UNIQUE DOUBLE BASE EXPANSIONS

VILMOS KOMORNIK, WOLFGANG STEINER, AND YURU ZOU

Abstract. For two real bases q_0, q_1 > 1, we consider expansions of real numbers of the form

∑_∞ k=1 i_k/(q_{i1} q_{i2} · · · q_{ik} ) with i_k ∈ {0, 1}, which we call (q_0, q_1)-expansions. A sequence (i_k) is called a unique (q_0, q_1)-expansion if all other sequences have different values as (q_0, q_1)-expansions, and the set of unique (q_0, q_1)-expansions is denoted by U_{q0,q1} . In the special case q_0 = q_1 = q, the set U_{q,q} is trivial if q is below the golden ratio and uncountable if q is above the Komornik–Loreti constant. The curve separating pairs of bases (q_0, q_1) with trivial U_{q0 ,q1} from those with non-trivial U_{q0 ,q1} is the graph of a function G(q_0) that we call generalized golden ratio. Similarly, the curve separating pairs (q_0, q_1) with countable U_{q0 ,q1} from those with uncountable U_{q0 ,q1} is the graph of a function K(q_0) that we call generalized Komornik–Loreti constant. We show that the two curves are symmetric in q_0 and q_1, that G and K are continuous, strictly decreasing, hence almost everywhere differentiable on (1, ∞), and that the Hausdorff dimension of the set of q_0 satisfying G(q_0) = K(q_0) is zero. We give formulas for G(q_0) and K(q_0) for all q_0 > 1, using characterizations of when a binary subshift avoiding a lexicographic interval is trivial, countable, uncountable with zero entropy and uncountable with positive entropy respectively. Our characterizations in terms of S-adic sequences including Sturmian and the Thue–Morse sequences are simpler than those of Labarca and Moreira (2006) and Glendinning and Sidorov (2015), and are relevant also for other open dynamical systems.

Keywords: alphabet–base system, unique expansion, generalized golden ratio, Komornik–Loreti constant, Thue–Morse sequence, Sturmian sequence, topological entropy, Hausdorff dimension, open dynamical system MSC: 11A63, 28A78, 11B83, 37B10, 37B40, 68R15

1. Introduction

Non-integer base expansions of real numbers x = ∞∑ k=1 i_k q^k

, (i_k) ∈ {0, 1, . . . , m}^∞,

where q > 1 is a given non-integer real number and m is a given positive integer, have been intensively studied ever since their introduction by Rényi [40]. While most integer base expansions are unique, in non-integer bases a number has typically infinitely many expansions [18, 20, 19, 42, 8]. However, the sets of numbers U_q (m)

This work was supported by the Agence Nationale de la Recherche through the projects ANR-18-CE40-0007 and ANR-22-CE40-0011, by the National Natural Science Foundation of China (NSFC) #11871348 and #61972265, by Shenzhen Basis Research Project #JCYJ20180305125521534, by Natural Science Foundation of Guangdong Province of China #2023A1515011691, and by the grants CAPES: No. 88881.520205/2020-01 and MATH AMSUD: 21-MATH-03. Data sharing not applicable to this article as no datasets were generated or analysed during the current study. 1

with unique expansions, also called univoque sets, have many interesting properties [29, 16, 3, 6, 7, 45, 17]. In particular, U_q(m) is the survivor set of a dynamical system with a hole, and this kind of open dynamical systems have received a lot of attention in recent years [1, 24, 14, 9, 25], involving connections to several mathematical fields such as fractal geometry, ergodic theory, symbolic dynamics and number theory.

Let us recall a remarkable theorem of Glendinning and Sidorov [23] concerning the two-digit case m = 1, where φ ≈ 1.618 denotes the golden ratio, and q_{KL} ≈ 1.787 denotes the Komornik–Loreti constant, i.e., the smallest base q > 1 in which x = 1 has a unique expansion:

• if 1 < q ≤ φ, then U_q(1) has two elements; • if φ < q < q_{KL}, then U_q(1) is countably infinite;

• if q = q_{KL}, then U_q(1) is uncountable but of zero Hausdorff dimension; • if q > q_{KL}, then U_q(1) has positive Hausdorff dimension.

This theorem was generalized for m > 1 [15, 16, 8, 17], and the Hausdorff dimension of U_q(m) as well as the topological entropy of the underlying set of digit sequenes U_q(m) have been the subject of a large number of research articles [27, 2, 5, 4, 26, 32, 6, 7]. In particular, we know that the topological entropy of U_q(m) is constant (as a function of q) on infinitely many disjoint intervals [27, 2], the first of these entropy plateaus being (1, q_{KL}].

The main tools in these investigations are the lexicographic characterizations of unique and related expansions that generalize a classical theorem of Parry [38]. They have been extended by Pedicini [39] to more general alphabets {d_0, d_1, . . . , d_m} with real digits. Based on this theorem, the threshold separating bases with trivial and non-trivial univoque sets, called generalized golden ratio, was determined in [28] (and later in [10]) for all ternary alphabets {d_0, d_1, d_2}. The determination of the next threshold, which separates bases with countable and uncountable univoque sets and is called generalized Komornik–Loreti constant, seems to be a difficult problem for ternary alphabets, but a closely related question was solved partially in [31] and then completely in [44].

Recently, some of the preceding results were generalized to multiple-base expansions of the form x = ∞∑ k=1 i_k q_{i1} q_{i2} · · · q_{ik}

, (i_k) ∈ {0, 1, . . . , m}^∞,

where m is a positive integer and q_0, q_1, . . . , q_m > 1 are given bases [34, 36, 37], and furthermore to expansions of the form x = ∞∑ k=1 d_{ik} q_{i1} q_{i2} · · · q_{ik}

, (i_k) ∈ {0, 1, . . . , m}^∞,

where S = {(d_0, q_0), (d_1, q_1), . . . , (d_m, q_m)} is a given finite alphabet–base system of pairs of real numbers with q_0, q_1, . . . , q_m > 1 [30]; this contains all preceding expansions as special cases.

The purpose of this paper is to extend results on the cardinality of univoque sets to alphabet–base systems. We restrict to the binary case S = {(d_0, q_0), (d_1, q_1)}, as we have seen above that the ternary case is already difficult when all bases are equal. We first show that this 4-dimensional problem can be reduced to 2 dimensions because the system {(d_0, q_0), (d_1, q_1)} is isomorphic to {(0, q_0), (1, q_1)} (except in the degenerate case^{d0}_{q0 −1} =^{d1}_{q1 −1} , where x =^{d0}_{q0 −1} for all expansions). Now, we for each fixed q_0 > 1, two critical values G(q_0), K(q_0) > 1, called generalized golden ratio and generalized Komornik–Loreti constant, which separate pairs of bases (q_0, q_1) according to whether the univoque set is trivial, uncountable or in-between. We give various properties of the functions G and K and formulas for G(q_0) and K(q_0) for all q_0 > 1 in Theorems 2.1–2.3 below.

To prove our main results, we study the critical values of the survivor set in dynamical systems with a hole. More precisely, we characterize in Theorem 2.5 below when a binary subshift never hitting a lexicographic interval is trivial, countable, uncountable with zero entropy and uncountable with positive entropy respectively. This improves and simplifies results of Labarca and Moreira [33], which were used as tools for understanding the properties of Lorenz maps. Our characterizations are also simpler than those of Glendinning and Sidorov [43, 24], who investigated the critical values of the symmetric and asymmetric holes for the doubling map. Note that positive entropy of binary subshifts with a hole plays also a crucial role in the characterization of critical itineraries of maps with constant slope and one discontinuity, also called intermediate β-shifts [11]. Based on our results, the first entropy plateau is also given by the generalized Komornik–Loreti constant. The investigation of further fractal and dynamical properties of the univoque set is left as an open problem.

2. Statement of the main results

Fix a finite alphabet–base system S := {(d_0, q_0), (d_1, q_1), . . . , (d_m, q_m)}, and set

π_S ((i_k)) := ∞∑ k=1 d_{ik} q_{i1} q_{i2} · · · q_{kk}

, (i_k) ∈ {0, 1, . . . , m}^∞.

If π_S ((i_k)) = x, then (i_k) is called an S-expansion of the real number x. The system S is called regular if

π_S (0) < π_S (10) < · · · < π_S (m0), π_S (0m) < π_S (1m) < · · · < π_S (m),

π_S ((i+1)0) ≤ π_S (i m) for all 0 ≤ i < m.

Here and in the following, c denotes the infinite repetition of a digit (or a finite sequence of digits) c. Regular systems S were studied in [30], where it was shown that x has an S-expansion if and only if x ∈ [π_S (0), π_S (m)]. Let

U_S := { u ∈ {0, 1, . . . , m}^∞ : π_S (u) ≠ π_S (v) for all v ≠ u } be the set of unique S-expansions. The points π_S (0) and π_S (m) trivially have unique S-expansions, and we call U_S trivial if U_S = {0, m}. The set U_S is shift-invariant, and we denote its (topological) entropy by

h(U_S ) := lim_{n→∞} 1 n log A_n(U_S ),

where A_n(U_S ) is the number of different blocks of n letters appearing in the sequences of U_S .^1

1This is the usual definition of topological entropy for subshifts. The set U S need not be closed but taking the closure adds only countably many points, hence the entropy defined by Bowen [13] is equal to the entropy of the closure.

In this paper, we study regular systems S = {(d_0, q_0), (d_1, q_1)} with d_0, d_1 ∈ R, q_0, q_1 > 1; the case of larger systems is more complex. We show in Lemma 3.1 that the structure of the S-expansions is isomorphic to those in the alphabet-base system {(0, q_0), (1, q_1)}. Hence in the following we can restrict ourselves without loss of generality to the case where d_0 = 0 and d_1 = 1. For simplicity, we write π_{q0 ,q1} and U_{q0,q1} instead of π_{{(0,q0 ),(1,q1 )}} and U_{{(0,q0),(1,q1)}}, i.e.,

π_{q0 ,q1} (i_1i_2 · · · ) = ∞∑ k=1 i_k q_{i1} q_{i2} · · · q_{ik} , U_{q0 ,q1} = { u ∈ {0, 1}^∞ : π_{q0 ,q1} (u) ≠ π_{q0 ,q1} (v) for all v ≠ u } . The goal of this paper is to characterize G(q_0) := inf{q_1 > 1 : U_{q0 ,q1} ≠ {0, 1}}, K(q_0) := inf{q_1 > 1 : U_{q0 ,q1} is uncountable}.

We first state results that do not require further notation, before going into details. Theorem 2.1.

(i) The functions G and K are continuous, strictly decreasing on (1, ∞), and hence almost everywhere differentiable.

(ii) For all q_0 > 1, we have

G(G(q_0)) = q_0, max { 1 q_0 + 1 , 1 G(q_0) + 1 } ≤ (q_0 − 1) ( G(q_0) − 1 ) ≤ 1 2 , K(K(q_0)) = q_0, 1 2 ≤ (q_0 − 1) ( K(q_0) − 1 ) < min { q_0 q_0 + 1 , K(q_0) K(q_0) + 1 } . (iii) For q_0 > 1, we have

(q_0 − 1) ( G(q_0) − 1 ) = 1 2 ⇐⇒ G(q_0) = K(q_0) ⇐⇒ (q_0 − 1) ( K(q_0) − 1 ) = 1 2 ,

(q_0 − 1)(G(q_0) − 1) = 1 q_0+1 if and only if q k 0 = q_0+1 for some integer k ≥ 2, 1 G(q_0 )+1 if and only if q0 = q^2_1 q^2_1 −1 with q1 > 1 such that

q^k_1 = q_1+1 for some integer k ≥ 2.

(iv) The Hausdorff dimension of {q_0 > 1 : G(q_0) = K(q_0)} is zero. (v) For all q_0 > 1, q_1 > G(q_0), the set U_{q0,q1} is infinite.

(vi) For all q_0 > 1, q_1 > K(q_0), the shift-invariant set U_{q0 ,q1} has positive entropy, and π_{q0 ,q1} (U_{q0 ,q1} ) has positive Hausdorff dimension.

Our main result is a precise description of G and K in terms of equations q_1 π_{q0 ,q1} (u) = 1 and q_0 π̃_{q0 ,q1} (v) = 1 for certain expansions u, v ∈ {0, 1}^∞, where

π̃_{q0 ,q1} (i_1i_2 · · · ) := ∞∑ k=1 1 − i_k q_{i1} q_{i2} · · · q_{ik}

= π_{q1 ,q0} ((1−i_1)(1−i_2) · · · ).

If the equation q_1 π_{q0 ,q1} (u) = 1 has a unique solution q_1 > 1, then we denote this solution by g_u(q_0). If the equation q_0 π̃_{q0 ,q1} (v) = 1 has a unique solution q_1 > 1, then we denote this solution by g̃_v(q_0). If the equation g_u(q_0) = g̃_v(q_0) has a unique solution q_0 > 1, then we denote this solution by μ_{u,v}. In Lemmas 4.1, 4.2 and 4.4, we will show that g_u(q_0), g̃_v(q_0) and μ_{u,v} are well defined for all u, v, q_0 that are relevant for us.

