glendinning and Sidorov (2015), and
are relevant also for other open dynamical systems.
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1. INTRODUCTION

Non-integer base expansions of real numbers
o i
T = Zq% (ir) € {0,1,...,m}*,

k=1
where ¢ > 1 is a given non-integer real number and m is a given positive integer,
have been intensively studied ever since their introduction by Rényi [40]. While
most integer base expansions are unique, in non-integer bases a number has typically
infinitely many expansions [I8, 20, [19] 42| [8]. However, the sets of numbers U, (m)
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with unique expansions, also called univoque sets, have many interesting properties
[29], 16, [3, [6, [7, 45], 17]. In particular, U, (m) is the survivor set of a dynamical system
with a hole, and this kind of open dynamical systems have received a lot of attention
in recent years [I} 24}, T4 [9, [25], involving connections to several mathematical fields
such as fractal geometry, ergodic theory, symbolic dynamics and number theory.

Let us recall a remarkable theorem of Glendinning and Sidorov [23] concerning
the two-digit case m = 1, where ¢ ~ 1.618 denotes the golden ratio, and g ~
1.787 denotes the Komornik—Loreti constant, i.e., the smallest base ¢ > 1 in which
x = 1 has a unique expansion:

if 1 < g < ¢, then Uy(1) has two elements;

if ¢ < ¢ < qir, then U, (1) is countably infinite;

if ¢ = gk 1, then U, (1) is uncountable but of zero Hausdorff dimension;
e if ¢ > g, then U, (1) has positive Hausdorft dimension.

This theorem was generalized for m > 1 [15, [16] 8, [1I7], and the Hausdorff dimension
of Uy(m) as well as the topological entropy of the underlying set of digit sequenes
U,(m) have been the subject of a large number of research articles [27, 2, [5], 4], 26],
32, [6l, [7]. In particular, we know that the topological entropy of U,(m) is constant
(as a function of ¢) on infinitely many disjoint intervals [27] [2], the first of these
entropy plateaus being (1, ¢x].

The main tools in these investigations are the lexicographic characterizations
of unique and related expansions that generalize a classical theorem of Parry [38].
They have been extended by Pedicini [39] to more general alphabets {dy, d1, ..., dm}
with real digits. Based on this theorem, the threshold separating bases with trivial
and non-trivial univoque sets, called generalized golden ratio, was determined in [2§]
(and later in [10]) for all ternary alphabets {do,d1,d2}. The determination of the
next threshold, which separates bases with countable and uncountable univoque
sets and is called generalized Komornik—Loreti constant, seems to be a difficult
problem for ternary alphabets, but a closely related question was solved partially
in [3T] and then completely in [44].

Recently, some of the preceding results were generalized to multiple-base expan-
sions of the form

oo .
(253 .
x = —  (ix) €{0,1,...,m},
; Qi1 Giy " * Giy,
where m is a positive integer and qo, g1, - - -, ¢m > 1 are given bases [34, 36| 37], and
furthermore to expansions of the form
1k . oo
x = —— 0 (ix) €{0,1,...,m},
where S = {(do, q0), (d1,q1), .-, (dm,qm)} is a given finite alphabet-base system
of pairs of real numbers with ¢o,q1,...,¢, > 1 [30]; this contains all preceding
expansions as special cases.

The purpose of this paper is to extend results on the cardinality of univoque sets
to alphabet—base systems. We restrict to the binary case S = {(do, q0), (d1,¢1)}, as
we have seen above that the ternary case is already difficult when all bases are equal.
We first show that this 4-dimensional problem can be reduced to 2 dimensions
because the system {(do, qo), (d1, 1)} is isomorphic to {(0, go), (1,¢1)} (except in the

degenerate case q;jﬂ 7= qldip where z = qf31 for all expansions). Now, we for each
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fixed go > 1, two critical values G(qo),K(qo) > 1, called generalized golden ratio
and generalized Komornik—Loreti constant, which separate pairs of bases (qo, q1)
according to whether the univoque set is trivial, uncountable or in-between. We
give various properties of the functions G and K and formulas for G(go) and K(qo)
for all gy > 1 in Theorems below.

To prove our main results, we study the critical values of the survivor set in dy-
namical systems with a hole. More precisely, we characterize in Theorem 2.5 below
when a binary subshift never hitting a lexicographic interval is trivial, countable,
uncountable with zero entropy and uncountable with positive entropy respectively.
This improves and simplifies results of Labarca and Moreira [33], which were used
as tools for understanding the properties of Lorenz maps. Our characterizations
are also simpler than those of Glendinning and Sidorov [43, 24], who investigated
the critical values of the symmetric and asymmetric holes for the doubling map.
Note that positive entropy of binary subshifts with a hole plays also a crucial role
in the characterization of critical itineraries of maps with constant slope and one
discontinuity, also called intermediate S-shifts [I1]. Based on our results, the first
entropy plateau is also given by the generalized Komornik—Loreti constant. The
investigation of further fractal and dynamical properties of the univoque set is left
as an open problem.

2. STATEMENT OF THE MAIN RESULTS
Fix a finite alphabet-base system S := {(do,q0), (d1,q1),- -+, (dm,qm)}, and set

= d;, .
rs((in) = — 2% (i) € {0,1,...,m}>.
()= 30 B (e )
If ms((ix)) = =, then (ix) is called an S-ezpansion of the real number z. The system
S is called regular if

7s(0) < ms(10) < -+ - < ws(m0),
ms(0m) < ws(1m) < - -+ < ws(M),

7s((i41)0) < ws(im) for all 0 < i < m.
Here and in the following, ¢ denotes the infinite repetition of a digit (or a finite
sequence of digits) c¢. Regular systems S were studied in [30], where it was shown
that = has an S-expansion if and only if z € [r5(0), 7s(7)]. Let

Us:={ue{0,1,....,m}* : msg(u) # ns(v) for all v # u}

be the set of unique S-expansions. The points 7s(0) and g () trivially have unique
S-expansions, and we call Ug trivial if Us = {0,m}. The set Us is shift-invariant,
and we denote its (topological) entropy by

1
h(Us) = lim —log An(Us),

where A,,(Us) is the number of different blocks of n letters appearing in the se-
quences of U5E|

LThis is the usual definition of topological entropy for subshifts. The set Us need not be closed
but taking the closure adds only countably many points, hence the entropy defined by Bowen [13]
is equal to the entropy of the closure.
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In this paper, we study regular systems S = {(dop, qo), (d1,¢1)} with do,d; € R,
qo,q1 > 1; the case of larger systems is more complex. We show in Lemma 3.1
that the structure of the S-expansions is isomorphic to those in the alphabet-base
system {(0,qo),(1,¢1)}. Hence in the following we can restrict ourselves without
loss of generality to the case where dy = 0 and dy = 1. For simplicity, we write
Tgo,qr and Uggq, instead of m,q0),(1,9)) a0 Ug(0,00),(1,01)3+ €55

- i
. k
Tgo.qu (1102 ) = _
o iy din iz iy
UQO;th = {u € {0’ 1}00 P Tgo,q1 (u) # Tq0,q1 (V) for all v # u}'
The goal of this paper is to characterize

G(qo) == inf{q1 > 1 : Ugo.ar # {G’T}L
K(go) :=1inf{g1 > 1 : Uy, 4, is uncountable}.

We first state results that do not require further notation, before going into details.

Theorem 2.1.
(i) The functions G and K are continuous, strictly decreasing on (1,00), and
hence almost everywhere differentiable.
(ii) For all go > 1, we have

6(Ga0) = a0, mox{ b < - 10l 1) <
% _Kla) }
o 1

KO = a0, < (a0~ D(K(an) ~ 1) < min |

(iii) For qo > 1, we have

1 1
(90 —1)(G(q0) — 1) = 5 = G(q0) = K(q0) <= (g0 —1)(K(q0) — 1) = =
qoﬁ if and only if g¥ = qo+1 for some integer k > 2,

— _ — 1 - . _ qf .
(g0 —1)(G(qo) — 1) = COES] if and only if qo = e} with g1 > 1 such that
qt = qi+1 for some integer k > 2.

(iv) The Hausdorff dimension of {qgo > 1 : G(qo) = K(qo0)} is zero.
(v) Forall go > 1, g1 > G(qo), the set Uy, 4, is infinite.

(vi) For all gqo > 1, g1 > K(qo), the shift-invariant set Uy, 4, has positive entropy,
and Tgy.q0 (Ugo.qn) has positive Hausdorff dimension.

