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Abstract We consider the 2-XOR satisfiability problem, in which each instance is
a formula that is a conjunction of Boolean equations of the form x ⊕ y = 0 or x ⊕
y = 1. Formula of size m on n Boolean variables are chosen uniformly at random
from among all

(
n(n−1)

m

)
possible choices. When c < 1/2 and as n tends to infinity,

the probability p(n,m = cn) that a random 2-XOR formula is satisfiable, tends to
the threshold function exp(c/2) · (1 − 2c)1/4. This gives the asymptotic behavior of
random 2-XOR formula in the SAT/UNSAT subcritical phase transition. In this paper,
we first prove that the error term in this subcritical region is O(n−1). Then, in the
critical region c = 1/2, we prove that p(n,n/2) = �(n−1/12). Our study relies on the
symbolic method and analytical tools coming from generating function theory which
also enable us to describe the evolution of n1/12 p(n, n

2 (1 + μn−1/3)) as a function
of μ. Thus, we propose a complete picture of the finite size scaling associated to the
subcritical and critical regions of 2-XORSAT transition.
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1 Introduction

1.1 Context

The last decade has seen a growth of interest in the phase transition for Boolean Sat-
isfiability (SAT) and more generally for Constraint Satisfaction Problems (CSP). For
any k ≥ 2, the random version of the famous k-SAT problem is known to exhibit a
sharp [14] phase transition: as the density c of formula (where the number of clauses
is c times the number of variables) is increased, formula abruptly change from being
satisfiable to being unsatisfiable at a critical threshold point. For general CSP, deter-
mining the nature of the SAT/UNSAT phase transition (sharp or coarse), locating it,
determining a precise scaling window and better understanding the structure of the
space of solutions turn out to be very challenging tasks. These have aroused a lot of
interest in different communities, namely mathematics, computer science and statis-
tical physics (see e.g. [1, 13]). It is well known that a random 2-CNF formula with
density c < 1 is satisfiable with probability tending to 1 as the number n of variables
tends to infinity, while for c > 1, the probability of satisfiability tends to 0 as n tends
to infinity [10, 15]. Indeed there is now, [3], a detailed picture of the transition yield-
ing a scaling window of size �(n2/3). For greater values of k much less is known
about the precise behaviour of random k-SAT near the threshold point whose exact
location is still an open problem.

The difficulty of identifying transition factors and of performing theoretical explo-
rations of the SAT transition has incited many researchers to turn to a variant of the
SAT problem: the k-XORSAT problem. One is given a linear system over n Boolean
variables, composed of m equations modulo 2, each involving exactly k ≥ 2 variables.
This problem introduced in [7] has contributed to develop or validate techniques, thus
revealing typical behaviors of both random instances and their space of solutions for
SAT-type problems (see, e.g., [5, 12, 24]). Particularly 2-XORSAT appears to be a
seed of coarseness for the transition of a wide class of CSP [9].

Our main goal is to give a precise description of the SAT/UNSAT phase transition
associated to random 2-XOR-formula. We propose a new and detailed analysis of
this transition, based entirely on generating functions and analytic methods.

1.2 Main Contribution and Organization of the Paper

In this work, we consider random formula with n variables and m clauses chosen
uniformly, independently and without replacement from the n(n − 1) possible 2-
XOR-clauses. In using the so-called symbolic method from generating function the-
ory [18], we give new enumerative and analytic results on the probability p(n,m)

that such random formula is satisfiable. Let us recall that in [8], Creignou and Daudé
have shown that p(n,m) verifies:

lim
n→+∞p(n, cn) = exp(c/2) · (1 − 2c)1/4 for 0 < c < 1/2 and 0 if c ≥ 1/2. (1)

We will provide more accurate results about the evolution of the function p(n,m) as
n tends to infinity. First, we will consider formula in a subcritical region, including
m = cn with 0 < c < 1/2. Then, we will focus on formula in the critical region, that
is when m = n

2 (1 + μn−1/3). Our main contribution is condensed in the following:
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Theorem 1.1 The probability of satisfiability of random 2-XOR-formula with n vari-
ables and m clauses satisfies:

• for any m such that n − 2m � n2/3 ,

p(n,m) = exp
( m

2n

)(
1 − 2m

n

)1/4

+ O

(
n2

(n − 2m)3

)
, (2)