The involved words u, v are defined by the substitutions (or morphisms) L : 0 → 0, M : 0 → 01, R : 0 → 01,

1 → 10, 1 → 10, 1 → 1, which act on finite and infinite words by σ(i_1i_2 · · · ) = σ(i_1)σ(i_2) · · · . We use the notation S^∗ for the monoid generated by a set of substitutions S (with the composition as product). For a sequence of substitutions σ = (σ_n)_{n≥1} ∈ {L, M, R}^∞ and any u ∈ {0, 1}^∞, the limit word σ(u) := lim_{n→∞} σ_1σ_2 · · · σ_n(u)

exists because σ(i) starts with i for all σ ∈ {L, M, R}, i ∈ {0, 1}. A sequence of substitutions (σ_n)_{n≥1} is primitive if for each n ≥ 1 there exists k ≥ n such that the image by σ_nσ_{n+1} · · · σ_k of each letter contains all letters; for σ ∈ {L, M, R}^∞, this means that σ does not end with L or R. Note that the limit words of M are the Thue–Morse word and its reflection by 0 ↔ 1; limit words of primitive sequences in {L, R}^∞ are Sturmian words, and limit words of primitive sequences in {L, M, R}^∞ are called Thue–Morse–Sturmian words according to [44].^2 Theorem 2.2. The map G is given on (1, ∞) by

(2.1) G(q_0) = g_{σ(0)}(q_0) if q_0 ∈ [μ_{σ(0),σ(10)}, μ_{σ(0),σ(1)}], σ ∈ {L, R}^∗M, g̃_{σ(1)}(q_0) if q_0 ∈ [μ_{σ(0),σ(1)}, μ_{σ(01),σ(1)}], σ ∈ {L, R}^∗M, g_{σ(0)}(q_0) if q_0 = μ_{σ(0),σ(1)}, σ ∈ {L, R}^∞ primitive.

The map K is given on (1, ∞) by

(2.2) K(q_0) = g̃_{σ(10)}(q_0) if q_0 ∈ [μ_{σ(0),σ(10)}, μ_{σ(010),σ(10)}], σ ∈ {L, M, R}^∗M, g_{σ(01)}(q_0) if q_0 ∈ [μ_{σ(01),σ(101)}, μ_{σ(01),σ(1)}], σ ∈ {L, M, R}^∗M, g_{σ(0)}(q_0) if q_0 = μ_{σ(0),σ(1)}, σ ∈ {L, M, R}^∞ primitive.

Note that G(μ_{σ(0),σ(1)}) = g_{σ(0)}(μ_{σ(0),σ(1)}) holds for non-primitive σ ∈ {L, R}^∞ \ {L, R} too because LR(0) = M(0) = RL(0) and LR(1) = M(1) = RL(1). However, we need σ ∈ {L, M, R}^∞ to be primitive for K(μ_{σ(0),σ(1)}) = g_{σ(0)}(μ_{σ(0),σ(1)}). Theorem 2.3.

(i) We have G(q_0) = K(q_0) if and only if q_0 = μ_{σ(0),σ(1)} for a primitive σ ∈ {L, R}^∞ or q_0 ∈ {μ_{σ(0),σ(10)}, μ_{σ(01),σ(1)}} for some σ ∈ {L, R}^∗M; this is also equivalent to (q_0−1)(G(q_0)−1) =^1_2 as well as to (q_0−1)(K(q_0)−1) =^1_2 . In particular, we have G(q_0) < K(q_0) for all q_0 > 1 except a set of zero Hausdorff dimension.

(ii) U_{q0,G(q0 )} ≠ {0, 1} if and only if q_0 = μ_{σ(0),σ(1)} for a primitive σ ∈ {L, R}^∞;

the set of q_0 > 1 with this property has zero Hausdorff dimension. (iii) U_{q0,K(q0)} is trivial if and only if q_0 ∈ ⋃ σ∈{L,R}^∗M {μσ(0),σ(10), μσ(01),σ(1)},

uncountable with zero entropy if and only if q_0 = μ_{σ(0),σ(1)} for some primitive σ ∈ {L, M, R}^∞, countably infinite otherwise.

We conjecture that the set of q_0 > 1 where U_{q0,K(q0 )} is not countably infinite has zero Hausdorff dimension (and thus zero Lebesgue measure); see the Open Problem (i) in Section 6.

2The substitution L in [44] is rotationally conjugate to our substitution L, thus the limit words have the same dynamical properties.

q_1

1 q_0 2 2 3 3

Figure 1. The functions G(q_0) (blue), K(q_0) (red), and the curves (q_0−1)(q_1−1) =^1_{q0 +1} ,^1_{q1 +1} ,^1_2 ,^{q1}_{q1 +1} ,^{q0}_{q0 +1} , 1.

The functions G and K are drawn in Figure 1, the functions (q_0−1)(G(q_0)−1) and (q_0−1)(K(q_0)−1) are drawn in Figure 2, and the calculation of G(q_0) and K(q_0) is worked out in the following example for the case σ = L^kM, k ≥ 0. In particular, we have G(^{1+√5}_2 ) =^{1+√5}_2 , and q_0 =^{1+√5}_2 is the unique value with G(q_0) = q_0 since G is strictly decreasing by Theorem 2.1. Since M(0) and M(1) are the Thue- Morse words, we have g_{M(0)}(q_{KL}) = q_{KL} = g̃_{M(1)}(q_{KL}) for the Komornik–Loreti constant q_{KL}, hence μ_{M(0),M(1)} = q_{KL} = K(q_{KL}), with no other q_0 satisfying K(q_0) = q_0. Consequently, Theorem 2.2 can be seen as a generalization of the theorem of Glendinning and Sidorov [23].

Example 2.4. Let σ = L^kM, k ≥ 0. Then

σ(0) = 010^k, σ(1) = 100^k.

2 3 1 31 2 1 q_0 +1q_0 q_0 +1

(q_0 −1)^2

μ_{M(0),M(10)} μ_{M(0)}, μ_{M(1)} μ_{M(01),M(1)} = 2 L4M L^3ML2M

L2RM

LMLRM

LR2MM(q0 −1)(gM(0)(q0)−1) (q0 −1)(g̃M(1)(q0)−1)

μ_{M(0),M(10)} μ_{M(0),M(010)} μ_{M(0),M(1)} μ_{M(01),M(101)} μ_{M(01),M(1)}

L4ML^3ML2M

L2RM LML LMR LM^2LRM

LR2MML

(q0 −1)(g̃M(10)(q0 )−1) MLM M^2L

M^2R

M 3MRMMR

(q0 −1)(gM(01)(q0 )−1)

Figure 2. The maps (q_0−1)(G(q_0)−1) (blue), (q_0−1)(K(q_0)−1) (red).

In order to determine g_u(q_0) for u ∈ {σ(0), σ(01), σ(010)}, we use that

q_0 ( q_1 π_{q0 ,q1} (01i_1 · · · i_r i_{r+1} · · · i_{r+p}) − 1 ) = 1 − q_0 + π_{q0 ,q1} (i_1 · · · i_r i_{r+1} · · · i_{r+p})

= 1 − q_0 + r∑ n=1 i_n q_{in+1} · · · q_{ir}

q_{i1} · · · q_{ir} + p∑ n=1 i_{r+n} q_{ir+n+1} · · · q_{ir+p} q_{i1} · · · q_{ir} (q_{ir+1} · · · q_{ip} − 1) . Since σ(0) = 010^k01, σ(01) = 010^k10, σ(010) = 010^k100^k01, we obtain that

g_{σ(0)}(q_0) = q_1 ⇐⇒ (1 − q_0)(q^{k+1}_0 q_1 − 1) + 1 = 0, g_{σ(01)}(q_0) = q_1 ⇐⇒ (1 − q_0)(q^{k+1}_0 q_1 − 1) + q_0 = 0, g_{σ(010)}(q_0) = q_1 ⇐⇒ ( (1 − q_0)q^{k+1}_0 q_1 + q_0 ) (q^{k+1}_0 q_1 − 1) + 1 = 0,

i.e.,

g_{σ(0)}(q_0) = 1 q^k_0 (q_0−1)

, g_{σ(01)}(q_0) =

2q_0 − 1 q^{k+1}_0 (q_0−1)

, g_{σ(010)}(q_0) =

2q_0−1+ √ 4q_0−3 2 q^{k+1}_0 (q_0 − 1) . For g̃_v(q_0), v ∈ {σ(1), σ(10), σ(101)}, we use similarly that

q_1 ( q_0 π̃_{q0 ,q1} (10i_1 · · · i_r i_{r+1} · · · i_{r+p}) − 1 ) = 1 − q_1 + π̃_{q0 ,q1} (i_1 · · · i_r i_{r+1} · · · i_{r+p})

= 1 − q_1 + r∑ n=1 (1 − i_n) q_{in+1} · · · q_{ir} q_{i1} · · · q_{ir} + p∑ n=1 (1 − i_{r+n}) q_{ir+n+1} · · · q_{ir+p} q_{i1} · · · q_{ir} (q_{ir+1} · · · q_{ip} − 1) . We have σ(1) = 100^k10, σ(10) = 100^k01, σ(101) = 100^k010^k10, thus

g̃_{σ(1)}(q_0) = q_1 ⇐⇒ (1 − q_1)(q^{k+1}_0 q_1 − 1) + q_0q_1 q^k_0 − 1 q_0 − 1

+ 1 = 0,

g̃_{σ(10)}(q_0) = q_1 ⇐⇒ (1 − q_1)(q^{k+1}_0 q_1 − 1) + q_1 q^{k+1}_0 − 1 q_0 − 1

= 0,

g̃_{σ(101)}(q_0) = q_1 ⇐⇒ ( (1−q_1)q^{k+1}_0 q_1 + q_1 q^{k+1}_0 −1 q_0−1 ) (q^{k+1}_0 q_1−1) + q_0q_1 q^k_0 −1 q_0−1

+ 1 = 0.

This gives that

g̃_{σ(1)}(q_0) = q^{k+2}_0 − 1 q^{k+1}_0 (q_0 − 1) ,

g̃_{σ(10)}(q_0) = 1 2q^{k+1}_0 ( q^{k+2}_0 − 1 q_0 − 1

+ 1 + √( q^{k+3}_0 − 1 q_0 − 1

− q_0 + 3 ) q^{k+1}_0 − 1 q_0 − 1 ) , and a formula for g̃_{σ(101)}(q_0) with cubic roots that we do not need for the calculation of μ_{σ(01),σ(101)}. Evaluating equations of the form g_u(q_0) = g̃_v(q_0), we obtain that

μ^{k+2}_{σ(0),σ(1)} = μ_{σ(0),σ(1)} + 1, 2 μ^{k+1}_{σ(0),σ(10)} = μ^k_{σ(0),σ(10)} + 2, μ^{k+1}_{σ(01),σ(1)} = 2,

μ^{2k+3}_{σ(010),σ(10)} = μ^{2k+2}_{σ(010),σ(10)} + 2 μ^{k+2}_{σ(010),σ(10)} − 3 μ^{k+1}_{σ(010),σ(10)} − μ_{σ(010),σ(10)} + 3,

3 μ^{k+3}_{σ(01),σ(101)} = 2 μ^{k+2}_{σ(01),σ(101)} + 6 μ^2_{σ(01),σ(101)} − 5 μ_{σ(01),σ(101)} + 1. In particular, for k = 0, Theorem 2.2 gives that

G(q_0) =

{_1

q_0 −1 if q0 ∈ [ 3 2 ,^{1+√5}_2 ],

q_0 +1

q_0 if q0 ∈ [ 1+ √ 5 2 , 2],

K(q_0) =

q_0 +2+

√_{q20 +4}

2q_0 if q0 ∈ [ 3 2 , 1.6823278],

2q_0 −1 q_0 (q_0 −1) if q0 ∈ [1.8711568, 2].

An essential ingredient of the proofs of Theorems 2.1–2.3 is the characterization of pairs a ∈ 0{0, 1}^∞, b ∈ 1{0, 1}^∞ for which the lexicographically defined subshift Ω_{a,b} := { i_1i_2 · · · ∈ {0, 1}^∞ : i_ni_{n+1} · · · ≤ a or i_ni_{n+1} · · · ≥ b for all n ≥ 1 } , i.e., the union of shift-orbits avoiding the open interval (a, b), is trivial, countable or uncountable (with zero or positive entropy).

Theorem 2.5. Let a ∈ 0{0, 1}^∞, b ∈ 1{0, 1}^∞. Then we have the following.

(i) Ω_{a,b} ≠ {0, 1} if and only if a ≥ σ(0), b ≤ σ(1) for some σ ∈ {L, R}^∗M, or a = σ(0), b = σ(1) for some primitive σ ∈ {L, R}^∞, or a = 01, or b = 10.

(ii) Ω_{a,b} = {0, 1} if and only if a < σ(0), b ≥ σ(10), or a ≤ σ(01), b > σ(1) for some σ ∈ {L, R}^∗M.

(iii) Ω_{a,b} is uncountable with positive entropy if and only if a ≥ σ(0), b < σ(10), or a > σ(01), b ≤ σ(1) for some σ ∈ {L, M, R}^∗M.

(iv) Ω_{a,b} is uncountable with zero entropy if and only if a = σ(0), b = σ(1) for some primitive σ ∈ {L, M, R}^∞.

(v) Ω_{a,b} is countable if and only if a ≤ σ(010), b ≥ σ(10), or a ≤ σ(01), b ≥ σ(101) for some σ ∈ {L, M, R}^∗.

This also improves and simplifies results of Labarca and Moreira [33] for subshifts of the form

Σ_{a,b} := { i_1i_2 · · · ∈ {0, 1}^∞ : a ≤ i_ni_{n+1} · · · ≤ b for all n ≥ 1 } , i.e., the union of shift-orbits staying in the closed interval [a, b]. Theorem 2.6. We have Ω_{0b,1a} = 0^∗Σ_{a,b} ∪ 1^∗Σ_{a,b} ∪ {0, 1} and, hence, Σ_{a,b} = ∅ if and only if Ω_{0b,1a} = {0, 1}, Σ_{a,b} is countable if and only if Ω_{0b,1a} is countable, h(Σ_{a,b}) = h(Ω_{0b,1a}).