Our main result is a precise description of G and K in terms of equations
1 Tge.qn (W) = 1 and go Ty, ,q, (v) = 1 for certain expansions u,v € {0,1}>°, where
= 1
Tap.qn (iniz ) =D e =y, g (1) (1) ).
b1 Qi1 Qis " * " iy,
If the equation ¢1 7y, ¢, (u) = 1 has a unique solution ¢; > 1, then we denote this
solution by gu(qo). If the equation go 7g,.q (V) = 1 has a unique solution ¢; > 1,
then we denote this solution by gy (qo). If the equation g4 (go) = gv(go) has a unique
solution go > 1, then we denote this solution by fiy v. In Lemmas 2 and .4
we will show that gu(qo), Gv(¢o) and gy, are well defined for all u, v, gp that are
relevant for us.
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The involved words u, v are defined by the substitutions (or morphisms)

L:0w0, M:0—01, R:0~ 01,
1+ 10, 1+ 10, I—1,
which act on finite and infinite words by o (i192---) = o(i1)o(i2)---. We use the

notation S* for the monoid generated by a set of substitutions S (with the compo-
sition as product). For a sequence of substitutions o = (0, )n>1 € {L, M, R}> and
any u € {0,1}°°, the limit word
o(u):= lim o109 --0,(u)
n—oo

exists because o(i) starts with ¢ for all o € {L, M, R}, i € {0,1}. A sequence of
substitutions (o,,)n>1 is primitive if for each n > 1 there exists k > n such that the
image by 0,041 -0k of each letter contains all letters; for o € {L, M, R}, this
means that o does not end with L or R. Note that the limit words of M are the
Thue—Morse word and its reflection by 0 <> 1; limit words of primitive sequences in

{L, R} are Sturmian words, and limit words of primitive sequences in {L, M, R}
are called Thue-Morse-Sturmian words according to [44]E|

Theorem 2.2. The map G is given on (1,00) by

9o (@0)  if 40 € [lte@),0(10) Ho@),0)> @ € {L, R} M,
(2.1) G(90) = 4 9o1 (@) if @0 € (o @),0(T)s Ho(oT) o] o € {L, R} M,
900 (@) i Q0 = le@),01) T € {L, R} primitive.
The map K is given on (1,00) by
9oy (@) i @0 € [0 ©),0(15)> Ho(010),0015)): & € {L. M, R} M,
(22) Klg0) = § 9o(o1)(@0) if @0 € Ko (0T),0(10T)> Mo (0T),0)]> o € {L, M, R} M,
90(6)(‘10) if 40 = Lo(@),0(1) T € {L, M, R} primitive.

Note that G(/i45) (1)) = 90 (Ko ©),0(T)) holds for non-primitive o € {L, R}>\
{L, R} too because LR(0) = M(0) = RL(0) and LR(1) = M(1) = RL(1). How-
ever, we need o € {L, M, R}*® to be primitive for K(Ly5).0(T) = Yo @) (Ko @),01))-
Theorem 2.3.

(i) We have G(q0) =K(qo) if and only if go = 114 (5) (1) for a primitive o € {L, R}*
01 qo € {Ko(8),0(10) > Ho(0T),0(T) } for some o € {L, R}Y* M this is also equivalent
to (q0—1)(G(q0)—1) = 3 as well as to (qo—1)(K(qo)—1) = 5. In particular, we
have G(qo) < K(qo) for all g9 > 1 except a set of zero Hausdorff dimension.

(ii) Ugy,6(g0) 7 10,1} zf and 'only if @0 = I1o5),0(1) for @ pm‘rbnitive.a’ e {L,R}>;
the set of qo > 1 with this property has zero Hausdorff dimension.
(ili) Ugo,kc(qo) 15 trivial if and only if qo € Uae{L,R}*M{Ma(ﬁ),a(m)vMo(of),a(T)}7
uncountable with zero entropy if and only if gqo = P (0),0(T) for some primitive
o € {L,M,R}>, countably infinite otherwise.
We conjecture that the set of go > 1 where Uy x(q,) is not countably infinite

has zero Hausdorff dimension (and thus zero Lebesgue measure); see the Open
Problem () in Section [6]

2The substitution L in [44] is rotationally conjugate to our substitution L, thus the limit words
have the same dynamical properties.
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q1 [

1 n 1 n | n 1 n | n 1
1 2 3 do

FIGURE 1. The functions G(qo) (blue), K(go) (red), and the curves
- 1 11
(qo—l)(q1—1) T ogo+l i1 20 l]lqﬁ’ q(?%’ 1

The functions G and K are drawn in Figure [} the functions (go—1)(G(qo)—1)
and (go—1)(K(go)—1) are drawn in Figure[2] and the calculation of G(go) and K(go)
is worked out in the following example for the case o = L*¥ M, k > 0. In particular,

we have Q(%) = %, and qg = L4v5 g the unique value with G(qo) = qo
since G is strictly decreasing by Theorem Since M (0) and M (1) are the Thue-
Morse words, we have gﬁ(a)(QKL) = qKr = QM(T)(QKL) for the Komornik-Loreti
constant ¢xr, hence H37@0) 37(T) = IKL = K(gxr), with no other go satisfying
K(q0) = qo- Consequently, Theorem can be seen as a generalization of the
theorem of Glendinning and Sidorov [23].

Example 2.4. Let 0 = L*M, k > 0. Then

o(0) =010F,  o(1) = 100*.
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Kar@©),m(010)  HB7(0T), M (10T)
i (@), M (10) Har), (1) Ham(oT),M(T)
T T E

wlnN
=

[N

Wl

FIGURE 2. The maps (go—1)(G(g0)—1) (blue), (go—1)(K(go)—1) (red).

In order to determine gy(qo) for u € {o(0),c(01),5(010)}, we use that
0 (¢1 Tgo.q0 (Vi1 - iy dpyr -~ lipyp) — 1) = 1= qo 4 Tggq0 (i1 i g1 -~ rip)

roo. p .
_ n iyt i brn Qipyngr " Qiryp
qll er n=1 q’Ll qn qlr+1 qu

n=1

Since ¢(0) = 010F01, o(0T) = 010F10, o:(010) = 01010001, we obtain that

9o (@) =01 = (1—q)(gsT ' —1)+1=0,
gU(OT)(qo) =q <~ (]‘ - qO)(q§+1q1 - 1) + qo = 07
9o(o10)(20) =@ = ((1— @)ag " ar + ) (ag T e — 1) +1=0,
ie.,

(40) = (qo) = 1
950 (@00) = 77— 901 (20) =
(0) q{f(qo—l) (01) k+1

2q0—1++/4q0—3
q " (qo—1)

» 9o(010)(20) = .
(19 2¢5" (a0 — 1)
For gv(qo), v € {o(1),0(10),0(101)}, we use similarly that

01 (90 ogo.qn (1001 -+ i Tyt < irip) — 1) = 1 — q1 + Fgo.qn (i1 i irg1 -~ irgp)

r . p .
—1_ ¢+ Z (1 - 'Ln) Qi1 " i + Z (1 - ZT'-HI) Qirynir " " Qivgyp
— Tiy " i, =Gy i (G G, — 1)

We have o(T) = 100¥10, ¢(10) = 100¥01, ¢(10T) = 100¥010%10, thus

k
~ q — 1
Gom (@) =0 <= (1-a)@ o -1 +on— +1=0,
k+1 gttt -1
g“(la)(qo) = (1 - Q1)(qo+ q1 — ]-) +(]1ﬁ = O,

q6—1

k+1
ol +1=0.
qo—1

- qy " —1
Jo0my(@0) = @1 <= ((qu)q’g“ql +a Oqo—1 )(qo @1—1) + qoq
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This gives that

gt -1

@™o — 1)

~ 1 -1 (q§+3 1 )q{f“ 1
9o(10)(%0) = Tl @3 =— |,
o) () 2kt < qo —1 qo—1 0 qo — 1

and a formula for g, ;47)(¢o) With cubic roots that we do not need for the calculation
of 11, (0T),0(107)- Evaluating equations of the form 9u(g90) = gv(qo), we obtain that

901 (q0) =

k+2 L k+1 W k+1 _
Heo@),0@) = Ho@),0@ T 1 215 0),0(10) = Po(),00) T 2 Ho(0T),0(T) = 2
2k+3 o 2k+2 k+2 k+1 o
P o(010),0(10) = Ho(010),0(10) + 2”0(016) o(10) 3p 0(010),0(10) _ Ho(010),0(10) +3,

k+3 k+2 _ _
3100 o(101) = 2 He(on).oi0n) T 6 Ha(an) oor) ~ B Ha(oD)om T 1

In particular, for k = 0, Theorem 2.2 gives that

q0£1 if g0 6[3 1+\f]
g(qO) B fotl if 4o € [1+2f7 ]7

q0

(10+2+\/m . 3
K(qo) = g if qo € [3,1.6823278],

2ol if g € [1.8711568,2).