• for any real μ, there exists �(μ) > 0 such that

lim
n→∞n1/12 p

(
n,

n

2
(1 + μn−1/3)

)
= �(μ). (3)

For the first item, let us point out that the threshold function exp(c/2) · (1 − 2c)1/4

mentioned in (1) was obtained by probabilistic methods. Here we show that the gen-
erating function approach is very well suited to obtain stringant results about finite
size effects. In particular, when m = cn with c < 1/2, the error term in (2) becomes
O(n−1) and this high rate of convergence is nicely illustrated by the first Fig. 1. Ob-
serve that a lower rate of convergence clearly takes place at the critical ratio c = 1/2.
In Sect. 4.1, we study the subcritical regime and (2) is proven in Theorem 4.1.

The second item shows that in the critical region, the probability of satisfaction is
of order of magnitude O(n−1/12). R. Monasson [25] pointed out to us that this scaling
can also be obtained by statistical physics methods. There is an explicit connection

Fig. 1 Probability p(n, cn) that a random 2-XOR formula with cn equations and n variables is satisfiable
as a function of the ratio c, for various size of and the asymptotic threshold function
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Fig. 2 Rescaled probability at the zero threshold point c = 1/2: n1/12 p(n,n/2 +μ/2n2/3) as a function
of μ, for n = 1000 and 2000 with the theoretical limit given by Theorem 4.2

between so-called Airy functions and the decreasing function � mentioned above.
In Sect. 4.2, Theorem 4.2 gives the expression of � in terms of the Airy function.
In Fig. 2, observe that after the rescaling, our theoretical result fits quite well with
the empirical results. Moreover, their accuracy can be compared to the one on the
finite size scaling for the core of large random hypergraphs and recently obtained via
probabilistic methods by A. Dembo and A. Montanari [16].

In Fig. 2, we give empirical results corresponding to random 2-XOR formula with

n = 1000 (resp. n = 2000) variables around the point phase transition m = n
2 +μn2/3

2
with μ ∈ [−4,4].

Our main references for this work will be the pioneering work of E.M. Wright
[29–31] together with the “giant paper” of Janson, Knuth, Luczak and Pittel [22].

Section 2 gives the enumerative background of our investigation. Theorem 2.1 will
show that p(n,m) can be expressed in terms of the nth coefficient of some generating
function associated to edge (0/1) weighted graphs. We will see that this key gener-
ating function is composed of generating functions associated to the enumeration of
connected graphs by their excess (number of edges minus number of vertices).

Section 3 will provide algebraic and analytic tools. They will point out the role of
each generating function appearing in the expression for p(n,m). In Sect. 3.1 we will
first extract dominant terms, and Lemma 3.1 from [22] will explain the connection
between enumerative results and the so-called Airy functions. Then, in Theorem 3.2
we make precise earlier investigations done in [19] about the probability that a ran-
dom graph has complex components with more edges than vertices.
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In Sect. 4 we establish our main results on the 2-XORSAT phase transition.

2 Enumerative Results

In order to study random 2-XOR-formula, we will use enumerative methods by
means of generating functions (see for instance [18]). In this section, we first show
that a 2-XOR-formula is satisfiable if and only if its associated edge-weighted
(0/1) graph has no cycle of odd weight. Then, in following the pioneering work
of E.M. Wright [29–31], we will show how these graph configurations can be enu-
merated with exponential generating functions.

2.1 2 XORSAT and Weighted Graphs

A 2-XOR-clause or shortly a clause is a linear equation over the finite field GF(2)

using exactly 2 variables, C = ((x1 ⊕ x2) = ε) where ε = 0 or 1. A 2-XOR-formula
or simply a formula is a conjunction of distinct 2-XOR-clauses.

A truth assignment I is a mapping that assigns 0 or 1 to each variable in its do-
main. It satisfies a 2-XOR-clause C = ((x1 ⊕x2) = ε) iff (I (x1)+I (x2)) mod 2 = ε.
A truth assignment satisfies a formula s iff it satisfies every clause in s. The set of 2-
XOR-formula that are satisfiable (resp., unsatisfiable) will be denoted by 2XORSAT
or shortly SAT (resp. UNSAT). Observe that every formula that contains an unsatis-
fiable sub-formula is itself unsatisfiable. In the terminology of random graph theory,
SAT (resp. UNSAT) is a decreasing (resp. increasing) property. Throughout this paper
we reserve n for the number of variables ({x1, . . . , xn} denotes the set of variables).
There are N = 2

(
n
2

) = n(n − 1) different 2-XOR-clauses over n variables. We con-
sider random formula obtained by choosing uniformly, independently and without
replacement m clauses from the N possible 2-clauses. This defines a discrete proba-
bility space (�(n,m),Pn,m) whose associated probability is the uniform law:

∀s ∈ �(n,m) Pn,m(s) =
(

n(n − 1)

m

)−1

.