σ(0)

σ(1) σ(01)σ(10) Ω_{a,b} = {0, 1}

Ω_{a,b} ≠ {0, 1} ? ? σ(0)

σ(1) σ(010) σ(01)σ(10) σ(101)

Ω_{a,b} has positive entropy Ω_{a,b} countable ? ? ? Figure 3. The cardinality of Ω_{a,b} according to Theorem 2.5, for σ = σ̃M with σ̃ ∈ {L, R}^∗ (left) and σ̃ ∈ {L, M, R}^∗ (right). In the regions with question marks, we have to consider substitutions starting with σ̃L (in the lower left corners), with σ̃R (in the upper right corners) and with σ̃M (in the middle of the right picture).

Here, c^∗ = {c^k : k ≥ 0} is the set of words containing only the letter c ∈ {0, 1}. Note that Theorem 2.5 gives a semi-algorithm for deciding triviality, countability and zero entropy of Ω_{a,b}, which terminates for all a ∈ 0{0, 1}^∞, b ∈ 1{0, 1}^∞ except for a = σ(0), b = σ(1) with primitive σ ∈ {L, R}^∞ resp. σ ∈ {L, M, R}^∞. Glendinning and Sidorov [24] have similar results to Theorem 2.5; their set of substitutions, which are defined by the lexicographically smallest and largest cyclically balanced words with rational frequencies, is equal to {L, R}^∗M.

The rest of the paper is organised as follows. In Sections 3 and 4, we study some relevant properties of the set U_{q0 ,q1} , the functions g and g̃, and prove Theorems 2.5 and 2.6. In Section 5, we prove Theorems 2.1, 2.2 and 2.3. We end the paper by raising some open problems.

3. Lexicographic world

In this section, we first show that an alphabet-base system {(d_0, q_0), (d_1, q_1)} with d_1(q_0 − 1) ≠ d_0(q_1 − 1) is isomorphic to {(0, q_0), (1, q_1)}. Therefore, we call the expansions in the system {(0, q_0), (1, q_1)} simply (q_0, q_1)-expansions. For this result, we do not require q_0, q_1 to be real numbers, but only that |q_0|, |q_1| > 1. Set

T_{d,q} : C → C, x → qx − d (d, q ∈ C).

Lemma 3.1. Let d_0, d_1, q_0, q_1 ∈ C with |q_0|, |q_1| > 1, i_1i_2 · · · ∈ {0, 1}^∞. Then

(3.1) ∞∑ k=1 d_{ik} q_{i1} q_{i2} · · · q_{ik} = d_0 q_0 − 1 + ( d_1 − d_0 q_1 − 1 q_0 − 1 ) π_{q0 ,q1} (i_1i_2 · · · ).

In particular, we have

(3.2) (q_1 − 1) π_{q0 ,q1} (i_1i_2 · · · ) + (q_0 − 1) π_{q1,q0} ( (1−i_1)(1−i_2) · · · ) = 1,

hence i_1i_2 · · · U_{q0,q1} if and only if (1−i_1)(1−i_2) · · · ∈ U_{q1,q0} .

Proof. Let φ : C → C, x → d_0 q_0 − 1 + ( d_1 − d_0 q_1 − 1 q_0 − 1 ) x. Then

T_{d0,q0} ∘ φ(x) = q_0 ( d_0 q_0 − 1 + ( d_1 − d_0 q_1 − 1 q_0 − 1 ) x ) − d_0 = d_0 q_0 − 1 + ( d_1 − d_0 q_1 − 1 q_0 − 1 ) q_0x = φ ∘ T_{0,q0} (x),

T_{d1,q1} ∘ φ(x) = q_1 (( d_1 − d_0 q_1 − 1 q_0 − 1 ) x + d_0 q_0 − 1 ) − d_1 = ( d_1 − d_0 q_1 − 1 q_0 − 1 ) (q_1x − 1) + d_0 q_0 − 1

= φ ∘ T_{1,q1} (x).

For n ≥ 0, let x_n := π_{q0 ,q1} (i_{n+1}i_{n+2} · · · ). Then φ(x_0) = T^{−1}_{di1 ,qi1} ∘ · · · ∘ T^{−1}_{din ,qin} ∘ φ ∘ T_{in,qin} = T^{−1}_{di1 ,qi1} ∘ · · · ∘ T^{−1}_{din ,qin} ∘ φ(x_n) = n∑ k=1 d_{ik} q_{i1} q_{i2} · · · q_{ik} + φ(x_n) q_{i1} q_{i2} · · · q_{in}

for all n ≥ 1. Since |q_0|, |q_1| > 1 and φ(x_n) is bounded, this implies that φ(x_0) = ∑_∞

k=1 d_{ik} /(q_{i1} q_{i2} · · · q_{ik} ), which proves (3.1). Using (3.1) with d_0 = 1, d_1 = 0, we obtain that

π_{q1 ,q0} ( (1−i_1)(1−i_2) · · · ) = ∞∑ k=1 1 − i_k q_{i1} · · · q_{ik} = 1 q_0 − 1 − q_1 − 1 q_0 − 1 π_{q0 ,q1} (i_1i_2 · · · ),

i.e., (3.2) holds. □

Now, we return to real bases q_0, q_1 > 1. The action of T_{0,q0} and T_{1,q1} on the interval [0,^1_{q1 −1} ] is depicted in Figure 4. Each number in this interval has a (q_0, q_1)- expansion, i.e., {(0, q_0), (1, q_1)} is regular, if and only if^1_{q1} ≤^1_{q0 (q1−1)} , which is equivalent to q_0 + q_1 ≥ q_0q_1.

We have i_1i_2 · · · ∈ U_{q0 ,q1} if and only if (3.3) π_{q0 ,q1} (i_{n+1}i_{n+2} · · · ) ∉ [^1_{q1} ,^1_{q0 (q1−1)} ] for all n ≥ 0. In particular, we have U_{q0,q1} = {0, 1}^∞ if q_0 + q_1 < q_0q_1. Therefore, we assume that q_0 + q_1 ≥ q_0q_1 in the following.

Denote the quasi-greedy (q_0, q_1)-expansion of^1_{q1} by a_{q0 ,q1} and the quasi-lazy (q_0, q_1)-expansion of^1_{q0 (q1 −1)} by b_{q0 ,q1} . (An expansion of a number is quasi-greedy if it is the lexicographically largest expansion not ending with 0; it is quasi-lazy if it is the lexicographically smallest expansion not ending with 1.) Since^1_{q1} = π_{q0 ,q1} (10) and^1_{q0 (q1 −1)} = π_{q0 ,q1} (01), a_{q0 ,q1} starts with 01 and b_{q0 ,q1} starts with 10. We recall the following properties of quasi-greedy and quasi-lazy expansions from [30]. Lemma 3.2. For 0 ≤ x < y ≤^1_{q1 −1} , the quasi-greedy (q_0, q_1)-expansion of x is lexicographically smaller than that of y and the quasi-lazy (q_0, q_1)-expansion of x is lexicographically smaller than that of y.

0^1_{q1 −1} 1 q_1 −1

1 q_1 1 q_0 (q_1 −1)

T_{0,q0}T1,q1

Figure 4. The maps T_{0,q0} and T_{1,q1} ; here, q_0 = 2 and q_1 = 3/2.

From (3.3) and Lemma 3.2 (see also [30, Corollary 1.3]), we get that

U_{q0,q1} = { i_1i_2 · · · ∈ {0, 1}^∞ : i_ni_{n+1} · · · < a_{q0 ,q1} or i_ni_{n+1} · · · > b_{q0 ,q1} ∀n ≥ 1 } . The following lemmas show that we can consider the closed set

V_{q0 ,q1} := { i_1i_2 · · · ∈ {0, 1}^∞ : i_ni_{n+1} · · · ≤ a_{q0 ,q1} or i_ni_{n+1} · · · ≥ b_{q0 ,q1} ∀n ≥ 1 } instead of U_{q0,q1} .

Lemma 3.3. For q^′_0 ≥ q_0, q^′_1 ≥ q_1, with q^′_0 + q^′_1 ≥ q^′_0q^′_1 > q_0q_1, we have

a_{q0 ,q1} < a_q′_{0 ,q}′_1 and b_q′_{0 ,q}′_1 < b_{q0 ,q1} ,

thus U_{q0,q1} ⊆ V_{q0 ,q1} ⊆ U_q′_{0 ,q}′_1 ⊆ V_q′_{0 ,q}′_1 .

Proof. Since q^′_1 π_q′_{0 ,q}′_1 (a_{q0 ,q1} ) < q_1 π_{q0 ,q1} (a_{q0 ,q1} ) = 1 = q^′_1 π_q′_{0 ,q}′_1 (a_q′_{0 ,q}′_1 ), the quasigreedy (q^′_0, q^′_1)-expansion of π_q′_{0 ,q}′_1 (a_{q0 ,q1} ) is smaller than a_q′_{0 ,q}′_1 by Lemma 3.2, hence a_{q0 ,q1} < a_q′_{0 ,q}′_1 . Symetrically, we have q^′_0 π̃_q′_{0 ,q}′_1 (b_{q0 ,q1} ) < q_0 π̃_{q0 ,q1} (b_{q0 ,q1} ) = 1 = q^′_0 π̃_q′_{0 ,q}′_1 (b_q′_{0 ,q}′_1 ), hence by (3.2) the quasi-lazy expansion of π_q′_{0 ,q}′_1 (b_{q0 ,q1} ) is larger than b_q′_{0 ,q}′_1 , thus b_{q0 ,q1} > b_q′_{0,q}′_1 . □

Lemma 3.4.

(i) U_{q0,q1} is infinite if and only if U_{q0,q1} ≠ {0, 1}. (ii) U_{q0,q1} is uncountable if and only if V_{q0 ,q1} is uncountable. (iii) U_{q0,q1} and V_{q0 ,q1} have the same entropy.

Proof. (i) If u ∈ U_{q0,q1} starts with 0, then we have 0^k u ∈ U_{q0 ,q1} for all k ≥ 0. If moreover u ≠ 0, then all sequences 0^k u are different. Therefore, U_{q0 ,q1} ≠ {0, 1} implies that U_{q0 ,q1} is infinite. The converse is trivial.

(ii) We have U_{q0,q1} ⊆ V_{q0 ,q1} and all elements of V_{q0 ,q1} \U_{q0 ,q1} end with a_{q0 ,q1} or b_{q0 ,q1} , hence this difference is countable.

(iii) The set V_{q0 ,q1} differs from U_{q0,q1} only by a countable set, which does not affect the entropy according to Bowen’s definition [13], i.e., h(U_{q0 ,q1} ) = h(V_{q0 ,q1} ). See [5, Proposition 2.6] for a similar statement, with a more complicated proof. □

Since V_{q0 ,q1} = Ω_{aq0 ,q1 ,bq0,q1} , its cardinality is given by Theorem 2.5, which we prove in the rest of the section. For a ∈ 0{0, 1}^∞, b ∈ 1{0, 1}^∞, we can write Ω_{a,b} = { u ∈ {0, 1}^∞ \ {0, 1} : sup_0(u) ≤ a, inf_1(u) ≥ b } ∪ {0, 1}, with sup_0(i_1i_2 · · · ) := sup{i_ni_{n+1} · · · : n ≥ 1, i_n = 0}, inf_1(i_1i_2 · · · ) := inf{i_ni_{n+1} · · · : n ≥ 1, i_n = 1}.

In other words, sup_0(u) is the maximal element of X_u starting with 0 and inf_1(u) is the minimal element of X_u starting with 1, where X_{i1i2 ···} := closure({i_ni_{n+1} · · · : n ≥ 1}) is the subshift generated by the word i_1i_2 · · · ∈ {0, 1}^∞. We have

(3.4) sup_0(σ(0)) = σ(0), sup_0(σ(01)) = σ(01), sup_0(σ(0)) = σ(0), inf_1(σ(1)) = σ(1), inf_1(σ(10)) = σ(10), inf_1(σ(1)) = σ(1),

for all σ ∈ {L, M, R}^∗, σ ∈ {L, M, R}^∞; more precisely, the following lemma holds.

Lemma 3.5. For all σ ∈ {L, M, R}^∗, σ ∈ {L, M, R}^∞, u ∈ {0, 1}^∞, we have sup_0(σ(0u)) = σ(sup_0(0u)), inf_1(σ(1u)) = σ(inf_1(1u)), sup_0(σ(0u)) = σ(sup_0(0u)), inf_1(σ(1u)) = σ(inf_1(1u)).

Proof. We first show that σ ∈ {L, M, R}^∗ and sup_0 commute on 0{0, 1}^∞. It suffices to consider σ ∈ {L, M, R}. Since the only occurrence of 0 in R(0) and R(1) is at the beginning of R(0), we have sup_0(R(0u)) = R(0v) for some v ∈ X_{0u}, and 0v = sup_0(u) because R is order-preserving. For σ ∈ {L, M}, the letter 0 also occurs at the end of σ(1). Suppose that sup_0(σ(u)) = 0σ(v) with 1v ∈ X_{0u}, and let k ≥ 1 be such that 01^kv ∈ X_{0u}. Since σ(01^kv) ≥ 0σ(v), we have σ(01^kv) = sup_0(σ(u)), thus 01^kv = sup_0(u), i.e., L and M also commute with sup_0 on 0{0, 1}^∞.

The proof that σ ∈ {L, M, R}^∗ and inf_1 commute on 1{0, 1}^∞ is symmetric; it suffices to exchange 0 and 1, L and R, sup_0 and inf_1.