An essential ingredient of the proofs of Theorems is the characterization
of pairs a € 0{0, 1}*°, b € 1{0, 1}°° for which the lexicographically defined subshift
Qab = {irig--- € {0,1}* : iping1 -+ <@ OT ipingr -+ = b foralln > 1},
i.e., the union of shift-orbits avoiding the open interval (a,b), is trivial, countable

or uncountable (with zero or positive entropy).
Theorem 2.5. Let a € 0{0,1}*°, b € 1{0,1}°°. Then we have the following.
(i) Qapb # {0,1} if and only if a > o(0), b < o(1) for some o € {L,R}*M, or
a=0(0), b=o(1) for some primitive o € {L, R}*°, or a =01, or b = 10.
(ii) Qap ={0,1} if and only if a < 0(0), b > o(10), or a < ¢(01), b > o (1) for
some o € {L, R}*M.
(ili) Qap s uncountable with positive entropy if and only if a > o(0), b < o(10),
ora>o(01), b <o(1) for some o € {L,M,R}*M.
(iv) Qapb is uncountable with zero entropy if and only if a = o(0), b = o(1) for
some primitive o € {L, M, R}>°.
(v) Qap is countable if and only if a<c(010), b > 0(10), ora<o(01), b>0c(101)
for some o € {L, M, R}*.
This also improves and simplifies results of Labarca and Moreira [33] for subshifts
of the form
Yapb = {ilig < €{0,1}*° : a<ipiptr--- < bforalln> 1},
i.e., the union of shift-orbits staying in the closed interval [a, b].
Theorem 2.6. We have Qob,1a = 0*Xap U 1*Sap U {0,1} and, hence, ap = 0

if and only if Qob,1a = {0,1}, Tap is countable if and only if Qob,1a is countable,
h(za,b) - h(QOb,la)-
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Qap ={0,1} ? ?
oM o(D)
: Qa b countable
Qap # {6’ T} b O'(l(ﬁ)
f 2|
e — oo o(10) )
? ? Qab héas positiéve entropy
o(0) o(0T) o(0) o(010) o(0T)

FIGURE 3. The cardinality of Q,p according to Theorem for
o= oM with ¢ € {L, R}* (left) and ¢ € {L, M, R}* (right). In
the regions with question marks, we have to consider substitutions
starting with 6L (in the lower left corners), with ¢ R (in the upper
right corners) and with &M (in the middle of the right picture).

Here, ¢ = {c¥ : k > 0} is the set of words containing only the letter ¢ € {0,1}.
Note that Theorem gives a semi-algorithm for deciding triviality, countability
and zero entropy of Qap, which terminates for all a € 0{0,1}*°, b € 1{0,1}*
except for a = 0(0), b = o(1) with primitive o € {L, R}* resp. o € {L, M, R}*>°.
Glendinning and Sidorov [24] have similar results to Theorem their set of sub-
stitutions, which are defined by the lexicographically smallest and largest cyclically

balanced words with rational frequencies, is equal to {L, R}*M.

The rest of the paper is organised as follows. In Sections [3]and [ we study some
relevant properties of the set Uy, 4,, the functions g and g, and prove Theorems

and In Section 5] we prove Theorems and We end the paper by

raising some open problems.

3. LEXICOGRAPHIC WORLD

In this section, we first show that an alphabet-base system {(do,qo), (d1,q1)}
with dy(go — 1) # do(g1 — 1) is isomorphic to {(0,qo), (1,¢1)}. Therefore, we call
the expansions in the system {(0,qo), (1,¢1)} simply (qo, q1)-expansions. For this
result, we do not require go, ¢1 to be real numbers, but only that |qol,|q1| > 1. Set

Tyq: C—C, x—=qr—d (d,q € C).
Lemma 3.1. Let dg,dy,qo,q1 € C with |qol,|q1| > 1, i1i2--- € {0,1}>°. Then
> d do

(3.1) i =
kzz:l%‘l%g“'%’k QO_l

1 o
+ (d1 — dOZ(l) _ 1> 7'1'(107(11 (1122 cee )
In particular, we have

(3‘2) ((]1 - 1) Tq0,q1 (i1i2 o ) + (qO - 1) Tq1,q0 ((1_i1)(1_i2) o ) =1,
hence i1ig - - - Ugy q, if and only if (1—iq1)(1—i2) - € Ugy q0-
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Proof. Let

d -1
p:C—>C, z— 0 +(d1d0(h >x
go—1 go—1
Then

For n > 0, let ,, := gy g, (int19n+2---). Then
_ 1

<p(:E0) - Tdi11qi1
—1

-1
=T © 2 Ty i, © #@n)

- dik + 90(-7571)
oy Qi Qi Giniz " Gin

—1
O"'OTdi,,

,»di

opol;

nsin

for all n > 1. Since |qol,|q1] > 1 and ¢(x,,) is bounded, this implies that ¢(z¢) =

> rey di /(@iy Qs + + * Qi ), Which proves (3.1).
Using (3.1) with dy = 1, d; = 0, we obtain that

l—ip 1 q-—1

7TQ17q0(<1_7;1)(1_i2)"') :Z qu,ql(iliQ"')7

= iy Qi S -1 q-1
i.e., (3.2) holds. O

Now, we return to real bases qg,q1 > 1. The action of Ty 4, and T34, on the

interval [0, ql—al] is depicted in Figured] Each number in this interval has a (qo, ¢1)-
expansion, i.e., {(0,q0),(1,q¢1)} is regular, if and only if q% < m, which is
equivalent to qo + q1 > qoq1-

We have 7173 -+ - € Uy 4, if and only if
(3.3) Taosar (int1int2 ) € [ m} for all n > 0.

In particular, we have Uy, 4, = {0,1}*° if o + ¢1 < qgog1. Therefore, we assume
that go + g1 > qoq1 in the following.

Denote the quasi-greedy (qo,q1)-expansion of q% by ag,,q and the quasi-lazy
(go, q1)-expansion of m by by, .4, - (An expansion of a number is quasi-greedy
if it is the lexicographically largest expansion not ending with 0; it is quasi-lazy if it
is the lexicographically smallest expansion not ending with 1.) Since q% = Tgo.q1 (10)
m = Tgo.q1 (01), @y 4, starts with 01 and by, 4, starts with 10. We recall

the following properties of quasi-greedy and quasi-lazy expansions from [30].

and

Lemma 3.2. For0 <z <y < qll—_l, the quasi-greedy (qo, q1)-expansion of x is
lexicographically smaller than that of y and the quasi-lazy (qo, q1)-expansion of x is
lexicographically smaller than that of y.
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q1—1

TOJIO
T
sq1

0 11 1
q1 qo(qi—1) q1—1

FIGURE 4. The maps Ty 4, and 17 4, ; here, go = 2 and ¢; = 3/2.

From and Lemma [3.2] (see also [30, Corollary 1.3]), we get that

Ugo,qr = {12+ € {0,1}%° ¢ dping1 -+ < @gg,q OF ining1 -+ > bggq Vn > 1}
The following lemmas show that we can consider the closed set

Vaosar i= {iviz -+ € {0,1}%° ¢ ininy1--- < agyq OF iningt -+ = bgyq YR > 1}
instead of Uy, q, -
Lemma 3.3. For ¢ > qo, ¢} > q1, with ¢, + ¢} > q{d} > qoq1, we have

ago,q1 < 8g.q,  and by g < by g,

thus Ugg,q1 € Vao,00 © Uq{)yq’l C V., -

Proof. Since qy Ty g1 (3g0.01) < 41 Tqo,0: (3g0.01) = 1 = 41 7qp,4;(2gj.q;), the quasi-
greedy (qp, q1)-expansion of Ty s (84,4, ) is smaller than a, .+ by Lemma hence

Agp,q1 < Aglq} - Symetrically, we have q(,J ﬁ-q(’yq{ (bQO7‘Z1) < Q0 Tqo,q1 (bqoﬂh =1=

90 Tgy.q, (Pgy.q; ), hence by (3.2) the quasi-lazy expansion of 7y 4/ (bg,,q,) is larger

than b, ., thus b >bg . (]
90,91 490,91 90,91

Lemma 3.4.
(i) Ugy,qu s infinite if and only if Uy, 4, # {0,1}.

(i) Ugy.qu is uncountable if and only if Vg, 4, s uncountable.

0,91
(iil) Ugy,q1 and Vg q, have the same entropy.

Proof. If u € Uy, 4 starts with 0, then we have 0¥u € U, 4, for all k > 0. If
moreover u # 0, then all sequences 0% u are different. Therefore, U, ,, # {0,1}
implies that Uy, 4, is infinite. The converse is trivial.
We have Uy, 4, C Vyy.q, and all elements of Vi, 4, \Uy
hence this difference is countable.

The set V;, 4, differs from U, ,, only by a countable set, which does not affect
the entropy according to Bowen’s definition [I3], i.e., h(Uygy,q) = h(Vgy.q0)- See B}
Proposition 2.6] for a similar statement, with a more complicated proof. [

0.1 €nd with ag, 4, or by g,
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Since Vig,q1 = Qay, 4, ,bgy.q, ¢ 1S cardinality is given by Theorem which we
prove in the rest of the section. For a € 0{0,1}*°, b € 1{0, 1}°°, we can write

Qap = {ue{0,1}*\{0,1} : supy(u) < a, infy(u) > b} U {0,1},
with
supg(i1ie - -+ ) = sup{inint1--- : n > 1, iy, = 0},
infl(ilig R ) = mf{znan MR £ 2 1, ’Ln = ].}
In other words, supy(u) is the maximal element of X,, starting with 0 and inf; (u)
is the minimal element of X, starting with 1, where

Xiyig i= closure({ininy1 - :n>1})
is the subshift generated by the word iyig--- € {0,1}°°. We have

(3.4) SUPo(O’(?)) =o(0), Supo(U(OE)) = J(OE), Supo(ff@) =a(0),
inf(o(1)) = o(1), infi1(c(10)) =0(10), infi(o(1)) = (1),
forall o € {L, M, R}*, o € {L, M, R}°; more precisely, the following lemma holds.
Lemma 3.5. Forallo € {L,M,R}*, o € {L, M, R}*°, u € {0,1}*°, we have
supg(o(0u)) = o(supy(0u)), inf;(c(lu)) = o(infi(1u)),
supg(o(0u)) = o(supy(0u)), inf;(o(lu)) = o(inf;(1u)).