We are interested in estimating the probability that a formula drawn at random from
�(n,m) is satisfiable, that is in estimating

p(n,m) := Pn,m(2XORSAT).

Each formula s in �(n,m) can be represented by a weighted graph G(s) with n

vertices (one for each variable) and m weighted (0 or 1) edges. For each equation
xi ⊕ xj = ε, we add the edge {xi, xj } weighted by ε. The weight of a graph is the
sum of the weights of its edges. Observe that our weighted graphs are without self-
loops and that the underlying graph of a satisfiable formula is always simple (without
multiple edges). We have, as noticed in [8]:

Proposition 2.1 A formula s is satisfiable if and only if G(s) does not contain any
cycle of odd weight, i.e.,

p(n,m) = Pn,m

(
G(s) has no cycle of odd weight

)
. (4)
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Proof Suppose that we have an elementary cycle of odd weight in G(s). To such a
cycle corresponds a subsystem s′ = (xi1 ⊕ xi2 = ε1, xi2 ⊕ xi3 = ε2, . . . , xi�−1 ⊕ xi� =
εl−1, xi� ⊕ xi1 = εl) in s. For any assignment I , I (xi�) + I (xi1) + ∑�−1

j=1 I (xij ) +
I (xij+1) is even whereas

∑�
j=1 εj is odd, hence s′ and so s are unsatisfiable.

Conversely, suppose there is no elementary cycle of odd weight in G(s). We can
sequentially assign a value to each vertex in proceeding a depth-first search in the
graph G(s). Since it does not contain any elementary cycle with odd weight, the
assignment so obtained satisfies all the corresponding equations. �

2.2 Exponential Generating Functions

Let us recall that a connected (weighted) graph has excess � if it has �(≥ −1) more
(weighted) edges than vertices. A connected component of excess � is also called �-
component. If � > 0, �-components are called complex. The total excess r of a graph
is the number of edges plus the number of acyclic components, minus the number of
vertices (see [22, Sect. 13]). Note that the total excess of a tree component is equal
to 0 whereas its excess is equal to −1 and the total excess of a graph is non negative.
Obviously, we get from (4):

Proposition 2.2 For any r ≥ 0, let pr (n,m) be the probability that a weighted graph
with m weighted (0/1) edges, n vertices and a total excess equals to r , has no cycle
of odd weight. Then,

p(n,m) =
∑

r≥0

pr (n,m) . (5)

The number of trees on n labelled vertices is given by Cayley’s formula: nn−2. Let
W−1(z) be the exponential generating function (EGF for short) of labelled trees and
T be the EGF of rooted labelled trees, we know from [4] that:

W−1(z) = T (z) − T 2(z)

2
where T (z) = zeT (z) =

∞∑

n=1

nn−1 zn

n! . (6)

In our case, observe that from each labelled tree on n vertices one can construct
2n−1 weighted trees corresponding to the choices of the weight of each of the n − 1
edges. Hence, the EGF of labelled weighted (0/1) trees is given by:

∞∑

n=1

2n−1nn−2 zn

n! = W−1(2z)

2
= T (2z)

2
− T 2(2z)

4
. (7)

Note that our combinatorial structures are constrained since the considered
weighted graphs are without cycles of odd weights. As shown by the longstanding
open problem of enumerating exactly triangle-free graphs [20], it is in general ex-
tremely difficult to derive EGFs of such constrained structures [28]. However, we
have a crucial enumerative result generalizing (7):
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Proposition 2.3 For any � ≥ −1, let W� be the EGF of connected graphs with ex-
cess � (or �-connected graphs), then the EGF of �-connected weighted (0/1) graphs
without cycles of odd weight is given by:

W�(2z)

2
. (8)

Proof Let G be a connected graph on n vertices with excess �. We will show that
among the 2n+� ways to put (0/1) weights on its n + � edges only 2n−1 of them give
a weighted graph without cycles of odd weight.