For σ = (σ_n)_{n≥1} ∈ {L, M, R}^∞, u ∈ {0, 1}^∞, we have already proved that sup_0(σ(0u)) = sup_0(σ_{[1,n)}(σ_{[n,∞)}(0u))) = σ_{[1,n)}(sup_0(σ_{[n,∞)}(0u)))

for all n ≥ 1. If σ is primitive or ends with R, then the length of σ_{[1,n)}(0) is unbounded, thus sup_0(σ(0u)) = σ(0) = σ(sup_0(0u)). Otherwise, σ ends with L. Since sup_0(L(0)) = 0 = L(sup_0(0)) and sup_0(L(0u)) = 010 = L(sup_0(0u)) for u ≠ 0, L commutes with sup_0 on 0{0, 1}^∞, hence σ commutes with sup_0 on 0{0, 1}^∞ for all σ ∈ {L, M, R}^∞. Again, the case of inf_1 and u ∈ 1{0, 1}^∞ is symmetric. □

We have the following relation between Ω_{σ(a),σ(b)} and σ(Ω_{a,b}).

Lemma 3.6. If u ∈ Ω_{σ(a),σ(b)} \{0, 1}, σ ∈ {L, M, R}, a ∈ 0{0, 1}^∞, b ∈ 1{0, 1}^∞, then u = w σ(v) for some v ∈ Ω_{a,b}, w ∈ {0, 1}^∗.

If u ∈ Ω_{σ(a),σ(b)} \ {0, 1}, σ ∈ {L, R}^∗, a, b ∈ {0, 1}^∞ with a < 01 and b > 10, then u = w σ(v) for some v ∈ Ω_{a,b} \ {0, 1}, w ∈ {0, 1}^∗.

Proof. If σ = L, then sup_0(u) ≤ 01, thus u = 1^kL(v^′) for some k ≥ 0, v^′ ∈ {0, 1}^∞. If σ = R, then inf_1(u) ≥ 10 implies that u = 0^kR(v^′) for some k ≥ 0, v^′ ∈ {0, 1}^∞. If σ = M, then sup_0(u) ≤ 0110 and inf_1(u) ≥ 1001, thus u = 0^kM(v^′) or u = 1^kM(v^′) for some k ≥ 0, v^′ ∈ {0, 1}^∞.

To show that v^′ ends with some v ∈ Ω_{a,b}, assume first that v^′ starts with 0. Then σ(sup_0(v^′)) = sup_0(σ(v^′)) ≤ σ(a), thus sup_0(v^′) ≤ a, and v^′ = 0 ∈ Ω_{a,b} or v^′ = 0^nv for some v ∈ 1{0, 1}^∞. Then σ(inf_1(v)) = inf_1(σ(v)) ≥ σ(b), thus inf_1(v) ≥ b. Since sup_0(v) ≤ sup_0(v^′) (or v = 1), we obtain that v ∈ Ω_{a,b}. Since the case of v^′ starting with 1 is symmetric, this proves the first statement.

Moreover, if σ = L, then a < 01, b > 10 imply that L(a) < 01, L(b) > 10, which gives together with u /∈ {0, 1} that v /∈ {0, 1}. In case σ = R, we also have v /∈ {0, 1} by symmetry.

Let now σ_1 · · · σ_n ∈ {L, R}^∗, n ≥ 1, u ∈ Ω_{σ1 ···σn(a),σ1···σn(b)} \ {0, 1}, a < 01, b > 10. We have proved that u ∈ {0, 1}^∗(Ω_{σ2 ···σn (a),σ2···σn(b)} \ {0, 1}), and we obtain inductively that u ∈ {0, 1}^∗(Ω_{a,b} \ {0, 1}). □

The following lemma shows that the map

s : {0, 1}^∞ → {L, M, R}^∞ \ {L, M, R}^∗{LR, RL},

u → σ if σ(0) ≤ u ≤ σ(01) or σ(10) ≤ u ≤ σ(1),

is well-defined and monotonically increasing on 0{0, 1}^∞ as well as on 1{0, 1}^∞, where sequences in {L, M, R}^∞ are ordered lexicographically with L < M < R. Some of the values of s are shown in Figure 5. Note that σ(i_1i_2 · · · ) depends only on i_1 when the length of σ_1 · · · σ_n(i_1) is unbounded. In particular, we have σ(0) = σ(01) and σ(10) = σ(1) for primitive σ, σR(0) = σR(01) and σL(10) = σL(1) for all σ ∈ {L, M, R}^∗, and

(3.5)

L(0) = 0, L(1) = L(10) = 10, L(01) = 010,

R(1) = 1, R(0) = R(01) = 01, R(10) = 101.

0010010

010100010

01010

01011001

0110011010010110

01101001

011001101110101

01110 01

LLMLLMRMLMML MMR MRRML RMR R LM(0)

LM(01)

M(0)M(01)

RM(0)

RM(01)

1010001

10001010

100100110010110

100101101001

1001100110

1010101

101011101

1011011

LLML LMR MLMML MMR MRRML

RMRR

LM(10)

LM(1)

M(10)M(1)RM(10)

RM(1)

Figure 5. Some values of s and some intervals [σ(0), σ(01)], [σ(10), σ(1)], σ ∈ {L, R}^∗M.

Lemma 3.7. We have the partitions (with lexicographic intervals)

[0, 01] = ⋃ σ∈{L,M,R}^∞\{L,M,R}^∗{LR,RL}

[σ(0), σ(01)], (010, 01) = ⋃ σ∈{L,R}^∗M

[σ(0), σ(01)] ∪ ⋃ σ∈{L,R}^∞ primitive

{σ(0)},

[10, 1] = ⋃ σ∈{L,M,R}^∞\{L,M,R}^∗{LR,RL}

[σ(10), σ(1)], (10, 101) = ⋃ σ∈{L,R}^∗M

[σ(10), σ(1)] ∪ ⋃ σ∈{L,R}^∞ primitive

{σ(1)}.

For σ, τ ∈ {L, M, R}^∞ \ {L, M, R}^∗{LR, RL} with σ < τ , we have σ(01) < τ (0) and σ(1) < τ (10).

Proof. Since L, M and R are strictly monotonically increasing on {0, 1}^∞, we have, for any σ ∈ {L, M, R}^∗, the partition of the open interval

(3.6)

( σ(010), σ(01) ) = ( σ(010), σ(01) ) (σL(010),σL(01)) ∪ [ σ(01), σ(011001) ] [σML(0),σML(01)] ∪ ( σ(011001), σ(0110) ) (σM(010),σM(01)) ∪ { σ(0110) } [σMR(0),σMR(01)] ∪ ( σ(0110), σ(01) ) (σR(010),σR(01)) .

Starting from σ = id and iterating this partition for σ ∈ {L, M, R}^∗, we get that

(010, 01) = ⋃ σ∈{L,M,R}^∗ ( [σML(0), σML(01)] ∪ [σMR(0), σMR(01)] ) ∪ ⋃ σ∈{L,M,R}^∞ primitive

{σ(0)}.

Here, we have used that all sequences outside the union over {L, M, R}^∗ are in ⋂ n≥1(σ_1 · · · σ_n(010), σ_1 · · · σ_n(01)) for some σ = (σ_n)_{n≥1} ∈ {L, M, R}^∞; this intersection is empty when σ ends with L or R because the intervals are open and converge to their left or right endpoint, and it consists of σ(0) when σ is primitive. Since [L(0), L(01)] = [0, 010], [R(0), R(01)] = {01}, and

{L, M, R}^∞ \ {L, M, R}^∗{LR, RL}

= {σ ∈ {L, M, R}^∞ : σ primitive} ∪ {L, M, R}^∗M{L, R} ∪ {L, R},

this shows that the intervals [σ(0), σ(01)] form a partition of [0, 01], and that σ(01) < τ (0) for all σ, τ ∈ {L, M, R}^∞ \ {L, M, R}^∗{LR, RL} with σ < τ .

From (3.6), we also see that [σ_1 · · · σ_n(0), σ_1 · · · σ_n(01)], σ_1 · · · σ_n ∈ {L, R}^∗M, is the union over all [τ (0), τ (01)], τ ∈ {L, M, R}^∞ \ {L, M, R}^∗{LR, RL} with τ_1 · · · τ_n = σ_1 · · · σ_n, which proves the partition of (010, 01).

The proofs for sequences starting with 1 are symmetric, by exchanging 0 and 1, L and R, as well as the left and right endpoints of the intervals. □

Using the map s, we can write (iii)–(v) of Theorem 2.5 in a simpler way.

Proposition 3.8. Let a ∈ 0{0, 1}^∞, b ∈ 1{0, 1}^∞. Then we have the following. (iii’) Ω_{a,b} is uncountable with positive entropy if and only if s(a) > s(b). (iv’) Ω_{a,b} is uncountable with zero entropy if and only if s(a) = s(b) is primitive. (v’) Ω_{a,b} is countable if and only if s(a) < s(b) or s(a) = s(b) ends with L or R.

Proof of Theorem 2.6. For all u ∈ {0, 1}^∞, a ≤ u ≤ b is equivalent to 0u ≤ 0b and 1u ≥ 1a, thus u ∈ Σ_{a,b} implies that u, 0u and 1u are in Ω_{0b,1a}. Moreover, 0u ∈ Ω_{0b,1a} implies that 00u ≤ 0u ≤ a, thus 00u ∈ Ω_{0b,1a}, similarly 1u ∈ Ω_{0b,1a} gives that 11u ∈ Ω_{0b,1a}. On the other hand, 01u ∈ Ω_{0b,1a} implies that 1u ∈ Σ_{a,b}. Indeed, for 1u = i_1i_2 · · · , we see that a ≤ i_ni_{n+1} · · · ≤ b for all n ≥ 1 by induction on n. This holds for n = 1 because 01u ≥ 0b implies that a ≤ 1u ≤ b; if it holds for n, then i_n = 1 implies that a ≤ i_{n+1}i_{n+2} · · · ≤ i_ni_{n+1} · · · ≤ b since i_ni_{n+1} · · · ≥ 1a, and i_n = 0 implies that a ≤ i_ni_{n+1} · · · ≤ i_{n+1}i_{n+2} · · · ≤ b since i_ni_{n+1} · · · ≤ 0b, thus it holds for n+1. Similarly, 10u ∈ Ω_{0b,1a} implies that 0u ∈ Σ_{a,b}. This shows that Ω_{0b,1a} = 0^∗Σ_{a,b} ∪1^∗Σ_{a,b} ∪{0, 1}, hence Σ_{a,b} = ∅ if and only if Ω_{0b,1a} = {0, 1}, and the countability of Σ_{a,b} and Ω_{0b,1a} are equivalent. Since

A_n(Σ_{a,b}) ≤ A_n(Ω_{0b,1a}) ≤ 2 n∑ k=0 A_k(Σ_{a,b}) ≤ 2(n+1)A_n(Σ_{a,b}),

Σ_{a,b} and Ω_{0b,1a} have the same entropy; see also [27, Lemma 2.5]. □

Proof of Theorem 2.5 and Proposition 3.8. We first prove (i) and (ii). Let σ ∈ {L, R}^∗. Then sup_0(σM(0)) = σM(0), inf_1(σM(0)) = inf_1(σM(1)) = σM(1) by (3.4), thus σM(0) ∈ Ω_{σM(0),σM(1)} ⊆ Ω_{a,b} for all a ≥ σM(0), b ≤ σM(1). On the other hand, by Lemma 3.6, each u ∈ Ω_{σM(0),σM(10)} \ {0, 1} ends with σ(v) for some v ∈ Ω_{M(0),M(10)} \ {0, 1} and thus with σM(0) since Ω_{0,10} = 1^∗{0, 1}. Therefore, we have Ω_{a,b} = {0, 1} for all a < σM(0), b ≥ σM(10). By symmetry, Ω_{a,b} is also trivial for all a ≤ σM(01), b > σM(1).

If σ ∈ {L, R}^∞ is primitive, then sup_0(σ(0)) = σ(0), inf_1(σ(0)) = inf_1(σ(1)) = σ(1) by (3.4) and since X_{σ(0)} = X_{σ(1)} by [12, Theorem 5.2]. This implies that σ(0) ∈ Ω_{σ(0),σ(1)} ⊆ Ω_{a,b} for all a ≥ σ(0), b ≤ σ(1). Since 01 ∈ Ω_{01,b} and 10 ∈ Ω_{a,10} for all a, b ∈ {0, 1}^∞, we have proved the “if” parts of (i) and (ii).

For the “only if” parts, since Ω_{a,b} is either trivial or not, it suffices to show that all a ∈ 0{0, 1}^∞, b ∈ 1{0, 1}^∞ satisfy the conditions of (i) or (ii). If a = 01 or b = 10, then we are in case (i). For a < 01, b > 10, consider s(a) = (σ_n)_{n≥1} < R, s(b) = (τ_n)_{n≥1} > L. If σ_1 · · · σ_k = τ_1 · · · τ_k ∈ {L, R}^∗ and σ_{k+1} ≥ M ≥ τ_{k+1} for some k ≥ 0 (where σ_1 · · · σ_k is the identity if k = 0), then a ≥ σ_1 · · · σ_k M(0), b ≤ σ_1 · · · σ_kM(1) by Lemma 3.7, and we are in case (i). Otherwise, we have σ_1 · · · σ_k = τ_1 · · · τ_k ∈ {L, R}^∗ and σ_{k+1} < τ_{k+1} for some k ≥ 0, thus a < σ_1 · · · σ_k M(0), b ≥ σ_1 · · · σ_kM(10) or a ≤ σ_1 · · · σ_nM(01), b > σ_1 · · · σ_nM(1) by Lemma 3.7, i.e., we are in case (ii). This concludes the proof of (i) and (ii).

It remains to prove (iii)–(v) and (iii’)–(v’). Let σ ∈ {L, M, R}^∗. If b < σM(10) = σ(1001), then b < σ(10(01)^k) for some k ≥ 0. For all u ∈ {0(01)^k, 0(01)^{k+1}}^∞, we have inf_1(σ(u)) ≥ inf_1(σ(1u)) = σ(inf_1(1u)) ≥ σ(10(01)^k) and sup_0(σ(u)) = σ(sup_0(u)) < σ(01), thus σ(u) ∈ Ω_{σM(0),b}. Therefore, the entropy of h(Ω_{a,b}) is positive for all a ≥ σM(0), b < σM(10). For a > σM(01), b ≤ σM(1), we obtain symmetrically that h(Ω_{a,b}) > 0. This proves the “if” part of (iii).