Proof. We first show that o € {L, M, R}* and sup, commute on 0{0, 1}*°. Tt suffices
to counsider o € {L, M, R}. Since the only occurrence of 0 in R(0) and R(1) is at
the beginning of R(0), we have supy(R(0u)) = R(0v) for some v € Xoy, and Ov =
sup,(u) because R is order-preserving. For o € {L, M}, the letter 0 also occurs at
the end of o(1). Suppose that supy(c(u)) = 0o(v) with 1v € Xpy, and let & > 1
be such that 01¥v € Xg,. Since 0(01%v) > 00(v), we have o(01%v) = sup,(c(u)),
thus 01%v = sup,(u), i.e., L and M also commute with sup, on 0{0,1}°.

The proof that o € {L, M, R}* and inf; commute on 1{0,1}°° is symmetric; it
suffices to exchange 0 and 1, L and R, sup, and infj.

For o = (0p)n>1 € {L, M, R}>, u € {0,1}°°, we have already proved that

supg (o (0u)) = supg(01,n) (O[n,00) (0))) = 071 n) (SUP((T[n,00) (0)))

for all n > 1. If o is primitive or ends with R, then the length of op,n)(0) is
unbounded, thus sup,(o(0u)) = o(0) = o(sup,(0u)). Otherwise, o ends with L.
Since sup,(L(0)) = 0 = L(supy(0)) and supy(L(0u)) = 010 = L(sup,(0u)) for u #
0, L commutes with sup, on 0{0,1}°, hence o commutes with sup, on 0{0, 1}
for all ¢ € {L, M, R}*°. Again, the case of inf; and u € 1{0, 1} is symmetric. O

We have the following relation between Q,(a).o(b) and o(Qap)-

Lemma 3.6. Ifu € Qu(a),0b) \{0,1}, 0 € {L, M, R}, a € 0{0,1}, b € 1{0,1}*,
then u = wo(v) for some v € Qap, w e {0,1}*.

Ifu € Q@a)om \ {0,1}, 0 €{L,R}*, a,be{0,1}* with a < 01 and b > 10,
then u = wo(v) for some v € Qap \ {0,1}, w € {0,1}*.

Proof. If ¢ = L, then supy(u) < 01, thus u = 1¥L(v’) for some k > 0, v/ € {0, 1}°°.
If o = R, then inf;(u) > 10 implies that u = 0¥ R(v’) for some k > 0, v/ € {0,1}*.
If o = M, then sup,(u) < 0110 and inf;(u) > 1001, thus u = 0*M(v') or u =
1¥M (v') for some k > 0, v/ € {0,1}°°.
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To show that v’ ends with some v € 2, p, assume first that v’ starts with 0.
Then o(supy(v')) = supg(o(v’)) < o(a), thus supg(v’) < a, and v =0 € Qap
or v/ = 0™v for some v € 1{0,1}*°. Then o(inf;(v)) = inf;(c(v)) > o(b), thus
inf; (v) > b. Since supy(v) < supy(v’) (or v = 1), we obtain that v € Qap. Since
the case of v/ starting with 1 is symmetric, this proves the first statement.

Moreover, if ¢ = L, then a < 01, b > 10 imply that L(a) < 01, L(b) > 10,
which gives together with u ¢ {0,1} that v ¢ {0,1}. In case ¢ = R, we also have
v ¢ {0,1} by symmetry.

Let now o1---0, € {L,R}*, n > 1, u € Qu,..o(a),o10n(d) \ {0,1}, @ < 01,
b > 10. We have proved that u € {0,1}*(Q,...0 (a),00--0n(b) \ 10, 1}), and we
obtain inductively that u € {0,1}*(Qap \ {0,1}). O

The following lemma shows that the map

s:{0,1}>* — {L, M, R}*° \ {L, M, R}*{LR, RL},
u— o ifo(0) <u<o(0l)oro(10) <u<o(l),

is well-defined and monotonically increasing on 0{0,1}>° as well as on 1{0,1}°°,
where sequences in {L, M, R}> are ordered lexicographically with L < M < R.
Some of the values of s are shown in Figure Note that o (i1iz---) depends
only on i; when the length of o7 ---0,(41) is unbounded. In particular, we have
o(0) =0 (01) and o(10) = o (1) for primitive o, o R(0) = 0 R(01) and ¢ L(10) = o L(1)
for all o € {L, M, R}*, and

5 IL(0)=0, IL(I)=L(10) =10, L(0T) = 010,
' R(T)=1, R(0)= R(0T)=01, R(10)= 101.
Q
S
& K A
xg D & & Q\’QQ QQ x@Q/@
W
v QS Q\’ N Q\\ Q\’\/ Q\’x Q\’ { N Q\'\ 6\
L LML LMR ML MML MMRMR RML RMR R
LM(®) LM(0T) M(0) M(OT) RM(D) RM(0T)
QQ\/ /
S S
@ /\® S AQ
P éx o & &S & S e / AN /x S
@@@@@@@@@@x@ Q/x
L LMZ LMR MLMML MMR MR RML RMR R
LM(10) LM(T) M(10) M(T) RM(10) RM(T)

FIGURE 5. Some values of s and some intervals [o(0),c(01)],
[0(10),0(1)], 0 € {L, R} M.
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Lemma 3.7. We have the partitions (with lexicographic intervals)

0,01 = |J [00),001)], (010,00)= |J [¢(0),00D)] U |J {e0)},
oc{L,M,R}>\{L,M,R}*{LR,RL} oce{L,R}*M oc{L,R}*> primitive
10,7 = |J [e(10),eD), 10,100 = | [¢(10),0(D)] U |J {eD}.
oc{L,M,R}>>\{L,M,R}*{LR,RL} ce{L,R}*M oc{L,R}> primitive

For o,7 € {L,M,R}>\ {L, M, R}*{LR, RL} with o < T, we have o(01) < 7(0)
and o (1) < 7(10).

Proof. Since L, M and R are strictly monotonically increasing on {0, 1}°°, we have,
for any o € {L, M, R}*, the partition of the open interval

(¢(010),0(01)) = (¢(010),0(01)) U [o(01),o(011001)]

(0 L(010),0 L(0T)) [o MIZ(0),0 ML(0T)]

(36) U (¢(011001),5(0110)) U {o(0110)} U (o(0110),0(01)).

(o M(010),0 M (0T)) [cMR(0),0 MR(0T)] (cR(010),0R(01))
Starting from o = id and iterating this partition for o € {L, M, R}*, we get that

(010,01) = | J ([eML(0),c ML(0T)] U [cMR(0),c MR(0T)]) U ] {o(0)}.
oce{L,M,R}* oc{L,M,R} primitive
Here, we have used that all sequences outside the union over {L, M, R}* are in
Nps1(01---0,(010),01 - - 0, (01)) for some & = (0n)n>1 € {L, M, R}>; this in-
tersection is empty when o ends with L or R because the intervals are open and

converge to their left or right endpoint, and it consists of (0) when o is primitive.

Since [L(0), L(0T)] = [0,010], [R(0), B(0T)] = {0T}, and
{L,M,R}>*\ {L,M, R}Y*{LR, RL}
={o € {L,M,R}* : o primitive} U{L, M, R}* M{L, R} U {L, R},
this shows that the intervals [o(0),o(01)] form a partition of [0,01], and that
o(01) < 7(0) for all o, 7 € {L, M, R}> \ {L, M, R}*{LR, RL} with o < T.

From (3.6)), we also see that [0y ---0,(0),01-0,(01)], 01---0, € {L, R}*M,
is the union over all [r(0),7(01)], 7 € {L,M,R}*>° \ {L,M,R}*{LR,RL} with
Ty++Tp = 010y, which proves the partition of (010, 01).

The proofs for sequences starting with 1 are symmetric, by exchanging 0 and 1,
L and R, as well as the left and right endpoints of the intervals. (I

Using the map s, we can write f of Theorem in a simpler way.

Proposition 3.8. Let a € 0{0,1}*°, b € 1{0,1}*°. Then we have the following.
(iii’") Qa,p is uncountable with positive entropy if and only if s(a) > s(b).

(iv’) Qap is uncountable with zero entropy if and only if s(a) = s(b) is primitive.
(v') Qap is countable if and only if s(a) < s(b) or s(a) = s(b) ends with L or R.