Let T be a spanning tree of G, and a be any of the (� + 1) edges in G \ T . The
graph T ∪ a has a unique cycle Ca and in graph terminology (see for instance [11])
the (� + 1) cycles Ca form a basis of the cycle space associated to G. Observe now
that as soon as we have chosen the weight of the (n − 1) edges in T there is a unique
way to put a weight on edge a closing the fundamental cycle Ca in order to produce
an even weight for it. Having done so, the fact that any (weighted) cycle in G can be
expressed as a linear combination of the Ca gives the assurance that G has no cycles
of odd weight. �

Following the terminology of [22], a graph is called complex when all its compo-
nents are complex. Let Fr(z) be the EGF of all complex weighted labelled graphs
(connected or not), with a positive total excess r and without cycles of odd weight.
The empty graph gives F0(z) = 1. Observe that a non connected complex graph has a
total excess greater than 2, this shows that F1(z) = W1(2z)

2 . More generally, as detailed
in [22, Sect. 8], the formal enumerative method gives

∑

r≥0

Fr(z) = exp

(
∑

k≥1

Wk(2z)

2

)

(9)

and for any r ≥ 1

rFr(z) =
r∑

k=1

k
Wk(2z)

2
Fr−k(z). (10)

Observe that weighted graphs on n labelled vertices, m edges and with total excess
r have exactly n−m+r acyclic components (or tree components). Thus, such graphs
without cycles of odd weight are enumerated by the following EGF:

1

(n − m + r)!

(
W−1(2z)

2

)n−m+r

exp

(
W0(2z)

2

)

Fr(z). (11)

Let us recall (see [22, Equation (3.5)]) that

W0(z) = 1

2
ln

1

1 − T (z)
− T (z)

2
− T 2(z)

4
. (12)

Therefore, with (7) we get:
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Theorem 2.1 The probability pr (n,m) that a weighted graph with m weighted (0/1)

edges, n vertices and a total excess equal to r , has no cycle of odd weight is exactly

pr (n,m) = n!
(
n(n−1)

m

)
[
zn

] (
T (2z)

2 − T 2(2z)
4 )n−m+r

(n − m + r)!
e− T (2z)

4 − T 2(2z)
8

(1 − T (2z))1/4
Fr(z), (13)

where [zn]f (z) denotes the n-th coefficient in the series f (z).

3 Tools

In this section, we will provide key algebraic and analytic tools stemming from
[19, 22].

3.1 Algebraic Tools

E.M. Wright has shown that the EGF of connected graphs with excess � ≥ 1 can be
expressed in terms of T (z). More precisely, Wright has shown that for each � ≥ 1
there exist rational coefficients (w�,d)d∈{0,...,3�+2} such that:

W�(z) =
3�+2∑

d=0

w�,d

(1 − T (z))3�−d
. (14)

Following [18, 22], we remark that the dominant asymptotic behavior of [zn]W�(z)

is governed by the leading coefficient bl := wl,0. These coefficients are known as
Wright’s constants (see Janson [21] and references therein). Then, starting with re-
currence relation (10) and along the same lines as in [22, Sects. 7, 8], one deduces
that the EGF of all weighted graphs with total excess r ≥ 1 and without cycles of odd
weight can also be expressed as a rational function of T :

Fr(z) =
2r∑

d=0

fr,d

(1 − T (2z))3r−d
. (15)

Once more, for any r ≥ 1, the dominant asymptotic behavior of [zn]Fr(z) will be
governed by the leading coefficient fr := fr,0. Observe that from (10) and with f0 =
1 we get:

2rfr =
r∑

k=1

kbkfr−k, r > 0. (16)

Note that these new coefficients fr are strongly related to coefficients er intro-
duced in [22] and satisfying

rer =
r∑

k=1

kbker−k, with e0 = 1. (17)
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Indeed, let us consider the (ordinary) generating functions:

B(z) :=
∑

k≥0

bkz
k, F (z) :=

∑

k≥0

fkz
k, E(z) :=

∑

k≥0

ekz
k,

then from (17) and (16) we get exp(B(z)) = E(z) and exp(
B(z)

2 ) = F(z), thus
F(z)2 = E(z).