The set Ω_{010,10} = {0, 1} ∪ 1^∗0^∗10 is countable and u ∈ Ω_{σ1 ···σn(010),σ1 ···σn(10)}, σ_1 · · · σ_n ∈ {L, M, R}^n, implies by Lemma 3.6 that u ∈ {0, 1}^∗σ_1 · · · σ_n(Ω_{010,10}) or u ∈ {0, 1}^∗σ_1 · · · σ_k({0, 1}), 0 ≤ k < n. Therefore, Ω_{a,b} is countable for all a ≤ σ(010), b ≥ σ(10), σ ∈ {L, M, R}^∗. The case a ≤ σ(01), b ≥ σ(101) is symmetric, thus the “if” part of (v) holds.

Let now σ ∈ {L, M, R}^∞ be primitive, which implies that X_{σ(0)} ⊆ Ω_{σ(0),σ(1)}. If σ = (σ_n)_{n≥1} ends with M, then σ(0) is an image of the Thue–Morse word, thus X_{σ(0)} is uncountable. If σ does not end with M, then there exists an increasing sequence of integers (n_k)_{k≥0} with n_0 = 0 such that σ_{nk+1} ≠ M and σ_{nk +1} · · · σ_{nk+1} (j) contains 01 and 10 for all j ∈ {0, 1}, k ≥ 0. Then, for all i ∈ {0, 1}, k ≥ 0, there is a word w_{i,k} ∈ {0, 1}^∗ such that both σ_{nk +1} · · · σ_{nk+1} (0) and σ_{nk +1} · · · σ_{nk+1} (1) end with (1−i) i w_{i,k}; note that σ_{nk +1} · · · σ_{nk+1} (0) ends with σ_{nk +1} · · · σ_{nk+1} (1) or vice versa because σ_{nk+1} ∈ {L, R}. For each sequence (i_k)_{k≥1} ∈ {0, 1}^∞, we have

i_0w_{i0 ,1} σ_1 · · · σ_{n1} (i_1w_{i1 ,1}) σ_1 · · · σ_{n2} (i_2w_{i2 ,2}) · · · ∈ X_{σ(0)}

because σ_1 · · · σ_{nk+1} (1−i_{k+1}) ends with σ_1 · · · σ_{nk} ((1−i_k)i_kw_{ik ,k}), and different sequences give different elements of X_{σ(0)} because σ_1 · · · σ_{nk} (i_k) starts with i_k. Therefore, Ω_{σ(0),σ(1)} is uncountable. For all a < σ(0), we have a ≤ σ_1 · · · σ_n(010) for some n ≥ 0; since σ(1) ≥ σ_1 · · · σ_n(10), we have seen above that Ω_{a,σ(1)} is countable by (v). By Theorem 2.6, this implies that Σ_{a,b} is countable for 0b < σ(0), 1a = σ(1), thus h(Σ_{a,b}) = 0. Since h(Σ_{a,b}) is a continuous function of b by [33, Theorem 4], we also have h(Σ_{a,b}) = 0 for 0b = σ(0), thus h(Ω_{σ(0),σ(1)}) = 0. This proves the “if” part of (iv).

For the “only if” parts of (iii)–(v), since Ω_{a,b} is either countable or uncountable, with zero or positive entropy, it suffices to show that all a, b satisfy the conditions of (iii), (iv) or (v). Let s(a) = (σ_n)_{n≥1}, s(b) = (τ_n)_{n≥1}. If s(a) > s(b), i.e., σ_1 · · · σ_k = τ_1 · · · τ_k , σ_{k+1} > τ_{k+1} for some k ≥ 0, then a ≥ σ_1 · · · σ_k M(0), b < σ_1 · · · σ_kM(10), or a > σ_1 · · · σ_k M(01), b ≤ σ_1 · · · σ_kM(1), thus we are in case (iii). If s(a) < s(b), i.e., σ_1 · · · σ_k = τ_1 · · · τ_k, σ_{k+1} < τ_{k+1} for some k ≥ 0, then a < σ_1 · · · σ_kM(0) ≤ σ_1 · · · σ_kM(010), b ≥ σ_1 · · · σ_kM(10), or a ≤ σ_1 · · · σ_k M(01), b > σ_1 · · · σ_kM(1) ≥ σ_1 · · · σ_kM(101), thus we are in case (v). If s(a) = s(b) = σL, σ ∈ {L, M, R}^∗, then a ≤ σL(01) = σ(010), b ≥ σL(10) = σ(10), thus we are in case (v). The case s(b) = s(a) = σR is symmetric, and the case of primitive s(a) = s(b) is (iv). This concludes the proof of (iii)–(v) as well as (iii’)–(v’). □

4. The maps g, g̃

Recall that a_{q0 ,q1} and b_{q0 ,q1} are defined in Section 3, and that g_u(q_0) > 1, g̃_v(q_0) > 1 (when defined) satisfy f_u(q_0, g_u(q_0)) = 0, f̃_v(q_0, g̃_v(q_0)) = 0, with

f_u(q_0, q_1) := q_0 (q_1 π_{q0 ,q1} (u) − 1), f̃_v(q_0, q_1) := q_1 (q_0 π̃_{q0 ,q1} (v) − 1).

We set g_u(q_0) := 1 when f_u(q_0, q_1) = 0 has no solution q_1 > 1.

We are only interested in u ∈ W and v ∈ W̃ , with

W := { u ∈ {0, 1}^∞ \ {0, 1}^∗{0, 1} : sup_0(u) = u } , W̃ := {v ∈ {0, 1}^∞ \ {0, 1}^∗{0, 1} : inf_1(v) = v}.

Lemma 4.1. Let u ∈ W . Then the following holds.

(i) For q_0 > 1, q_1 ≥ 1, the function f_u(q_0, q_1) is continuous and strictly decreasing in both variables q_0, q_1, and there is a unique q_0 > 1 such that f_u(q_0, 1) = 0; we denote this q_0 by q_u.

(ii) The function g_u(q_0) is continuous on (1, ∞) and strictly decreasing on (1, q_u), with lim_{q0 →1} g_u(q_0) = ∞ and g_u(q_0) = 1 for all q_0 ≥ q_u.

(iii) For q_0, q_1 > 1 with q_0 +q_1 ≥ q_0q_1, we have a_{q0 ,q1} > u if and only if q_1 > g_u(q_0).

For q_0 ∈ (1, q_u), we have a_{q0 ,gu(q0 )} = u.

Proof. (i) Writing u = 01i_1i_2 · · · , we have

f_u(q_0, q_1) = 1 − q_0 + ∞∑ k=1 i_k q_{i1} q_{i2} · · · q_{ik} . The continuity follows from the local uniform convergence of this series; for q_1 = 1, note that the 0s occur in u with bounded distance since sup_0(u) = u < 01. We have ∂ ∂q_0 fu(q0, q1) < 0 and, since i1i2 · · · ≠ 0, ∂ ∂q_1 fu(q0, q1) < 0 for all q0, q1 > 1. Since

lim_{q0 →1} f_u(q_0, 1) = ∞ and lim_{q0 →∞} f_u(q_0, 1) = −∞, the equation f_u(q_0, 1) = 0 has a unique solution q_0 > 1.

(ii) The existence, uniqueness and monotonicity of g_u(q_0) on (1, q_u) follows from the continuity and monotonicity of f_u(q_0, q_1), from lim_{q1 →∞} f_u(q_0, q_1) = 1 − q_0 < 0 and f_u(q_0, 1) > f_u(q_u, 1) = 0 for all q_0 ∈ (1, q_u). The continuity of g_u(q_0) follows from the monotone version of the implicit function theorem (see e.g. [22, p. 423]) and f_u(q_u, 1) = 0. If u starts with 010^k1, k ≥ 0, then f_u(q_0, q_1) ≥ 1 − q_0 +^1_{qk0 q1} and thus g_u(q_0) ≥^1_{qk0 (q0−1)} , which implies that lim_{q0 →1} g_u(q_0) = ∞.

(iii) If u < a_{q0 ,q1} , then u is a quasi-greedy (q_0, q_1)-expansion by [30, Theorem 1.2], and the monotonicity of quasi-greedy expansions gives π_{q0 ,q1} (u) <^1_{q1} , which is equivalent to q_1 > g_u(q_0) by (i) and (ii). On the other hand, if π_{q0 ,q1} (u) <^1_{q1} , then the quasi-greedy (q_0, q_1)-expansion of π_{q0 ,q1} (u) is strictly smaller than a_{q0 ,q1} , which implies that u < a_{q0 ,q1} . If q_1 = g_u(q_0), i.e., π_{q0 ,q1} (u) =^1_{q1} , then a_{q0 ,q1} = u. □

Lemma 4.2. Let v ∈ W̃ . Then the following holds.

(i) For q_0 ≥ 1, q_1 > 1, the function f̃_v(q_0, q_1) is continuous and strictly decreasing in both variables q_0, q_1.

(ii) The function g̃_v(q_0) is continuous and strictly decreasing on (1, ∞), with 1 < lim_{q0 →1} g̃_v(q_0) < ∞ and lim_{q0 →∞} g̃_v(q_0) = 1.

(iii) For q_0, q_1 > 1 with q_0+q_1 ≥ q_0q_1, we have b_{q0 ,q1} < v if and only if q_1 > g̃_v(q_0), and b_{q0 ,g̃v (q0 )} = v.

Proof. Since f̃_{i1 i2 ···}(q_0, q_1) = f_{(1−i1 )(1−i2 )···}(q_1, q_0), the points (i) and (ii) follow from Lemma 4.1 (i) and (ii). The proof of (iii) is similar to that of Lemma 4.1 (iii), in particular v > b_{q0 ,q1} implies that v is a quasi-lazy (q_0, q_1)-expansion, thus π̃_{q0 ,q1} (v) <^1_{q0} , i.e., f̃_v(q_0, q_1) < 0. □

Next we study g_u, g̃_v as functions of u, v.

Lemma 4.3. Let q_0 > 1. Then the map g_·(q_0) : {u ∈ W : q_u > q_0} → ( 1,^{q0}_{q0 −1} ) , u → g_u(q_0),

is a continuous order-preserving bijection, and the map g̃_·(q_0) : W̃ → ( 1,^{q0}_{q0 −1} ) , u → g̃_u(q_0),

is a continuous order-reversing bijection.

Proof. Let u, u^′ ∈ W with u > u^′ and q_u, q_u′ > q_0. By Lemma 4.1 (iii), we have u = a_{q0 ,gu(q0 )} and thus g_u(q_0) > g_u′ (q_0), hence g_·(q_0) is order-preserving and thus injective. The map g_·(q_0) is surjective because, for each q_1 ∈ (1,^{q0}_{q0−1} ), we have a_{q0 ,q1} ∈ W and g_{aq0,q1} (q_0) = q_1. The continuity of g_·(q_0) follows from the monitonicity and surjectivity. The proof for g̃_·(q_0) runs along the same lines. □

Recall that μ_{u,v} is defined as the unique solution q_0 > 1 of g_u(q_0) = g̃_v(q_0), if this equation has a unique solution > 1. The following proposition shows that μ_{u,v} is well defined in all cases that are interesting to us. Recall that limit words of primitive σ ∈ {L, R}^∞ are Sturmian sequences.

Lemma 4.4. Let u, v ∈ σM({0, 1}^∞), σ ∈ {L, R}^∗, such that u ∈ W , v ∈ W̃ , or u = σ(0), v = σ(1) with primitive σ ∈ {L, R}^∞. Then g_u(x) = g̃_v(x) for a unique x > 1. We have g_u(x) > g̃_v(x) for all x ∈ (1, μ_{u,v}), g_u(x) < g̃_v(x) for all x > μ_{u,v}.

Proof. Note that σ(0) ∈ W , σ(1) ∈ W̃ for all primitive σ ∈ {L, R}^∞ by Lemma 3.5. Therefore, by Lemmas 4.1 and 4.2, g_u(x) and g̃_v(x) are continuous functions with lim_{q0 →1}(g_u(q_0) − g̃_v(q_0)) = ∞ and g_u(q_0) − g̃_v(q_0) < 0 for all q_0 ≥ q_u.

Moreover, the functions are differentiable on (1, q_u), with

g^′_u(x) = − ∂ ∂x f_u(x, g_u(x)) ∂ ∂y f_u(x, g_u(x))

, g̃^′_v(x) = − ∂ ∂x f̃_v(x, g̃_v(x)) ∂ ∂y f̃_v(x, g̃_v(x)) .

Therefore, it suffices to show that g^′_u(x) < g̃^′_v(x) whenever g_u(x) = g̃_v(x), i.e.,

(4.1) ∂ ∂x f_u(x, y) ∂ ∂y f̃_v(x, y) − ∂ ∂y f_u(x, y) ∂ ∂x f̃_v(x, y) > 0

whenever f_u(x, y) = 0 = f̃_v(x, y), 1 < x < q_u, y > 1.

Write sup_0(u) = 010^{n1} 10^{n2−n1} 10^{n3−n2} · · · and inf_1(v) = 101^{ñ1} 01^{ñ2−ñ1} 01^{ñ3−ñ2} · · · with 0 ≤ n_1 ≤ n_2 ≤ · · · , 0 ≤ ñ_1 ≤ ñ_2 ≤ · · · . Then we have

f_u(x, y) = 1 − x + ∞∑ k=1 1 y^kx^{nk}

, f̃_v(x, y) = 1 − y + ∞∑ k=1 1 x^k y^{ñk} , hence (4.1) means that

(4.2) ( 1 + ∞∑ k=1 n_k y^kx^{nk +1} )( 1 + ∞∑ ℓ=1 ñ_ℓ x^ℓy^{ñℓ+1} ) − ∞∑ k=1 k y^{k+1}x^{nk} ∞∑ ℓ=1 ℓ x^{ℓ+1}y^{ñℓ}

> 0.