Proof of Theorem[2.6, For all u € {0,1}*°, a < u < b is equivalent to Ou < 0b

and 1u > la, thus u € X, implies that u, Ou and 1u are in Qgp 1a. Moreover,

0u € Qop,1a implies that 00u < Ou < a, thus 00u € Qop 1a, similarly 1u € Qop 1a

gives that 11u € {lgp 1a. On the other hand, 01lu € Qop, 12 implies that 1u € g 1,.
Indeed, for 1u = iyis- -, we see that a < i,i,41--- < b for all n > 1 by induction
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on n. This holds for n = 1 because 01u > Ob implies that a < 1u < b; if it holds for
n, then i, = 1 implies that a < i, 11042 < ipipy1 - < bsince ipine1 -+ > la,
and i, = 0 implies that a < i,0,41 - < tpt1iny2 -+ < b since i,i,41 -+ < Ob,
thus it holds for n+1. Similarly, 10u € Qgp, 14 implies that Ou € ¥, . This shows
that Qob.1a = 0*XabU1*3a b, U{0, 1}, hence X, p = 0 if and only if Qop 12 = {0, 1},
and the countability of ¥, and Qgp, 14 are equivalent. Since

An(Ea,b) S An(QOb,la) S 2 ZAk(Ea,b) S 2(n+1)An(Ea,b)a
k=0

Ya,b and Qpp1a have the same entropy; see also [27, Lemma 2.5]. O

Proof of Theorem [2.5 and Proposition[3.8 We first prove () and (ii). Let o €
{L,R}*. Then sup,(cM(0)) = ocM(0), inf;(cM(0))= inf;(cM(1))=0cM(1) by
(3-4), thus oM (0) € Q,,, 9),00m(@) S Qap for all a > oM(0), b < oM(I). On the
other hand, by Lemma 3.6 each u € Q, /@) »a7(10) \ {0, 1} ends with o(v) for some
v € Quray.mao \ 10,1} and thus with oM (0) since Q5 5 = 1°{0,1}. Therefore,
we have Q,p = {0,1} for all a < oM (0), b > ¢M(10). By symmetry, Q,p is also
trivial for all a < oM (01), b > oM (1).
If o € {L, R} is primitive, then sup,(o(0)) = a(0), inf;(c(0)) = inf; (o (1)) =
) by (3-4) and since Xo@ = Xo by [12) Theorem 5.2]. This implies that
0'(7) € @)om S Qap for all a > o(0), b < o(1). Since OT € me and
10 € Q, 15 for all a,b € {0,1}>, we have proved the “if” parts of (i) and

For the ‘only if” parts, since 2, p is either trivial or not, it sufﬁces to show that
all a € 0{0,1}°°,b € 1{0,1}* satisfy the conditions of (i) or . If a = 01 or
b = 10, then we are in case . For a < 01, b > 10, consider s(a) = (0,)n>1 < R,
sb)=(rp)n>1>L. Ifo1--0p, =717 € {L,R}* and o1 > M > 7441 for
some k > 0 (where o1 - - 0y, is the identity if k = 0), then a > o1 --- 0, M(0), b <

-~ 0 M (1) by Lemma and we are in case ( . Otherwise, we have o1 - - - 0, =

-1, € {L,R}* and o1 < Tgyq for some k > 0, thus a < oy -+ 0, M(0),
b>01 coprM(10) ora < oy---0, M(01), b > o1 -~ M()byLemmale
we are in case ((ii}). This concludes the proof of and .

It remains to prove — and )—@) Let c € {L,M,R}*. If b < o M (10) =
o(1001), then b < ¢(10(01)*) for some k > 0. For all u € {0(01)*,0(01)k+1}°°,
we have infy(o(u)) > infi(c(1u)) = o(inf;(1u)) > ¢(10(01)*) and supy(o(u)) =
o(supy(u)) < o(0I), thus o(u) € Q,y,) - Therefore, the entropy of h(Qa,b) is
positive for all a> oM (0), b<oM(10). For a > oM (01), b < 0 M(1), we obtain
symmetrically that h(Qa,b) > 0. This proves the “if” part of .

The set Q45,5 = {0,1} U 1*0*10 is countable and u € Q)00 (010),01 -+ (1)
o1---0on € {L,M,R}", implies by Lemma that u € {0,1}"01 -+ 0,(Q015.15)
or u € {0,1}*0y---0%({0,1}), 0 < k < n. Therefore, Q,p is countable for all
a<o(010), b>0(10), 0 € {L, M, R}*. The case a<c(01), b >c(101) is symmetric,
thus the “if” part of holds.

Let now o € {L, M, R}i be primiﬁtive, which implies that X, 5 C Q. ).0(7)-
If o = (0n)n>1 ends with M, then o (0) is an image of the Thue-Morse word, thus
X o (0) 1 uncountable. If o does not end with M, then there exists an increasing se-
quence of integers (nx)r>0 with ng = 0 such that o,,,,, # M and oy, 11 Oy, (7)
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contains 01 and 10 for all j € {0,1}, ¥ > 0. Then, for all i € {0,1}, k > 0, there is
a word w; ) € {0,1}* such that both oy, 41+ 0n,.,(0) and oy, 410y, (1) end
with (1—4)iw;x; note that oy, 41+ 0n,.,,(0) ends with oy, 41+ 0p,, (1) or vice
versa because oy, , € {L, R}. For each sequence (iy)r>1 € {0,1}°°, we have

0Wig,1 01 * Oy (11Wi,1) O1 7+ Oy (G235 2) -+ € X5

because oy -+ -0y, ., (1—ixq1) ends with oy - - - 0y, ((1—ix)igws, &), and different se-
quences give different elements of X‘,@ because o7 - - - oy, (i1 ) starts with 7. There-
fore, Q) (1) is uncountable. For all a < (0), we have a < oy ---0,(010) for
some n > 0; since (1) > o1 --- 7, (10), we have seen above that Q, . is count-
able by . By Theorem this implies that X, p is countable for Ob < & (0),
la = o(1), thus h(Xap) = 0. Since h(Xap) is a continuous function of b by [33]
Theorem 4], we also have h(¥ap) = 0 for 0b = o/(0), thus h(Qy, g o)) = 0. This
proves the “if” part of .

For the “only if” parts of 77 since (2, 1, is either countable or uncountable,
with zero or positive entropy, it suffices to show that all a, b satisfy the conditions

of (i), or (v). Let s(a) = (0,)n>1, s(b) = (Tu)n>1. If s(a) > s(b), ie.,
01+ O = T1 Tk, Okt1 > Tk4+1 for some k > 0, then a > o1+ 0, M(0), b <
o1+ -0 M(10), or a > oy -+ 0, M(01), b < 01 -+ -0, M(1), thus we are in case (ii).
If s(a) < s(b), i.e., o1+ -0 = T+ Tk, Opt1 < Tk41 for some k > 0, then a <
010, M(0) < o1---0,M(010), b > 01 --- 0, M(10), or a < oy -- -0, M(01), b >
o1 opxM(1) > o1 ---0,M(101), thus we are in case (v)). If s(a) = s(b) = oL,
o € {L,M,R}*, then a < ¢L(01) = ¢(010), b > oL(10) = ¢(10), thus we are
in case (Eb The case s(b)=s(a)=0cR is symmetric, and the case of primitive

s(a)=s(b) is (iv). This concludes the proof of (iil)—(v) as well as ({if)—(]). O

4. THE MAPS g, g

Recall that ag, 4 and by, are defined in Section [3] and that gu(go) > 1,
Gv(g0) > 1 (when defined) satisfy fu(go,gu(90)) = 0, fv(q0, Gv(q0)) = 0, with

fu(qovql) ‘= dqo (ql quyth(u) - ]-)7 fv(qouql) =qQ ((IO 7}40,111 (V) - 1)

We set gu(qo) := 1 when f,(qo,¢1) = 0 has no solution ¢; > 1.
We are only interested in u € W and v € W, with

W= {u e {0,1}>\{0,1}*{0,1} : supy(u) = u},
W= {v € {0,1}**\ {0,1}*{0,1} : infi(v) = v}.

Lemma 4.1. Let u € W. Then the following holds.

(i) Forqo > 1, g1 > 1, the function fu(qo,q1) is continuous and strictly decreasing
in both variables qo,q1, and there is a unique qo > 1 such that fy(qo,1) = 0;
we denote this qo by qu.-

(ii) The function gu(qo) is continuous on (1,00) and strictly decreasing on (1, qu),
with limg, 1 gu(go) = 00 and gu(qo) =1 for all o > gu.

(iii) Forqo,q1 > 1 with go+q1 > qog1, we have aq, 4, > u if and only if g1 > gu(qo).
For qo € (1,qu), we have ay, 4. (q,) = U.
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Proof. (i) Writing u = 0141ig - - -, we have

f((IO fh)*l_(IO"F 7~

’ ’; qllqlz sz

The continuity follows from the local uniform convergence of this series; for ¢; = 1,
note that the Os occur in u with bounded distance since supy(u) = u < 01. We have
a%ofu(QmCh) < 0 and, since i14g - -+ # 0, Oiqlfu(qo,ql) < 0 for all gy,q; > 1. Since
limg, 1 fu(go, 1) = oo and limg,—ye0 fu(go, 1) = —o0, the equation fy(go,1) = 0 has
a unique solution gg > 1.

(i) The existence, uniqueness and monotonicity of g,(go) on (1,qy) follows from
the continuity and monotonicity of fu(qgo,¢1), from limg, o0 fu(go,q1) =1—qo <0
and fu(go,1) > fu(qu,1) = 0 for all gy € (1, ¢u). The continuity of g4(go) follows
from the monotone version of the implicit function theorem (see e.g. [22] p. 423])
and fu(qu,1) = 0. If u starts with 010¥1, k¥ > 0, then fu(qo,q1) >

and thus gyu(qo) >

> m, which implies that limg, 1 gu(go) = 0.

If u < ag, q,, then u is a quasi-greedy (qo, ¢1)-expansion by [30, Theorem 1.2],
and the monotonicity of quasi-greedy expansions gives 7y, 4, (1) < q%7 which is
equivalent to ¢1 > gu(qo) by (i) and . On the other hand, if 7y, 4, (1) < q%’ then
the quasi-greedy (qo, ¢1)-expansion of 7y, 4, () is strictly smaller than ag, 4,, which
implies that u < ag ¢, - If ¢1 = gu(qo), i-€., Tgy,q, (1) = q%’ then ag, 4, = u. O

Lemma 4.2. Let v € W. Then the following holds.