The coefficients er have a nice expression (see [22, (7.2)]):

er = (6r)!
25r33r (3r)!(2r)! . (18)

Thought we did not find an explicit expression similar to (18) for the sequence
(fr), the first few of them can be computed via the recurrence given by (16) and we
find:

f1 = 5

48
, f2 = 745

4608
, f3 = 329165

663552
, f4 = 289208785

127401984
,

f5 = 84326076625

6115295232
, f6 = 183796927660325

1761205026816
· · ·

From the above formulas, it is also easy to prove that

for r ≥ 1 fr ≤ er

2
. (19)

Moreover, the EGFs Fr satisfy Wright’s type inequalities. As in [22, 27] we have

fr

(1 − T (2z))3r
− fr,1

(1 − T (2z))3r−1
� Fr(z) � fr

(1 − T (2z))3r
, r ≥ 1, (20)

where for formal series A(z) and B(z), A(z) � B(z) iff for all n ≥ 1 [zn]A(z) ≤
[zn]B(z).

3.2 Analytic Tools

Speaking about the phase transition in random graphs G(n,m) or G(n,p), Erdős and
Rényi [17] suggested that a “double jump” occurs: the largest component changes its
size (with respect to the number of vertices n) twice—from O(logn) to Op(n2/3)—
and then from Op(n2/3) to O(n) (for the notation Xn = Op(an) see e.g. [23, p. 10]).
During these changes, the structures of components as well as the size of the giant
component have been studied by various authors [2, 6, 22, 26]. Often, the methods
in use differ depending on the edge probability p = p(n) or on the number of edges
m = m(n).

Inside the phase transition of random graph, the most significant results have been
obtained by Janson, Knuth, Pittel and Łuczak in the giant paper [22] using generating
functions and analytic combinatorics. In fact, the latter authors proved the follow-
ing [22, Lemma 3] (with our notations):
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Lemma 3.1 If m = 1
2n(1 + μn−1/3) and if y is any real constant, we have

2mm!n!
(n − m)!n2m

[zn]W−1(z)
n−m

(1 − T (z))y
= √

2πA(y,μ)ny/3−1/6 + O
(
(1 + |μ|B)ny/3−1/2)

(21)
uniformly for |μ| ≤ n1/12, where B = max(4, 9

2 − y) and

A(y,μ) = e−μ3/6

3(y+1)/3

∑

k≥0

( 1
2 32/3μ)k

k!�((y + 1 − 2k)/3)
. (22)

This non-obvious lemma, whose proof is based on analytic techniques will be also
our key tool for the computation of probabilities of satisfiability inside the critical
window m ∈ [n

2 − O(n2/3), n
2 + O(n2/3)] of the phase transition of random 2-XOR

formula.
In the subcritical phase, we will use the following improvement of a result given

Ph. Flajolet, D.E. Knuth and B. Pittel about the probability that a random (un-
weighted) graph with n vertices and m edges contains only trees and unicycles. In
[19, Theorem 4] they prove that this probability is equal to 1−O(n−1/2) when m

n
< 1

2
and as n tends to ∞. In modifying their proof, we obtain:

Theorem 3.2 For any sequence of integers m(n) such that n − 2m � n2/3, let
q0(n,m) be the probability that a random unweighted graph with n vertices and
m edges contains only trees and unicycles. We have

q0(m,n) = 1 − O

(
n2

(n − 2m)3

)
, (23)

as n → +∞.

Proof Throughout this proof, we can and will assume that m satisfies δn < m < n
2

for some small constant δ ∈]0, 1
2 [. In fact, the probability that a graph with m = o(n)

edges does not contain any multicyclic components is greater than the probability that
a graph with m = �(n) edges contains only trees and unicyclic components. Thus, it
suffices to prove (23) for m in the range δn < m < n

2 .
As in Theorem (2.1) we get:

q0(m,n) = n!
((n

2)
m

)
[
zn

] (T (z) − T (z)2/2)n−m

(n − m)! exp (W0(z)), (24)

where T and W0 are given by (6) and (12). Notice that T is the inverse of the function
z exp(−z).

We split this formula in two parts : q0(m,n) = St(m,n) · Ca(m,n) with

St(m,n) = n!
((n

2)
m

)
(n − m)!

and

Ca(m,n) = [
zn

]
(T (z) − T (z)2/2)n−m exp (W0(z)).