When f_u(x, y) = 0 = f̃_v(x, y), we have^1_{x−1}

∑_∞ k=1 1 y^k x^nk = 1 = 1 y−1 ∑_∞ ℓ=1 1 x^ℓy^ñℓ .

Inserting this into (4.2) and multiplying by xy gives the inequality

(4.3) ∞∑ k=1 ∞∑ ℓ=1 ( n_k +^x_{x−1} )( ñ_ℓ +^y_{y−1} ) − k ℓ x^{nk +ℓ}y^{k+ñℓ}

> 0.

Let f_0, f_1 be the frequencies of the letters 0 and 1 in u and v. These frequencies exist for Sturmian words, and for σM({0, 1}^∞), σ ∈ {L, R}^∗, we have^{f0}_{f1} =^{|σ(10)|0}_{|σ(10)|1} , where |w|_i denotes the number of occurrences of the letter i in w. We show that

(4.4) n_k + 1 ≥ f_0 f_1 k for all k ≥ 1.

If u = σ(0) for primitive σ ∈ {L, R}^∞ or u = σM(0), σ ∈ {L, R}^∗, then u is a mechanical word with slope f_1; see e.g. [35, Sections 2.1.2 and 2.2.2] and note that M(0) = R(0). Since u = sup_0(u), we have u = (⌈mf_1⌉−⌈(m−1)f_1⌉)_{m≥0}. There are k ones among the first n_k+k+1 letters of u, hence

∑_{nk +k} m=0 (⌈mf_1⌉−⌈(m−1)f_1⌉) =

⌈(n_k+k)f_1⌉ = k, i.e., ⌈n_kf_1 − kf_0⌉ = 0. Since n_k is the maximal integer with this property, we obtain that n_k = ⌊^{f0}_{f1} k⌋, thus (4.4) holds.

If u = i_0i_1 · · · = σM(j_0j_1 · · · ), σ ∈ {L, R}^∗, then consider k = h|σ(01)|_1+ℓ, h ≥ 0, 0 ≤ ℓ < |σ(01)|_1. Now, there are ℓ ones among the first n_k+k+1−h|σ(01)| letters of σM(j_h). If j_h = 0, then we get⌈(n_k+k−h|σ(01)|)f_1⌉ = ℓ, i.e., ⌈(n_k+k)f_1⌉ = ℓ+h |σ(01)|_1 = k, thus n_k = ⌊^{f0}_{f1} k⌋. If j_h = 1, then σM(1) = (⌊mf_1⌋−⌊(m−1)f_1⌋)_{m≥0} implies that

∑_{nk +k−h|σ(01)|} m=0 (⌊mf_1⌋−⌊(m−1)f_1⌋) = ⌊(n_k+k−h|σ(01)|)f_1⌉ + 1 = ℓ, i.e., ⌊n_kf_1 − kf_0⌋ = −1, thus n_k = ⌈^{f0}_{f1} k⌉−1. Therefore, (4.4) holds also in this case.

By symmetry, we get that ñ_ℓ + 1 ≥^{f1}_{f0} ℓ for all ℓ ≥ 1, thus ( n_k +^x_{x−1} )( ñ_ℓ +^y_{y−1} ) > (n_k + 1)(ñ_ℓ + 1) ≥ k ℓ.

This proves (4.3), thus (4.2) and (4.1), which concludes the proof of the lemma. □

Before proving the main results, we show that the formulas for G(q_0) in (2.1) and for K(q_0) in (2.2) cover all q_0 > 1.

Lemma 4.5. We have the partitions

(1, ∞) = ⋃ σ∈{L,R}^∗M

[μ_{σ(0),σ(10)}, μ_{σ(01),σ(1)}] ∪ ⋃ σ∈{L,R}^∞ primitive

{μ_{σ(0),σ(1)}},

(4.5)

(1, ∞) = ⋃ σ∈{L,M,R}^∗M{L,R} or σ∈{L,M,R}^∞ primitive

[μ_{σ(0),σ(10)}, μ_{σ(01),σ(1)}],

(4.6)

with μ_{σ(01),σ(1)} < μ_{τ (0),τ (10)} if σ < τ .

Proof. For q_0 > 1, σ ∈ {L, M, R}^∗M{L, R} or primitive σ ∈ {L, M, R}^∞, we have

q_0 ∈ [μ_{σ(0),σ(10)}, μ_{σ(01),σ(1)}] ⇐⇒ g_{σ(0)}(q_0) ≤ g̃_{σ(10)}(q_0), g_{σ(01)}(q_0) ≥ g̃_{σ(1)}(q_0) ⇐⇒ [g_{σ(0)}(q_0), g_{σ(01)}(q_0)] ∩ [g̃_{σ(1)}(q_0), g̃_{σ(10)}(q_0)] ≠ ∅.

by Lemma 4.4 and since g̃_{σ(1)}(q_0) > 1. Lemmas 3.7 and 4.3 give the partitions ( 1,^{q0}_{q0 −1} ) = ⋃ σ∈{L,M,R}^∗M{L,R} or σ∈{L,M,R}^∞ primitive ( [g_{σ(0)}(q_0), g_{σ(01)}(q_0)] \ {1} ) = ⋃ σ∈{L,M,R}^∗M{L,R} or σ∈{L,M,R}^∞ primitive

[g̃_{σ(1)}(q_0), g̃_{σ(10)}(q_0)],

with g_{σ(01)}(q_0) < g_{τ (0)}(q_0) (if g_{τ (0)}(q_0) > 1) and g̃_{σ(1)}(q_0) > g̃_{τ (10)}(q_0) when σ < τ . Therefore, there is a unique σ such that the intervals [g_{σ(0)}(q_0), g_{σ(01)}(q_0)] and [g̃_{σ(1)}(q_0), g̃_{σ(10)}(q_0)] overlap, hence (4.6) is a partition. If σ < τ , then we have

g_{σ(01)}(μ_{τ (0),τ (10)}) < g_{τ (0)}(μ_{τ (0),τ (10)}) = g̃_{τ (10)}(μ_{τ (0),τ (10)}) < g̃_{σ(1)}(μ_{τ (0),τ (10)})

by Lemma 4.3, thus μ_{σ(01),σ(1)} < μ_{τ (0),τ (10)} by Lemma 4.4.

To see that (4.5) is a partition, it suffices to note that merging all intervals [μ_{σ(0),σ(10)}, μ_{σ(01),σ(1)}] in (4.6) such that σ starts with the same σ ∈ {L, R}^∗M gives the interval [μ_{σL(0),σL(10)}, μ_{σR(01),σR(1)}] = [μ_{σ(0),σ(10)}, μ_{σ(01),σ(1)}]. □

5. Proof of the main results

In this section, we prove Theorems 2.1–2.3. We start with Theorem 2.2.

Proposition 5.1. For q_0 > 1, we have

(5.1) K(q_0) = g̃_{σ(1)}(q_0) if q_0 ∈ [μ_{σ(0),σ(1)}, μ_{σ(01),σ(1)}], σ ∈ {L, M, R}^∗ML or σ ∈ {L, M, R}^∞ primitive, g_{σ(0)}(q_0) if q_0 ∈ [μ_{σ(0),σ(10)}, μ_{σ(0),σ(1)}], σ ∈ {L, M, R}^∗MR or σ ∈ {L, M, R}^∞ primitive,

which is equivalent to (2.2), Moreover, K(q_0) is the unique q_1 ∈ (1,^{q0}_{q0 −1} ) such that s(a_{q0 ,q1} ) = s(b_{q0 ,q1} ).

Proof. We show first that s(a_{q0 ,q1} ) = s(b_{q0 ,q1} ), q_0 > 1, q_1 ∈ (1,^{q0}_{q0 −1} ) , implies that q_1 = K(q_0). Indeed, let σ = s(a_{q0 ,q1} ) = s(b_{q0 ,q1} ). For q^′_1 ∈ ( q_1,^{q0}_{q0 −1} ) , we have a_{q0 ,q}′_1 > a_{q0 ,q1} and b_{q0 ,q}′_1 < b_{q0 ,q1} by Lemma 3.3, thus s(b_{q0 ,q}′_1 ) ≤ σ ≤ s(a_{q0 ,q}′_1 ). At least one of the inequalities is strict since σ(0) = σ(01) if σ is primitive or ends with R, σ(10) = σ(1) if σ is primitive or ends with L, hence U_{q0,q}′_1 is uncountable by Lemma 3.4 (iii) and Proposition 3.8. Similarly, we obtain for q^′_1 ∈ (1, q_1) that s(a_{q0 ,q}′_1 ) < s(b_{q0 ,q}′_1 ) and U_{q0 ,q}′_1 is countable. This proves that q_1 = K(q_0). In particular, there is at most one q_1 ∈ (1,^{q0}_{q0 −1} ) with s(a_{q0 ,q1} ) = s(b_{q0 ,q1} ).

Next we show that s(a_{q0 ,q1} ) = s(b_{q0 ,q1} ) for q_1 as in (5.1). Let σ ∈ {L, M, R}^∗MR or σ ∈ {L, M, R}^∞ primitive, q_0 ∈ [μ_{σ(0),σ(10)}, μ_{σ(0),σ(1)}], q_1 = g_{σ(0)}(q_0). Then a_{q0 ,q1} = σ(0) by Lemma 4.1, hence s(a_{q0 ,q1} ) = σ. Since q_0 ≥ μ_{σ(0),σ(10)}, we have q_1 ≤ g̃_{σ(10)}(q_0) by Lemma 4.4, hence b_{q0 ,q1} ≥ σ(10) by Lemmas 3.3 and 4.2. Similarly, q_0 ≤ μ_{σ(0),σ(1)} implies that b_{q0 ,q1} ≤ σ(1), thus s(b_{q0 ,q1} ) = σ. By symmetry, we obtain that s(a_{q0 ,q1} ) = s(b_{q0 ,q1} ) for q_0 ∈ [μ_{σ(0),σ(1)}, μ_{σ(01),σ(1)}], q_1 = g̃_{σ(1)}(q_0), σ ∈ {L, M, R}^∗ML or σ ∈ {L, M, R}^∞ primitive. Therefore, (5.1) holds.

By Lemma 4.5, the cases in (5.1) cover all q_0 > 1, thus K(q_0) is the unique q_1 ∈ (1,^{q0}_{q0 −1} ) such that s(a_{q0 ,q1} ) = s(b_{q0 ,q1} ). Using (3.5) and that σ(0) = σ(01), σ(1) = σ(10) for primitive σ, we obtain that (5.1) is equivalent to (2.2). □ Proposition 5.2. For q_0 > 1, G(q_0) is the unique q_1 ∈ (1,^{q0}_{q0 −1} ) such that

(5.2) a_{q0 ,q1} = σ(0), σ(10) ≤ b_{q0,q1} ≤ σ(1), or σ(0) ≤ a_{q0 ,q1} ≤ σ(10), b_{q0 ,q1} = σ(1), σ ∈ {L, R}^∗M, or a_{q0 ,q1} = σ(0), b_{q0 ,q1} = σ(1), σ ∈ {L, R}^∞ primitive.

Moreover, (2.1) holds.

Proof. If q_0 > 1, q_1 ∈ (1,^{q0}_{q0 −1} ) satisfy (5.2), then V_{q0 ,q1} ≠ {0, 1} by Theorem 2.5, thus U_{q0 ,q}′_1 ≠ {0, 1} for all q^′_1 ∈ (q_1,^{q0}_{q0 −1} ) by Lemma 3.3; for all q^′_1 ∈ (1, q_1), we have, by Lemma 3.3, a_{q0 ,q}′_1 < σ(0) or b_{q0 ,q}′_1 > σ(1), or a_{q0 ,q}′_1 < σ(0), b_{q0,q}′_1 > σ(1), thus V_{q0 ,q1} = {0, 1} by Theorem 2.5. (In case of primitive σ, we use that s(a_{q0 ,q}′_1 ) < σ, thus a_{q0 ,q}′_1 ≤ σ_1 · · · σ_nM(01) and b_{q0 ,q}′_1 > σ_1 · · · σ_nM(1), where n is the largest integer such that s(a_{q0 ,q}′_1 ) starts with σ_1, . . . , σ_n.) This means that q_1 = G(q_0).

Similarly to the proof of Proposition 5.1, each q_1 as in (2.1) satisfies (5.2), thus (2.1) holds. Since the cases in (2.1) cover all q_0 > 1 by Lemma 4.5, G(q_0) is the unique q_1 ∈ (1,^{q0}_{q0 −1} ) satisfying (5.2). □

Next, we prove statement (i) of Theorem 2.1.

Proposition 5.3. The functions G and K are continuous, strictly decreasing on (1, ∞), and almost everywhere differentiable.

Proof. For all σ ∈ {L, M, R}^∗M{L, R}, the function K is continuous, strictly decreasing and differentiable on [μ_{σ(0),σ(10)}, μ_{σ(01),σ(1)}] by Proposition 5.1, Lemmas 4.1 and 4.2, and the proof of Lemma 4.4; here, the properties are to be understood one-sided at the endpoints of the interval. For left-sided properties at μ_{σ(0),σ(10)}, σ ∈ {L, M, R}^∗M{L, R} or σ ∈ {L, M, R}^∞ primitive, consider q_0 ∈ [μ_{τ (0),τ (10)}, μ_{τ (01),τ (1)}] with τ < σ. We have g̃_{σ(10)}(q_0) < g̃_{τ (1)}(q_0) ≤ g_{τ (01)}(q_0) < g_{σ(0)}(q_0) by Lemmas 4.3 and 4.4, K(q_0) ∈ {g_{τ (01)}(q_0), g̃_{τ (1)}(q_0)} by Proposition 5.1, thus g̃_{σ(10)}(q_0) < K(q_0) < g_{σ(0)}(q_0) for all q_0 ∈ (1, μ_{σ(0),σ(10)}).