(i) Forqo > 1, q1 > 1, the function fv(qo, q1) is continuous and strictly decreasing
in both variables qg, q1-
(ii) The function gy (qo) is continuous and strictly decreasing on (1,00), with 1 <

limQQ*)I gv(QO) < 0 and limqoﬁoc gv(qo) = ]_'
(iii) Forqo,q1 > 1 with go+q1 > qoqa, we have by, 4, < Vv if and only if 1 > gv(qo),
and b

90,9v(q0) = V-

Proof. Since fZlZ2 (90,q1) = fa—in)(1—is)-- (ql,qo) the points and 1.) follow
from Lemmam . ) and (| . The proof of (iii)) is similar to that of Lemma |4.1] .

in particular v > by, 4, implies that v is a quasi-lazy (qo, ¢1)-expansion, thus
Tgo,01 (V) < q%, Le., fV<Qan1) <0. O
Next we study gu, gv as functions of u,v.
Lemma 4.3. Let qo > 1. Then the map
9-(q0) s {u €W 2 qu>qo} = (1, ;27). u gul),
is a continuous order-preserving bijection, and the map
J-(q0) : W — (17 %), u— Gu(qo),
is a continuous order-reversing bijection.

Proof. Let u,u’ € W with u > u’ and qu,quw > ¢o. By Lemma ({i), we
have u = agy, 4. (q,) and thus gu(qo) > gu(qo), hence g.(qo) is order-preserving and
thus injective. The map g.(go) is surjective because, for each ¢; € (1, %), we

have ag, 4, € W and ga,, , (90) = q1. The continuity of g.(go) follows from the
monitonicity and surjectivity. The proof for §.(qo) runs along the same lines. O
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Recall that pi,v is defined as the unique solution gy > 1 of gu(go) = v (o), if
this equation has a unique solution > 1. The following proposition shows that z, v
is well defined in all cases that are interesting to us. Recall that limit words of
primitive o € {L, R}°° are Sturmian sequences.

Lemma 4.4. Let u,v € cM({0,1}*), o € {L, R}*, such thatu € W, v € W, or
u=0(0), v=o(1) with primitive o € {L, R}**. Then gu(x) = gv(z) for a unique
x> 1. We have gu(x) > gv(z) for allz € (1, puv), gu(x) < gv(z) for allx > pyv.

Proof. Note that o(0) € W, o(T) € W for all primitive o € {L, R}* by Lemma
Therefore, by Lemmas and gu(z) and gy (x) are continuous functions with

qloigll(gu(qo) —gv(q0)) =00 and  gulgo) — gv(q0) <0 for all go > qu.

Moreover, the functions are differentiable on (1, ¢y), with

2 falz,gu(z)) 2 fo(@,gv(z))

/ _ —
W)= @) M T TR L )

Therefore, it suffices to show that g, (z) < g, (x) whenever gy(x) = gv(z), i.e.,
(1.1 s Pales )5 Fulen) = 5 fule) - Foa) > 0
whenever fu(z,y) =0= fo(z,y), 1 <2 < qu, y > 1.

Write

supg(u) = 010™10"27"10" "2 ... and inf;(v) = 101™01"27"1 1"~ "2 ...
with 0 <ny <ng < ,0<ny <ng <---. Then we have

1
fu(ﬂ?,y)zl—JH‘ZT
=Y

Al
hence (4.1)) means that

= N = k = 4
02 (103 ) (14X s ) - X gt e 0

k=1

xk} nk

When fu(@,y) = 0 = fy(2,y), we have 25377, o = 1= 455002, 1
Inserting this into (4.2)) and multiplying by zy gives the inequality

e nk+ )(’ng+ )7k£

(43) Z Z wnk-l-lyk-i-ne > 0.

k=1+¢=1

Let fy, f; be the frequencies of the letters 0 and 1 in u and v. These frequenc1es

exist for Sturmian words, and for oM ({0,1}*), o € {L, R}*, we have 2 = 1388;}‘;

where |w|; denotes the number of occurrences of the letter ¢ in w. We show that

f
(4.4) ng 41> fﬂk for all k > 1.

If u = o(0) for primitive o € {L, R}** or u=oM(0), 0 € {L, R}*, then u is a
mechanical word with slope fi; see e.g. [35] Sections 2.1.2 and 2.2.2] and note that
M(0) = R(0). Since u = supy(u), we have u = ([mf;]|—[(m—1)f1])m>0. There are
k ones among the first ng+k-+1 letters of u, hence S "* ¥ ([mfy]—[(m—1)f;]) =

m=0
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[(np+k)f1] = k, ie., [ngf; — kfg] = 0. Since ny is the maximal integer with this
property, we obtain that ny = Lf—;’kj, thus holds.
Ifu=igir---=0M(jojr--+), 0 € {L, R}*, then consider k = h|o(01)|1+¢, h >
0,0 < ¢ < |o(01)];. Now, there are ¢ ones among the first ng+k+1—h|c(01)] let-
ters of oM (jp,). If j, = 0, then we get[(ng+k—h|o(01))f1] =4, ie., [(neg+k)f1] =
l4+h|o(01)]; = k, thus ng, = L%’kj If j, = 1, then oM (1) = (|mf; |— | (m—1)f1 | )m>o0
implies that S F=MTODN e || (m—1)f1]) = [(ne+k—h|o(01))f] +1 = £,
ie., |ngf; — kfy| = —1, thus ny = [%’k]fl. Therefore, holds also in this case.
By symmetry, we get that ny + 1 > %6 for all £ > 1, thus

(ne + 3257) (e + 525) > (i + D)(Re +1) > kL
This proves (4.3)), thus (4.2]) and (4.1)), which concludes the proof of the lemma. [

Before proving the main results, we show that the formulas for G(qp) in (2.1))
and for K(qp) in (2.2)) cover all go > 1.

Lemma 4.5. We have the partitions

(4.5)  (1,00) = U (o @),0(18) 7 Ho (0T),0()] Y U {te@),.0m
oe{L,R}*M oc{L,R}> primitive
(4.6)  (1,00) = U [l ©),0(10) > Heor (0T, (T))

oc{L,M,R}Y* M{L,R} or
oc{L,M,R}*> primitive

With P (o1),01) < Hr@),rq0) T <T.
Proof. For qo > 1, 0 € {L, M, RY*M{L, R} or primitive o € {L, M, R}*°, we have

9 € [Ho@©),0(10) Ho©0T) o] < 9@ (D0) < Jo10)(90); Ioo1)(90) = Jo(1)(20)
= 95 (20): 9o (o7) (90)] N [Fo(7) (90): G (1) (90)] # 0.

by Lemma and since g, 1) (go) > 1. Lemmas and give the partitions

(1L227) = U (0@ (@): 9oony @)\ {1}) = U [Gom(90): Gos)(90)];
oc{L,M,R}* M{L,R} or oc{L,M,R}* M{L,R} or
oc{L,M,R}" primitive oc{L,M,R}° primitive

with g5 01)(20) < 9-@)(90) (if 95 (20) > 1) and G, (7)(90) > Gr(17)(90) When o < 7.
Therefore, there is a unique o such that the intervals [g,)(40), 9 (o1)(40)] and
[951)(90), Jor (15 (0)] 0verlap, hence (4.6) is a partition. If o < 7, then we have

9o (01) (Hf(ﬁ),r(m)) < 97-(6)(U1-(6),r(16)) = §T(16)(M7-(6),1-(16)) < !%(T) (Hr(ﬁ),r(m))

by Lemma [L.3] thus tig 1) o1) < Hr(@),rap) bY Lemma[l.q]
To see that (4.5) is a partition, it suffices to note that merging all intervals
(o ©@),0(10) Heor(0T),0(T)) 1 (4.6) such that o starts with the same o € {L, R}*M

gives the interval [11,70) ,Z(10): Ko R(0T), 0 RT)) = o (@),0(10)7 Ho(0T),0(T) ) O

5. PROOF OF THE MAIN RESULTS

In this section, we prove Theorems We start with Theorem
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Proposition 5.1. For qo > 1, we have

9o(1)(20) U 90 € 1o @0),0(T): Fo(01),01)):

o c{L,M,R}*ML or o € {L, M, R}* primitive,
9,(6)(%) if qo € [ﬂa(ﬁ),o‘(lﬁ)fc(ﬁ),o‘(ﬂ]?

oc{L,M,R}*MR or o € {L, M, R}> primitive,

which is equivalent to (2.2)), Moreover, K(qo) is the unique ¢ € (1, qoqfl) such that
8(agg,q1) = 5(bgg,q1)-

Proof. We show first that s(ag,,q,) = $(bgo.q1)s 0 > 1, ¢1 € (1, qoq%1)v implies that
@1 = K(qo). Indeed, let o = s(ag,q,) = 5(bgyq,). For g1 € (q1, ;25), we have
8gy.q, > Agg,q; a0d by, o1 < by, g, by Lemma thus s(by, ¢1) < 0 < s(ag,q)-
At least one of the inequalities is strict since o(0) = o (01) if o is primitive or ends
with R, 0(10) =o' (1) if o is primitive or ends with L, hence Uy, 4 is uncountable
by Lemma (iii) and Proposition Similarly, we obtain for ¢} € (1,q¢1) that
s(agy,q;) < 8(bge,q;) and Uy, 4 is countable. This proves that g1 = K(g). In

(5.1)  K(qo) =

particular, there is at most one q1 € (1, 7227) with s(ag,¢,) = 5(bgg,q,)-

Next we show that s(ag,q,) = $(bgy,q,) for g1 asin (5.1). Let o € {L, M, R}* MR
or o € {L, M, R}* primitive, g0 € [ly),0(10) Mo @),0T))» 91 = @) (d0)- Then
ag,.q;, = 0(0) by Lemma hence s(agq,q,) = 0. Since qo > Ly, (G),0(15), We have
a1 < G155y (90) by Lemma@ hence by, 4, > o(10) by Lemmas and Simi-
larly, o < /14(5),(7) implies that bg, 4, < (1), thus s(bg,,q,) = 0. By symmetry,
we obtain that s(ag,,q,) = $(bge,q1) fr G0 € [1teG),0(T): Mo (0T),0(T))s @ = Go(T)(90):
o € {L,M,R}*ML or o € {L, M, R} primitive. Therefore, holds.