(25)
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Using Stirling’s formula, we have for the stated range of m

n!m!
(n − m)! = √

2π
nn+1/2mm+1/2

(n − m)n−m+1/2
e−2m

(
1 + O

(
1

n

))
. (26)

Next, we compute

((
n
2

)

m

)
= n2m

2mm! exp

(
−m

n
− m2

n2
+ O

(
m

n2

)
+ O

(
m3

n4

))
. (27)

Therefore, we get

St(m,n) =
(

2πnm

n − m

)1/2 2mnnmm

n2m(n − m)n−m
exp

(
−2m + m

n
+ m2

n2

)(
1 + O

(
1

n

))
.

(28)
Next, in using Cauchy integral’s formula and substituting z by ze−z, we obtain:

Ca(m,n) = 2m−n

2πi

∮
(2T (z)−T (z)2)n−m exp (W0(z))

dz

zn+1
= 2m−n

2πi

∮
g(z)enh(z) dz

z
(29)

where

g(z) = (1 − z)1/2e−z/2−z2/4,

h(z) = z − m

n
log z +

(
1 − m

n

)
log (2 − z).

(30)

h′(z) = 0 for z = 1 or z = 2m/n. h′′(1) = 2m/n − 1 < 0 and h′′(2m/n) = n(n−2m)
4m(n−m)

> 0. As in [19], we can apply the saddle-point method integrating around a circular
path |z| = 2m/n. Let 
(θ) be the real part of h(2m/neiθ ). We have


(θ) = 2
m

n
cos θ +

(
1 − 2

m

n

)
log 2 − m

n
log

(
m

n

)

+

(
1 − m

n

)

2
log

(
1 + m2

n2
− 2

m

n
cos θ

)
(31)

and


′(θ) = −2
m

n
sin θ + (1 − m/n)m

n
(
1 + m2/n2 − 2m/n cos θ

) sin θ. (32)

We note that 
(θ) is a symmetric function of θ . Fix sufficiently small positive con-
stant θ0. Then, 
(θ) takes its maximum value at θ = θ0 as θ ∈ [−π,−θ0] ∪ [θ0,π].
In fact,


(θ) − 
(π) = 4
m

n
+

(
1 − m

n

)
log

(
n − m

n + m

)
+ O(θ2). (33)
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Therefore, if θ → 0 
(θ) > 
(π). Also, 
′(θ) = 0 for θ = 0 and θ = θ1 (for some
θ1 > 0). Standard calculus show that 
(θ) is decreasing from 0 to θ1 and then in-
creasing from θ1 to π . We also have

h(p)(z) = (p − 1)!
(

(−1)p
m

nzp
− (n − m)

n(2 − z)p

)
, p ≥ 2. (34)

Hence,

h(2meiθ/n) = h(2m/n) +
∑

p≥2

ξp(eiθ − 1)p, (35)

where ξp = (2m/n)p

p! h(p)(2m/n) and |ξp| ≤ m
np

( 2m
n

)p + n−m
np

. We then have

∣∣∣∣
∑

p≥4

ξp(eiθ − 1)p
∣∣∣∣ = O(θ4). (36)

This allows us to write

h(2m/neiθ ) = h(2m/n)− m(n − 2m)

2n(n − m)
θ2 −i

(n2 − 5nm + 2m2)m

6n(n − m)2
θ3 +O(θ4). (37)

Let τ = n(n − m)/ (m(n − 2m)) and

θ0 =
(

(n − m)

(n − 2m)m

)1/2

· ω(n) =
√

τ

n
· ω(n) (38)

where we need a function ω(n) satisfying nθ2
0 � 1 but nθ3

0 � 1 as n → ∞. We
choose

ω(n) = (n − 2m)1/4

n1/6
. (39)

We can now use the magnitude of the integrand at θ0 to bound the error and our
choice of θ0 verifies

|g(2m/neiθ0)(exp (nh(2m/neiθ0)) − exp (nh(2m/n)))| = O(e−ω(n)2/2). (40)

Thus, from (29) we obtain

Ca(m,n) = 2m−n

2π

∫ θ0

−θ0

g
(

2
m

n
eiθ

)
exp

(
nh(2m/neiθ )

)
dθ ×

(
1 + O

(
e−ω(n)2/2

))
.