Since g̃_{σ(10)}(μ_{σ(0),σ(10)}) = g_{σ(0)}(μ_{σ(0),σ(10)}) and g̃_{σ(10)}, g_{σ(0)} are continuous and strictly decreasing, K is left-sided continuous and strictly decreasing at μ_{σ(0),σ(10)}. Symmetrically, we obtain that g_{σ(01)}(q_0) < K(q_0) < g̃_{σ(1)}(q_0) for all q_0 > μ_{σ(01),σ(1)}, thus K is right-sided continuous and strictly decreasing at μ_{σ(01),σ(1)}. Therefore, K is continuous and strictly decreasing on (1, ∞). The almost everywhere differentiability follows from the monotonicity by a theorem of Lebesgue; see e.g. [41, p. 5].

The proof for the function G runs along the same lines. □

Proposition 5.4. The statements (ii)–(iv) of Theorem 2.1 and the statement (i) of Theorem 2.3 are true.

Proof. The functions G and K are involutions because of the bijection between U_{q0,q1} and U_{q1,q0} given in Lemma 3.1.

To get an upper bound for G, let q_0 ∈ [μ_{σ(0),σ(10)}, μ_{σ(0),σ(1)}], σ ∈ {L, R}^∗M. Then σ(0) = 01w and σ(1) = 10w for some word w. (This is true for σ = M; if it holds for σ, then it also holds for Lσ and Rσ.) This implies that σ(0) = 01u and σ(10) = 10u, with u = w01. For q_1 = G(q_0) = g_{σ(0)}(q_0), we get that

(5.3) q_0 = q_0q_1π_{q0 ,q1} (σ(0)) = 1 + π_{q0 ,q1} (u).

Since q_1 = g_{σ(0)}(q_0) ≤ g̃_{σ(10)}(q_0), we have f̃_{σ(10)}(q_0, q_1) ≥ 0 by Lemma 4.2 (i), thus

(5.4) q_1 ≤ q_0q_1 π̃_{q0 ,q1} (σ(10)) = 1 + π̃_{q0 ,q1} (u). By (5.3), (5.4), and (3.2), we obtain that

2 (q_0 − 1)(q_1 − 1) ≤ (q_1 − 1) π_{q0 ,q1} (u) + (q_0 − 1) π̃_{q0 ,q1} (u) = 1, with equality if and only if q_1 = g̃_{σ(10)}(q_0), i.e., q_0 = μ_{σ(0),σ(10)}. The case q_0 ∈ [μ_{σ(0),σ(1)}, μ_{σ(01),σ(1)}] is symmetric, with (q_0−1)(G(q_0)−1) =^1_2 if and only if q_0 = μ_{σ(01),σ(1)}. If q_0 = μ_{σ(0),σ(1)} for a primitive σ ∈ {L, R}^∞, then (q_0−1)(G(q_0)−1) =^1_2 by continuity or by using that σ(0) = 01u, σ(1) = 10u for some u ∈ {0, 1}^∞.

Next, we prove lower bounds for G. For q_0 = μ_{σ(0),σ(1)}, primitive σ ∈ {L, R}^∞, we have (q_0−1)(G(q_0)−1) =^1_2 > max{^1_{q0 +1} ,^1_{G(q0 )+1} }. If q_0 ∈ [μ_{σ(0),σ(10)}, μ_{σ(01),σ(1)}], σ ∈ {L, R}^∗M, q_1 = G(q_0), then we have q_1 ≥ g_{σ(0)}(q_0) and q_1 ≥ g̃_{σ(1)}(q_0), thus

q_0 ≥ q_0q_1π_{q0 ,q1} (σ(0)) = 1 + π_{q0 ,q1} (w01), q_1 ≥ q_0q_1 π̃_{q0 ,q1} (σ(1)) = 1 + π̃_{q0 ,q1} (w10) for some w. We have w01 ≥ 0w1, thus π_{q0 ,q1} (w01) ≥ π_{q0 ,q1} (0w1) by Lemma 3.2; note that w01 is a quasi-greedy (q_0, q_1)-expansion because σ(0) is quasi-greedy, that σ(0) ends with σ(1) because M(0) = 01, M(1) = 10, thus 0w1 is also quasi-greedy. Hence, we have q_0−1 ≥ π_{q0 ,q1} (0w1) = q_0 π_{q0 ,q1} (w10), thus (q_0+1)(q_0−1)(q_1−1) ≥ 1. Now, equality holds if and only if q_0 = μ_{σ(0),σ(1)} and w01 = 0w1, i.e., w = 0^k for some k ≥ 0, which means that σ = L^kM. By Example 2.4, we have q_0 = μ_Lk_{M(0),L}k_{M(1)} if and only if q^{k+2}_0 = q_0 + 1. Since G(q_1) = q_0 for q_1 = G(q_0), we also have (q_1+1)(q_0−1)(q_1−1) ≥ 1, with equality if and only if q^{k+2}_1 = q_1 +1, k ≥ 0; note that (q_0−1)(q^2_1 −1) = 1 means that q_0 =^{q21}_{q21 −1} .

For a lower bound on K, let q_0 ∈ [μ_{σ(0),σ(10)}, μ_{σ(0),σ(1)}], σ ∈ {L, M, R}^∗MR or σ ∈ {L, M, R}^∞ primitive, q_1 = K(q_0) = g_{σ(0)}(q_0). For σ ∈ {L, M, R}^∗M, we have σ(0) = 01v, σ(1) = 10w for words v ≥ w, with v = w if and only if σ ∈ {L, R}^∗M. This implies that σ(0) = 01u, σ(1) = 10v with u ≥ v, and u = v if and only if σ ∈ {L, R}^∗MR or σ ∈ {L, R}^∞. From q_1 = g_{σ(0)}(q_0) ≥ g̃_{σ(10)}(q_0), we get that

q_0 = q_0q_1π_{q0 ,q1} (σ(0)) = 1 + π_{q0 ,q1} (u), q_1 ≥ q_0q_1 π̃_{q0 ,q1} (σ(1)) = 1 + π̃_{q0 ,q1} (v).

Since σ(0) is a quasi-greedy (q_0, q_1)-expansion and σ(1) ∈ X_{σ(0)}, σ(1) is also quasigreedy, thus π_{q0 ,q1} (u) ≥ π_{q0 ,q1} (v) by Lemma 3.2. This implies 2(q_0−1)(q_1−1) ≥ 1, with equality if and only if q_0 = μ_{σ(0),σ(1)}, σ ∈ {L, R}^∗MR or σ ∈ {L, R}^∞. By symmetry, we have (q_0−1)(q_1−1) ≥^1_2 for all q_0 ∈ [μ_{σ(0),σ(10)}, μ_{σ(010),σ(10)}], σ ∈ {L, M, R}^∗M, with equality if and only if q_0 = μ_{σ(0),σ(10)}, σ ∈ {L, R}^∗M.

We have shown that (q_0−1)(G(q_0)−1) =^1_2 if and only if (q_0−1)(K(q_0)−1) =^1_2 , and (q_0−1)(G(q_0)−1) <^1_2 < (q_0−1)(K(q_0)−1) otherwise, thus G(q_0) = K(q_0) if and only if G(q_0) or K(q_0) equals^{2q0 −1}_{2(q0 −1)} .

The upper bounds for K are proved similarly to the lower bounds for G. Let q_1 = K(q_0). If (q_0−1)(q_1−1) =^1_2 , then (q_0−1)(q_1−1) < min{^{q0}_{q0 +1} ,^{q1}_{q1 +1} }. If q_0 ∈ [μ_{σ(0),σ(10)}, μ_{σ(01),σ(1)}], σ ∈ {L, R}^∗M, then s(a_{q0 ,q1} ) = s(b_{q0 ,q1} ) starts with σ, thus q_1 ≤ g_{σ(01)}(q_0) and q_1 ≤ g̃_{σ(10)}(q_0), with at least one of the inequalities being strict. Since σ(0) = 01w and σ(1) = 10w for some w, we obtain that

(5.5)q_0 ≤ q_0q_1π_{q0 ,q1} (σ(01)) = 1+π_{q0 ,q1} (w10), q_1 ≤ q_0q_1π̃_{q0 ,q1} (σ(10)) = 1+π̃_{q0 ,q1} (w01).

We have w10 ≤ 1w0, and the quasi-greedy (q_0, q_1)-expansion σ(0) ends with both words, thus π_{q0 ,q1} (w10) ≤ π_{q0 ,q1} (1w0). Since π̃_{q0 ,q1} (w01) = q_1 π̃_{q0 ,q1} (1w0) and one of the inequalities in (5.5) is strict, (3.2) gives (q_1+1)(q_0−1)(q_1−1) < q_1. Since K(q_1) = q_0 for q_1 = K(q_0), we also have (q_0+1)(q_0−1)(q_1−1) < q_0.

To show that the Hausdorff dimension of E := {q_0 > 1 : G(q_0) = K(q_0)} is zero, we proceed similarly to [10, Theorem 3]. We have already shown that

q_0 ∈ E ⇐⇒ â_{q0} := a_{q0 ,1+} 1_{2(q0 −1)} ∈ ⋃ σ∈{L,R}^∗M

{σ(0), σ(01)} ∪ ⋃ σ∈{L,R}^∞ primitive

{σ(0)}.

Since these words are of the form 01u with mechanical words u, the number of different i_1 · · · i_n ∈ {0, 1}^n such that â_{q0} starts with 01i_1 · · · i_n for some q_0 ∈ E grows polynomially in n; see e.g. [35, Theorem 2.2.36]. We show that the size of the interval of numbers q_0 ∈ E such that â_{q0} starts with a given word 01i_1 · · · i_n decreases exponentially in n. However, contrary to [10], this holds only locally.

Since T_{qin ,in} · · · T_{qi1 ,,i1} (q_0−1) ∈ [0, q_0/q_1] if a_{q0 ,q1} starts with 01i_1 · · · i_n, with T_{q,d} as in Section 3, we estimate T_q′_{in ,in} · · · T_q′_{i1 ,i1} (q^′_0−1) − T_{qin ,in} · · · T_{qi1 ,i1} (q_0−1) for q_0 < q^′_0, q_1 = 1+^1_{2(q0 −1)} , q^′_1 = 1+^1_{2(q}′_{0 −1)} . Since q_1 > q^′_1, this is more difficult than in the single base case. We have

T_q′_{1 ,1}T^k_q′_{0,0}(y) − T_{q1,1}T^k_{q0,0}(x) = q^′_0^kq^′_1y − q^k_0 q_1x = q^′_0^kq^′_1 (y−x) + (q^′_0^kq^′_1−q^k_0 q_1) x.

The derivative of the function q_0 → q^k_0 (1+^1_{2(q0 −1)} ) is^{qk0}_{q0 −1} (k−^k_{2q0} −^1_{2(q0 −1)} ), hence q^′_0^kq^′_1−q^k_0 q_1 =^{q′′0 k}_q′′_{0 −1} (k−^k_{2q}′′_0 −^1_{2(q}′′_{0 −1)} )(q^′_0−q_0) for some q^{′′}_0 ∈ [q_0, q^′_0] by the mean value theorem. For 0 ≤ x ≤ q_0−1, we obtain that

q^′_0^kq^′_1y − q^k_0 q_1x = q^′_0^kq^′_1(y − x) + q^{′′}_0^k q^{′′}_0 − 1 ( k − k 2q^{′′}_0 − 1 2(q^{′′}_0 − 1) ) (q^′_0 − q_0) x

≥ q^′_0^kq^′_1(y − x) + min { 0, q^′_0^k ( k − k 2q_0 − 1 2(q_0 − 1) ) (q^′_0 − q_0) } . Let now q_0, q^′_0 ∈ [μ_Lk_{M(01),L}k_{M(1)}, μ_Lk−1_{M(0),L}k−1_{M(10)}] ∩ E, k ≥ 1. Then â_{q0} and â_q′_0 are images of L^kR and thus in 01{0^k1, 0^{k+1}1}^∞. By Example 2.4, we have μ_Lk_{M(01),L}k_{M(1)} = 2^{1/(k+1)} ≥ 1+^2_{3k+2} and μ_Lk−1_{M(0),L}k−1_{M(10)} is a root of 2X^k−X^{k−1}−2, thus μ_Lk−1_{M(0),L}k−1_{M(10)} ≤ 1+^3_{4k+2} . For 1+^2_{3k+2} ≤ q_0 ≤ q^′_0 ≤ 1+^3_{4k+2} , we have

q^′_1 + k − k 2q_0 − 1 2(q_0−1)

≥ 1 +

2k+1 3 + k − k (3k+2) 2 (3k+4) − 3k+2 4 = (5k+4)(3k+10) 12 (3k+4)

> 1.

For 0 ≤ x ≤ q_0 − 1, y − x ≥ q^′_0 − q_0, this implies that

T_q′_{1,1}T^k_q′_{0,0}(y) − T_{q1,1}T^k_{q0 ,0}(x) ≥ q^′_0^k min { q^′_1,

(5k+4)(3k+10) 12 (3k+4) } (y − x),

and, similarly,

T_q′_{1 ,1}T^{k+1}_q′_{0,0} (y) − T_{q1 ,1}T^{k+1}_{q0,0} (x) ≥ q^′_0^{k+1} min { q^′_1,

15k^2+80k+76 12 (3k + 4) } (y − x).