By Lemma the cases in cover all ¢o > 1, thus K(go) is the unique
q1 € (1,-%) such that s(ag,q,) = 5(bg,q ). Using and that (0) = o (01),

’ qo0

o (1) = o(10) for primitive o, we obtain that (5.1)) is equivalent to (2.2)). O

Proposition 5.2. For gy > 1, G(qo) is the unique ¢1 € (1, %) such that

Ago,q1 = 0(6)7 0(16) <by,q < U(T)v or ‘7(6) Sagy,q < 0(16)7 bgoq = U(T)a

5.2 _ _
(5:2) o € {L,R}*M, or ag, 4 =0(0),bgy ¢ =0 (1), o € {L, R} primitive.

Moreover, (2.1]) holds.

Proof. 1f qo > 1, q1 € (1, Z27) satisfy (5.2), then Vi, 4, # {0,1} by Theorem
thus Uy, ¢, # {0,1} for all ¢f € (g1, ;27) by Lemma for all ¢} € (1, ¢1), we have,
by Lemma 40,40 < 0(0) or by, o1 > 0(1), or ag, o < a(0), by, ¢ > (1), thus
Vio.sr = 10,1} by Theorem (In case of primitive o, we use that s(ag, ) < o,
thus a,, o < o1---0,M(01) and by, ;o > 01---0,M(1), where n is the largest
integer such that s(ag, 4 ) starts with oy,...,0,.) This means that ¢1 = G(qo).
Similarly to the proof of Proposition each ¢; as in satisfies , thus

(2.1) holds. Since the cases in (2.1)) cover all ¢o > 1 by Lemma G(qo) is the
unique ¢q; € (1, qoqﬂl) satisfying (5.2]). O

Next, we prove statement of Theorem [2.1

Proposition 5.3. The functions G and K are continuous, strictly decreasing on
(1,00), and almost everywhere differentiable.
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Proof. For all ¢ € {L,M,R}*M{L,R}, the function K is continuous, strictly
decreasing and differentiable on [Na(ﬁ), o(10)7 Hor OT),a(T)] by Proposition Lem-
mas and and the proof of Lemma here, the properties are to be
understood one-sided at the endpoints of the interval. For left-sided properties
at g @),000) @ € 1L, M, R}Y*M{L,R} or ¢ € {L,M,R}> primitive, consider
90 € [Hr©),+(10)> lr(0T), (1)) With T < 0. We have

9o (19)(90) < 31)(20) < 97(07)(20) < 905 (20)
by Lemmas and K(q0) € {9-(01)(90): G-1)(20)} by Proposition thus
9o (19)(90) < K(20) < 9o@)(q0) for all go € (1, f14.5) 5 (17))-
Since Jo15) (o 0),0(10) = Yo @) (Ho@),0(10) 204 Jo(18): @) are continuous and

strictly decreasing, K is left-sided continuous and strictly decreasing at 1, ) (1)
Symmetrically, we obtain that

9o (07)(@0) < K(q0) < Gp1)(q0) for all go > py (07 0(T)

thus K is right-sided continuous and strictly decreasing at pi, o7y o (7). Therefore,
K is continuous and strictly decreasing on (1,00). The almost everywhere differ-
entiability follows from the monotonicity by a theorem of Lebesgue; see e.g. [41]
p. 5].

The proof for the function G runs along the same lines. U

Proposition 5.4. The statements 7 of Theorem and the statement @)
of Theorem are true.

Proof. The functions G and K are involutions because of the bijection between
Ugo.qu @and Uy, 4, given in Lemma

To get an upper bound for G, let ¢y € [“0(6),0(16)’Na(ﬁ),o(T)]v o € {L,R}*M.
Then ¢(0) = 01w and o(1) = 10w for some word w. (This is true for o = M; if it

holds for o, then it also holds for Lo and Ro.) This implies that o(0) = 01lu and
(10) = 10u, with u = w01. For ¢1 = G(q0) = ¢,(5)(q0), We get that

(53) 490 = 4091 Tq9,q1 (0(6)) =1+ Tq0,q1 (U.)
Since q1 = ¢, (5)(90) < J,(15)(q0), we have fg(m) (90:¢1) > 0 by Lemma , thus
(5.4) 01 < Goq1 Tgo,q0 (0(10)) =1+ Tgo,q: (W)

By (5.3), (5.4), and (3.2), we obtain that
2(q0 — (1 = 1) < (g1 = 1) 7o, (0) + (g0 — 1) Ty, (1) = 1,

with equality if and only if ¢1 = g,(15)(q0), 1., 90 = K, () +(15)- The case qo €
(K @),0(T)2 Hor(0T),0(T)) 18 Symmetric, with (g0—1)(G(q0)—1) = 1 if and only if gy =
Io(0T),0(T)- 1 90 = He ()01 for a primitive o € {L, R}, then (g0—1)(G(q0)—1) = i
by continuity or by using that ¢ (0) = 01u, (1) = 10u for some u € {0,1}*.

Next, we prove lower bounds for G. For qo = 15 ) (1), Primitive o € {L, R},
we have (qo—1)(G(q0)—1) = 3 > max{ 5, gryrr)- H a0 € [Ha@,o(m)a Fro(0T),0(T) >
o €{L,R}*M, q1 =G(qo), then we have ¢1 > g, (q0) and q1 > g, 1)(q0), thus

qo = 40917 qo,q1 (0(6)) =1+ Tq0,q1 (w01)7 @1 = qoq1 ’ﬁ—qqul (J(I)) =1+ 7~Tq0#11 (wl())
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for some w. We have w01 > Owl, thus 7y, 4, (w01) > 74, 4, (Owl) by Lemma
note that w01 is a quasi-greedy (qo, q1)-expansion because o (0) is quasi-greedy, that
o(0) ends with (1) because M (0) = 01, M (1) = 10, thus Ow] is also quasi-greedy.

Hence, we have go—1 > 7y 4, (Owl) = o 74y 4, (w10), thus (go+1)(go—1)(g1—1) > 1.
Now, equality holds if and only if ¢g = P (0),0(T) and w0l = Owl, ie., w = 0*
for some k > 0, which means that ¢ = L*M. By Example we have qg =
Irk @), pe (D) if and only if qk+2 = qo + 1. Since G(q1) = qo for ¢1 = G(qo), we
also have (¢1+1)(go—1)(g1—1) > 1, with equahty if and only if qk""2 =q+1,k>0;

note that (go—1)(¢?—1) = 1 means that gy = q‘h -
1

For a lower bound on K, let qo € (14 5).6(15): Ho(@),0T))» @ € 1L, M, R}Y*MR or
o € {L, M, R}* primitive, g1 = K(qo) = 9,(5)(q0)- For o € {L, M, R}* M, we have
0(0) = 0lv, o(1) = 10w for words v > w, with v = w if and only if o € {L, R}*M
This implies that o(0) = 01u, o(1) = 10v with u > v, and u = v if and only if
o c{L,RY*MRor o € {L,R}*. From ¢, = 9o (90) = Jo(15)(q0), we get that

90 = q091Tqo,q1 (0(6)) =1+ Tq0,q1 (11), q1 2 qoq1 77rqo,q1 (U(T)) =1+ ﬁ—qo q1 (V)

Since o (0) is a quasi-greedy (qo, ¢1)-expansion and o (1) € Xo@) 0 o (1) is also quasi-
greedy, thus w4, q, () > gy ¢, (v) by Lemma [3.2] This implies 2(go—1)(q1—1) > 1,
with equality if and only if g0 = i@ ) -1 o € {L, R}*MR or o € {L,R}>.
By symmetry, we have (qo—1)(q1—1) > £ for all gy € (6 ®©),0(18) 1 Ho (010),0(15) )
o € {L, M, R}*M, with equality if and only if g0 = 15,010y, @ € {L, R}*M.

We have shown that (qo—1)(G(go)—1) = 3 if and only if (go—1)(K(g0)—1) = 3,
and (go—1)(G(q0)—1) < & < (qo—1)(K(go)—1) otherwise, thus G(go) = K(qo) if and
only if G(qo) or K(qo) equals %.