(41)
We replace θ by τ 1/2

n1/2 t . The integral in the above equation leads to

(τ

n

)1/2
∫ ω(n)

−ω(n)

g

(
2m

n
exp (it

√
τ/n)

)
exp

(
nh

(
2m

n
exp (it

√
τ/n)

))
dt. (42)
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Expanding g(2m/neit
√

τ/n), we obtain

(τ

n

)1/2
∫ ω(n)

−ω(n)

g (2m/n)

(
1 − i

2mτ 1/2(n2 − 2m2)

n5/2(n − 2m)
t + O

(
n2

(n − 2m)3
t2

))

× exp

(
nh

(
2m

n
exp (it

√
τ/n)

))
dt. (43)

Observe that our choice of ω(n) in (39) and the hypothesis n − 2m � n2/3 justify
such an expansion. Similarly, using the expansion of h(2m/neit

√
τ/n) yields

(τ

n

)1/2
∫ ω(n)

−ω(n)

g (2m/n)

(
1 − i

2mτ 1/2(n2 − 2m2)

n5/2(n − 2m)
t + O

(
n2

(n − 2m)3
t2

))

× exp

(
nh

(
2m

n

)
− 1

2
t2

)(
1 − i

(n2 − 5nm + 2m2)

6(n − m)1/2m1/2(n − 2m)3/2
t3

+ O

(
n

(n − 2m)2
t4

))
dt. (44)

Using the symmetry of the function, we can cancel terms such as it and it3 (in fact
all odd powers of t). Standard calculations show also that for m in the stated ranges,
the multiplication of the factors of it and it3 leads to a term of order of magnitude
O(n2/(n − 2m)3t4). Therefore we obtain,

Ca(m,n) =2m−n

2π

(τ

n

)1/2
g (2m/n)enh(2m/n)

×
∫ ω(n)

−ω(n)

e−t2/2
(

1 − O

(
n2

(n − 2m)3
t4

))
dt

Ca(m,n) =2m−n
( τ

2πn

)1/2
g (2m/n)enh(2m/n)

×
(

1 − e−O(ω(n)2) − O

(
n2

(n − 2m)3

))
.

(45)

Multiplying (28) and (45) leads to the result after nice cancellations. �

4 Analytic Results

In this section, we shall use analytic combinatorics in order to compute the probability
of satisfiability of random 2-XOR formula.

4.1 From SAT to UNSAT

In the subcritical region, namely as m < n
2 and n becomes large, we give the evolution

from near 1 to near 0 of the probability p(n,m).
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Theorem 4.1 For any m such that n − 2m � n2/3, the probability that a random 2
XOR formula with n variables and m clauses is SAT verifies

p(n,m) = exp
( m

2n

)(
1 − 2m

n

)1/4

+ O

(
n2

(n − 2m)3

)
. (46)

Proof By Theorem 3.2, the probability that the underlying support graph contains
only trees and unicyclic components is 1 − O(n2/(n − 2m)3). To prove the theorem,
we then need to show that the probability that the random formula contains only trees
and even weighted unicycles is about em/2n(1 − 2m/n)1/4 with error terms of order
O(n2/(n − 2m)3). This probability is exactly

n!
(
n(n−1)

m

)
[
zn

] (
T (2z)

2 − T (2z)2

4 )n−m

(n − m)!
e−T (2z)/4−T (2z)2/8

(1 − T (2z))1/4
. (47)

By using Stirling formula, we find (m < n/2)

n!
(n − m)!(n(n−1)

m

) = √
2πnn−2m+1/2 exp

(
m

2n
+ m2

2n2
− 2m

)
mm+1/2

(n − m)n−m+1/2

×
(

1 + O

(
1

n

))
. (48)

After replacing z by ze−2z in [zn](T (2z)/2 − T (2z)2/4)n−me−T (2z)/4−T (2z)2/8

× (1 − T (2z))−1/4 we obtain

22m−n−1en

π

∮
g1(z) exp (nh1(z))

dz

z
, (49)

where

h1(z) = z − 1 − log z −
(

1 − m

n

)
log

1

1 − (z − 1)2
,

g1(z) = (1 − z)3/4e−z/4−z2/8.

(50)

In the same vein as the proof of Theorem 3.2, the saddle-point method applies. This
time we integrate around a circular path |z| = 2m

n
. As in the proof of the previous

theorem, we find that the integral given by (49) is

22m−n−1en

√
2

π

(n − m)

m(n − 2m)
g1

(
2m

n

)
exp

(
nh1

(
2m

n

))(
1 − O

(
n2

(n − 2m)3

))
.