Therefore, we have some β_k > 1, C_k > 0 (depending only on k) such that T_q′_{in ,in} · · · T_q′_{i1 ,i1} (q^′_0−1) − T_{qin ,in} · · · T_{qi1 ,i1} (q_0−1) ≥ C_k β^n_k (q^′_0 − q_0)

for all i_1 · · · i_n at the beginning of some word in {0^k1, 0^{k+1}1}^∞. For â_{q0} , â_q′_0 starting with i_1 · · · i_n, we have T_q′_{in ,in} · · · T_q′_{i1 ,i1} (q^′_0−1) − T_{qin ,in} · · · T_{qi1 ,i1} (q_0−1) ≤ q^′_0/q^′_1, thus the size of the interval of those q_0 is bounded by C^′_kβ^{−n}_k for some C^′_k . This means that [μ_Lk_{M(01),L}k_{M(1)}, μ_Lk−1_{M(0),L}k−1_{M(10)}] ∩ E is covered, for each n, by a polynomial number of intervals of size C^′_kβ^{−n}_k , hence the Hausdorff dimension of this set is zero. Since (1, 2) ∩ E is the union over k ≥ 1 of these sets, (1, 2) ∩ E also has zero Hausdorff dimension. Finally, (3/2, ∞) ∩ E is the image of (1, 2) ∩ E by the map q_0 → 1+^1_{2(q0−1)} , which is locally bi-Lipschitz, thus E has zero Hausdorff dimension. □

The following proposition concludes the proof of our main results.

Proposition 5.5. The statements (v) and (vi) of Theorem 2.1 as well as the statements (ii) and (iii) of Theorem 2.3 are true.

Proof. For all q_1 > G(q_0), the set U_{q0,q1} is infinite by Lemma 3.4 (i) and because U_{q0,q1} = {0, 1}^∞ for q_1 >^{q0}_{q0−1} , thus Theorem 2.1 (v) holds.

Let now q_1 = G(q_0). If q_0 = μ_{σ(0),σ(1)} for some primitive σ ∈ {L, R}^∞, then s(a_{q0 ,q1} ) = σ = s(b_{q0 ,q1} ), hence V_{q0 ,q1} is uncountable (with zero entropy) by Proposition 3.8, thus U_{q0 ,q1} is also uncountable (with zero entropy) by Lemma 3.4. If q_0 ∈ [μ_{σ(0),σ(10)}, μ_{σ(0),σ(1)}], σ ∈ {L, R}^∗M, then a_{q0 ,q1} = σ(0), hence s(a_{q0 ,q1} ) = σL ≤ s(b_{q0 ,q1} ); by the proof of Theorem 2.5, each u ∈ V_{q0 ,q1} \ {0, 1} ends with σ(0) and is therefore not in U_{q0 ,q1} . Similarly, we have U_{q0,q1} = {0, 1} for q_0 ∈ [μ_{σ(0),σ(1)}, μ_{σ(01),σ(1)}]. We have already seen in Theorem 2.3 (i) that {μ_{σ(0),σ(1)} : σ ∈ {L, R}^∞ primitive} has zero Hausdorff dimension, thus Theorem 2.3 (ii) holds.

Consider next q_1 = K(q_0). If q_0 ∈ {μ_{σ(0),σ(10)}, μ_{σ(0),σ(1)}}, σ ∈ {L, R}^∗M, then K(q_0) = G(q_0), thus U_{q0 ,q1} is trivial by the preceding paragraph. If q_0 = μ_{σ(0),σ(1)} for some primitive σ ∈ {L, M, R}^∞, then U_{q0,q1} is uncountable with zero entropy. In all other cases, we have s(a_{q0 ,q1} ) = s(b_{q0 ,q1} ) ∈ {L, M, R}^∗{L, R} and K(q_0) > G(q_0), thus U_{q0 ,q1} is countably infinite by Proposition 3.8 and the preceding paragraph.

Finally, let q_1 > K(q_0). Then s(a_{q0 ,q1} ) > s(b_{q0 ,q1} ) by Proposition 5.1, thus U_{q0,q1} has positive entropy by Proposition 3.8 and Lemma 3.4 (iii). It remains to show that the Hausdorff dimension of π_{q0 ,q1} (U_{q0 ,q1} ) is positive. From the proof of Theorem 2.5, we see that Y := {σ(0(01)^k), σ(0(01)^{k+1})}^∞ ⊂ U_{q0 ,q1} for some σ ∈ {L, M, R}^∗, k ≥ 0. Then π_{q0 ,q1} (Y ) is the self-similar set generated by

y_0(x) := r_0 x + π_{q0 ,q1} (σ(0(01)^k)0), y_1(x) := r_1 x + π_{q0 ,q1} (σ(0(01)^{k+1})0),

with r_0 = q^{−|σ(0(01)k )|0}

0 q^{−|σ(0(01)k )|1}

1 , r_1 = q^{−|σ(0(01)k+1 )|0}

0 q^{−|σ(0(01)k+1 )|1}

1 . Since the elements of Y are unique (q_0, q_1)-expansions, the iterated function system {y_0, y_1} satisfies the Open Set Condition (OSC); see e.g. [21, (9.12)] for the definition of the OSC. By applying [21, Theorem 9.3], the Hausdorff dimension of π_{q0 ,q1} (Y ) is λ > 0, where λ satisfies r^λ_0 + r^λ_1 = 1. □

6. Open problems

We end this paper by formulating some open problems:

(i) What is the growth rate of the number of possible prefixes of length n of Thue–Morse–Sturmian words? Is it polynomial as for Sturmian words [35, Theorem 2.2.36]? Using the proof of Proposition 5.4, this would imply that U_{q0,K(q0)} is countably infinite for all q_0 > 1 except a set of zero Hausdorff dimension, confirming the conjecture after Theorem 2.3.

(ii) Is it possible to give a formula for the Hausdorff dimension of π_{q0 ,q1} (U_{q0 ,q1} ) (in terms of the topological entropy h(U_{q0,q1} ))? Are these functions continuous in q_0 and q_1?

(iii) For fixed q_0 > 1, what are the maximal intervals (entropy plateaus) such that h(U_{q0,q1} ) is constant? We know from Theorems 2.1 that the first entropy plateau is (1, K(q_0)].

(iv) For alphabet-systems S = {(d_0, q_0), (d_1, q_1), . . . , (d_m, q_m)} with m ≥ 2, what can be said about critical values?

Acknowledgements. The authors thank Ai-Hua Fan for valuable discussions on Bowen’s entropy.

References

[1] R. Alcaraz Barrera, Topological and ergodic properties of symmetric sub-shifts, Discrete Contin. Dyn. Syst. 34 (2014), 4459—4486.

[2] R. Alcaraz Barrera, S. Baker, D. Kong, Entropy, topological transitivity, and dimensional properties of unique q-expansions, Trans. Amer. Math. Soc. 317 (2019), 3209-3258.

[3] P. Allaart, On univoque and strongly univoque sets, Adv. Math. 308 (2017), 575–598. [4] P. Allaart, S. Baker, D. Kong, Bifurcation sets arising from non-integer base expansions, J.

Fractal Geom. 6 (2019), 301–341.

[5] P. Allaart, D. Kong, On the continuity of the Hausdorff dimension of the univoque set, Adv.

Math. 354 (2019), 106729, 24 pp.

[6] P. Allaart, D. Kong, Relative bifurcation sets and the local dimension of univoque bases, Ergodic Theory Dynam. Systems 41 (2021) 2241–2273.

[7] P. Allaart, D. Kong, On the smallest base in which a number has a unique expansion, Trans.

Amer. Math. Soc. 374 (2021), 6201–6249.

[8] S. Baker, Generalized golden ratios over integer alphabets, Integers 14 (2014), A15, 28 pp. [9] S. Baker, D. Kong, Two bifurcation sets arising from the beta transformation with a hole at 0, Indag. Math. (N.S.) 31 (2020), 436–449.

[10] S. Baker, W. Steiner, On the regularity of the generalised golden ratio function, Bull. Lond.

Math. Soc. 49 (2017), no. 1, 58–70.

[11] M. Barnsley, W. Steiner, A. Vince, Critical itineraries of maps with constant slope and one discontinuity, Math. Proc. Cambridge Philos. Soc. 157 (2014), no. 3, 547–565.

[12] V. Berthé, V. Delecroix, Beyond substitutive dynamical systems: S-adic expansions, Numeration and substitution 2012, 81–123, RIMS Kôkyûroku Bessatsu, B46, Res. Inst. Math. Sci. (RIMS), Kyoto, 2014.

[13] R. Bowen, Topological entropy for noncompact sets, Trans. Amer. Math. Soc. 184 (1973), 125–136.

[14] L. Clark, The β-transformation with a hole, Discrete Contin. Dyn. Syst. 36 (2016), 1249– 1269.

[15] M. de Vries, On the number of unique expansions in non-integer bases, Topology Appl. 156 (2009), 652–657.

[16] M. de Vries, V. Komornik, Unique expansions of real numbers, Adv. Math. 221 (2009), 390–427.

[17] M. de Vries, V. Komornik, P. Loreti, Topology of univoque sets in real base expansions, Topology Appl. 312 (2022), 108085, 36 pp.

[18] L. C. Eggan, C. L. Vanden Eynden, “Decimal” expansions to nonintegral bases, Amer.

Math. Monthly 73 (1966), 576–582.

[19] P. Erdős, M. Horváth, I. Joó, On the uniqueness of the expansions 1 = ∑ q^{−ni} , Acta. Math.

Hungar. 58 (1991), 333–342.

[20] P. Erdős, I. Joó, V. Komornik, Characterization of the unique expansions 1 =

∑_∞ i=1 q^{−ni} and related problems, Bull. Soc. Math. France 118 (1990), 377–390.

[21] K. Falconer, Fractal Geometry. Mathematical Foundations and Applications, second edition.

John Wiley & Sons, Chichester, 2003.

[22] G. M. Fichtenholz, Differential- und Integralrechnung, I, Twelfth edition, Johann Ambrosius Barth Verlag GmbH, Leipzig, 1992.

[23] P. Glendinning, N. Sidorov, Unique representations of real numbers in non-integer bases, Math. Res. Letters 8 (2001), 535–543.

[24] P. Glendinning, N. Sidorov, The doubling map with asymmetrical holes, Ergodic Theory Dynam. Systems 35 (2015), 1208–1228.

[25] C. Kalle, D. Kong, N. Langeveld, W. Li, The β-transformation with a hole at 0, Ergodic Theory Dynam. Systems 40 (2020), 2482–2514.

[26] C. Kalle, D. Kong, W. Li, F. Lü, On the bifurcation set of unique expansions, Acta Arith.

188 (2019), 367–399.

[27] V. Komornik, D. Kong, W. Li, Hausdorff dimension of univoque sets and devil’s staircase, Adv. Math. 305 (2017), 165–196.

[28] V. Komornik, A. C. Lai, M. Pedicini. Generalized golden ratios of ternary alphabets, J. Eur.

Math. Soc. (JEMS) 13 (2011), 1113–1146.

[29] V. Komornik, P. Loreti, Unique developments in non-integer bases, Amer. Math. Monthly 105 (1998), 636–639.

[30] V. Komornik, J. Lu, Y. Zou, Expansions in multiple bases over general alphabets, Acta Math. Hungar. 166 (2022), 481–506.

[31] V. Komornik, M. Pedicini, Critical bases for ternary alphabets, Acta Math. Hungar. 152 (2017), 25–57.

[32] D. Kong, W. Li, F. Lü, Z. Wang, J. Xu, Univoque bases of real numbers: local dimension, devil’s staircase and isolated points, Adv. in Appl. Math. 121 (2020), 102103, 31 pp.

[33] R. Labarca, C. G. Moreira, Essential dynamics for Lorenz maps on the real line and the lexicographical world, Ann. Inst. H. Poincaré Anal. Non Linéaire 23 (2006), 683–694.

[34] Y. Li, Expansions in multiple bases, Acta. Math. Hungar. 163 (2021), 576–600. [35] M. Lothaire, Algebraic combinatorics on words. Encyclopedia of Mathematics and its Applications, 90. Cambridge University Press, Cambridge, 2002.

[36] J. Neunhäuserer, Non-uniform expansions of real numbers, Mediterr. J. Math. 18 (2021), 70, 8 pp.

[37] J. Neunhäuserer, Expansions of real numbers with respect to two integer bases, Rocky Mountain J. Math., to appear.

[38] W. Parry, On the β-expansion of real numbers, Acta. Math. Hungar. 11 (1960), 401–416. [39] M. Pedicini, Greedy expansions and sets with deleted digits, Theoret. Comput. Sci. 332 (2005), 313–336.

[40] A. Rényi, Representations for real numbers and their ergodic properties, Acta. Math. Hungar. 8 (1957), 477–493.

[41] F. Riesz, B. Sz.-Nagy, Functional analysis, Frederick Ungar Publishing Co., New York, 1955. [42] N. Sidorov, Almost every number has a continuum of beta-expansions, Amer. Math. Monthly 110 (2003), 838–842.

[43] N. Sidorov, Supercritical holes for the doubling map, Acta Math. Hungar. 143 (2014), 298– 312.

[44] W. Steiner, Thue-Morse-Sturmian words and critical bases for ternary alphabets, Bull. Soc.

Math. France 148 (2020), 597–611.

[45] Y. Zou, J. Li, J. Lu, V. Komornik, Univoque graphs for non-integer base expansions, Sci.

China Math. 64 (2021), 2667–2702.

Département de mathématique, Université de Strasbourg, 7 rue René Descartes, 67084 Strasbourg Cedex, France Email address: komornik@math.unistra.fr

Université Paris Cité, CNRS, IRIF, F–75006 Paris, France Email address: steiner@irif.fr

College of Mathematics and Statistics, Shenzhen University, Shenzhen 518060, People’s Republic of China

Email address: yuruzou@szu.edu.cn