The upper bounds for K are proved similarly to the lower bounds for G. Let
G = ,C(qO) If (qO_l)(ql_l) = %, then (qO_l)(ql_l) < mll’l{ q0+1) q1+1} If
Go € [:u‘a(ﬁ),a(lﬁ)v :[LU(OT),U(T)L o€ {L7 R}*Ma then S(a(Zo,(h) = S(b(Ioﬂll) starts with o,
thus ¢1 < g,(o1)(90) and ¢1 < g, (15)(qo), with at least one of the inequalities being
strict. Since ¢(0) = 01w and o(1) = 10w for some w, we obtain that

(5'5) do S qoqlﬂqo q1 (O—(OT)) = 1+7qu q1 (m)a q1 S QO(J17~T¢10 q1 (0(16)) = 1+7~Tq07Q1 (m)

We have w10 < 1w0, and the quasi-greedy (go, q1)-expansion ¢(0) ends with both
words, thus 74, 4, (w10) < T4, 4, (1w0). Since 7y, 4, (WO1) = q1 Tgy 4, (1w0) and one
of the inequalities in is strict, . gives (q1+1)(go—1)(q1—1) < ¢1. Since
K(q1) = qo for q1 = K(qo), we also have (go+1)(q0—1)(¢1—1) < qo-

To show that the Hausdorft dimension of E := {qo > 1 : G(qo) = K(qo)} is zero,
we proceed similarly to [I0, Theorem 3]. We have already shown that

Q0EE < g, =51, 1 € U {c@),00D} v |J {o(0)}
oce{L,R}*M oc{L,R}°° primitive

Since these words are of the form 0lu with mechanical words u, the number of
different 41 - - -4, € {0,1}" such that &,, starts with 01i; ---4, for some ¢y € E
grows polynomially in n; see e.g. [35, Theorem 2.2.36]. We show that the size of
the interval of numbers gy € E such that a,, starts with a given word 014, - - -,
decreases exponentially in n. However, contrary to [10], this holds only locally.
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Since Ty, i, ~--Tqiwi1(q0—1) € [0,q0/q1] if ag,,q, starts with 014y ---4,, with
Tg,a as in Section [3, we estimate Ty ;, - quljil(q(’)—l) =T vin - Tai, i (0—1)
for qo < ¢}, 1 = 1—|—m7 q = 1—|—2(q - Since g1 > ¢, this is more difficult
than in the single base case. We have

Ty aTh o) = Ty aTh o(2) = 4’ diy — d6ae = qi*dh (y—2) + (@’ di—a6qn)

k
The derivative of the function gg — qg(l—&-m) is %(k—i_m), hence

2q0
"k
W gk = (fg)—_l(k—%g—m)(qé—qo) for some ¢ € [qgo,q}] by the mean
value theorem. For 0 < z < ¢p—1, we obtain that
Ik
kot k ) S q0 (k—ﬁ— 1 )/_
Q9 NQY — 0T =qy ¢y —z)+ @ —1 20 2(q) — 1) (90 —q0)
k 1
> gy qi(y — +min{07q’k(k—f—7) @b — q }

Let now qo,q(’) S [[LLkM(OT)7Lk:M(T),HLk—lM(6)7Lk_1M(16)] N E, k > 1. Then é.qo
and &, are images of LR and thus in 01{0"1,0""11}>. By Example we
have ppk o1y, Lkm(@ = 21/ (k+1) > l—i—ﬁ and fipr-1pp(@),Lk-1 M (19) 1S @ root of
2XF—Xk=1_2 thus KLk M (0),LF 1 M(10) = 1+4k3+2‘ For 1+3k2+2 < g < qp <

1+W3+27 we have
k 1 2%-+1 k(3k+2) 3k+2  (5k+4)(3k+10)
k- —— >1 k— — = > 1.
Nt - T3 T @) 4 12 (351 4)

For 0 <z <gqy—1,y—x > q)— qo, this implies that

{, (5k+4)(3k+10)}( )

Tqi,lTrﬁ),o(y) = Tg,, 1qu o(z) = g AT (3k+4)

and, similarly,

_ 15k2+80k+76
ql’lT H( ) =Ty Tfo ol( )= Q(')Hlmln{%m}( — ).
Therefore, we have some f > 1, C > 0 (depending only on k) such that

TQ£n7in e TQ£17i1 (q(/)_l) - Tqinain T TQi1,i1 (qo—l) 2 Ckﬁl? (q6 - qO)

for all 4y - - - 4,, at the beginning of some word in {0¥1,0**11}°>°. For a4,,a, starting
with 47 ---7,, we have T/ i T; a(ao—1) = Tg, 4, - an)“(qo 1) < q/q;,
thus the size of the 1nterval of those qo is bounded by C} 5, " for some C}. This
means that [£y« s (o7), L0 0 (T)> Bri—101(5),L0-1 0 (15y] N B 18 covered, for each n, by a
polynomial number of intervals of size C}, 3, ", hence the Hausdorff dimension of
this set is zero. Since (1,2) N E is the union over k& > 1 of these sets, (1,2) N E also
has zero Hausdorff dimension. Finally, (3/2,00) N E is the image of (1,2) N E by
the map gy — 1+2(q+_1), which is locally bi-Lipschitz, thus F has zero Hausdorff

dimension. O

The following proposition concludes the proof of our main results.

Proposition 5.5. The statements @ and of Theorem as well as the state-
ments and of Theorem are true.
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Proof. For all 1 > G(qo), the set Uy, 4, is infinite by Lemma and because
Ugo.qr = {0,1}% for ¢; > qoqﬁl, thus Theorem holds.

Let now ¢1 = G(qo). If o = Ito(5),0(T) for some primitive o € {L, R}*°, then
s(agy,q,) = 0 = $(bgqy,q, ), hence Vg, 4, is uncountable (with zero entropy) by Propo-
sition thus Uy, 4, is also uncountable (with zero entropy) by Lemma If

9 € [Na(ﬁ),o—(lﬁ)?Ma(@),a(T)]’ o€ {L7R}*M’ then Ago,q1 = U(O)v hence S(aqwfh) =
oL < s(bgy.q); by the proof of Theorem each u € Vg, 4, \ {0,1} ends with
0(0) and is therefore not in Uy, 4. Similarly, we have Uy 4, = {0,1} for ¢o €
(o (©),0(T)s o (0T),0(T))- We have already seen in Theorem that {LyG) 0
o € {L, R}* primitive} has zero Hausdorff dimension, thus Theorem (1) holds.

Consider next ¢1 = K(qo). If g0 € {1155),0(19): Ho@),0T) 1+ & € {L, R}*M, then
K(g0) = G(qo), thus Uy, 4, is trivial by the preceding paragraph. If ¢ = Her (8),0(T)
for some primitive o € {L, M, R}*°, then Uy 4, is uncountable with zero en-
tropy. In all other cases, we have s(ay, 4, ) = $(bg.q;) € {L, M, R}*{L, R} and
K(go) > G(qo), thus Uy, 4 is countably infinite by Proposition [3.§8| and the preced-
ing paragraph.

Finally, let ¢1 > K(qo). Then s(ag,q,) > $(bgy.q) by Proposition thus
Ugo,q: has positive entropy by Proposition and Lemma . It remains to
show that the Hausdorff dimension of 7y, 4, (Uyy,q,) is positive. From the proof
of Theorem [2.5, we see that Y := {a(0(01)),(0(01)k*1)}> C Uy, 4 for some
o€ {L,M,R}*, k> 0. Then 7y, 4 (Y) is the self-similar set generated by

yo(l') =TT+ Tgo,q (U(O(Ol)k)O), Y1 (33‘) =X+ Tge,q (0(0(01)k+1)6)’
with 7o = q0—|0(0(01)k)\oql—lU(O(Ol)k)\l’ r o= q0—|0 . Since the
elements of Y are unique (qo, ¢1)-expansions, the iterated function system {yo, y1}
satisfies the Open Set Condition (OSC); see e.g. |21 (9.12)] for the definition of
the OSC. By applying [2Il Theorem 9.3], the Hausdorff dimension of g, 4, (Y) is
A > 0, where X satisfies () +r{ = 1. g

(0(01)* Mo _—[o(0(01)* )]y
qy

6. OPEN PROBLEMS

We end this paper by formulating some open problems:

(i) What is the growth rate of the number of possible prefixes of length n of
Thue-Morse-Sturmian words? Is it polynomial as for Sturmian words [35]
Theorem 2.2.36]7 Using the proof of Proposition this would imply that

Uqo.k(qo) 18 countably infinite for all gg > 1 except a set of zero Hausdorft
dimension, confirming the conjecture after Theorem

(ii) Is it possible to give a formula for the Hausdorff dimension of 7y, 4, (Ug,.q,) (in
terms of the topological entropy h(Uy,q,))? Are these functions continuous
in g and ¢ 7

(iii) For fixed ¢o > 1, what are the maximal intervals (entropy plateaus) such that
h(Ugy,q,) is constant? We know from Theorems that the first entropy
plateau is (1,/(qo)].

(iv) For alphabet-systems S = {(do,q0), (d1,41),-- -, (dm,Gm)} with m > 2, what
can be said about critical values?
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