(51)
Multiplying (48) and (51) ends the proof of Theorem (4.1) after nice cancellations. �
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4.2 Finite Size Scaling

In the critical region, our main result is a direct consequence of the dominated
convergence theorem. Indeed, from (5) in Proposition 2.2 we have p(n,m) =∑

r≥0 pr (n,m) . Then, the two following facts will prove the theorem given below.

Fact (i) Let A be defined as in (22). For all integer r ≥ 0

n1/12pr (n,m) ∼
√

2πe1/4fr

2r
A(3r + 1/4,μ). (52)

Fact (ii) There exist R, C, ε > 0 such that for all r ≥ R and all n:

n1/12 pr (n,m) ≤ C e−εr. (53)

Theorem 4.2 Let μ be any real constant. The probability p(n,m) that a random
2-XORSA-formula with n variables and m = n

2 (1 + μn−1/3) equations is satisfiable
verifies:

lim
n→∞n1/12p(n,m) =

( ∞∑

r=0

√
2πe1/4fr

2r
A(3r + 1/4,μ)

)

, (54)

where the sequence (fr)r∈N is given by (16) and A is defined by (22).

Proof We have to prove facts (i) and (ii).
Proof of Fact (i): Following [22, Lemma 3], let r ∈ N be fixed. If m = 1

2n(1 +
μn−1/3) and if y is any real constant, we have

e−μ3/6−n

22m−n−2r

[
zn

] (
T (2z)

2 − T (2z)2

4 )n−m+r e−T (2z)/4−T (2z)2/8

(1 − T (2z))y
∼ e−3/8A(y,μ)ny/3−2/3

(55)
where A(y,μ) is given by (22).

This formula is a key tool for the computation of probabilities pr (n,m). In order
to prove it, we first use Cauchy’s integral formula. Then the substitution τ = z

2e−z

gives T (τ) = z
2 and we get

[
zn

] (
T (2z)

2 − T (2z)2

4 )n−m+r e(− T (2z)
4 − T (2z)2

8 )

(1 − 2T ))y

= en22m−n−2r−1

πi

∮
(1 − z)1−ye−z/4−z2/8enh1(z)

dz

z
, (56)

where h1 is given by (50). The proof of (55) can now be completed following the
one of [22, Lemma 3]. We choose the path of integration z = e−(α+it)n−1/3

where t

runs from −πn1/3 to πn1/3 and α is the positive solution of μ = 1
α

− α. As in [22,
Equation (10.12)], we have h1(1) = h′

1(1) = 0 and if m = n
2 , h′′

1(1) = 0.
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Next, using Stirling approximation yields

n!
(
n(n−1)

m

)
1

(n − m + r)! ∼ π1/2 2−μn2/3+r+1/2

nr−1/2
e−μ3/6−n+5/8. (57)

The term ‘ny/3’ in (55) tells us that we have only to consider the term fr

(1−2T )3r from
Fr (the other term in the lower-bound of Fr in the inequalities (20) can be neglected).
In taking y = 3r + 1/4 and multiplying (55), (57) and fr , we establish Fact (i).

Proof of Fact (ii): With the inequalities (20) and (13), and in using the change of
variable τ = z

2e−z, we prove that the probability pr (n,m) verifies

pr (n,m) ≤ n!
(
n(n−1)

m

)
[
zn

] (T (2z)/2 − T (2z)2/4)n−m+r

(n − m + r)!
fre

−T (2z)/4−T (2z)2/8

(1 − T (2z))3r+1/4

= n!
(
n(n−1)

m

)
fr

(n − m + r)!
en22m−n−r−1

πi

×
∮ (

z(2 − z)

1 − z

)r

(1 − z)3/4−2r e−z/4−z2/8enh1(z)dz, (58)

with h1(z) as in (50) and where the contour is a circle z = ρeiθ with 0 < ρ < 1. On
this circle, |(2 − z)/(1 − z)| and 1/|1 − z| attain their maxima at z = ρ. When r ≥ 1,
the contour is less than

ρ

2π

(
ρ(2 − ρ)

1 − ρ

)r

(1 − ρ)3/4−2r e−ρ/4−ρ2/8enh1(ρ)

∫ π

−π

exp

(−4nρ(1 − ρ)

9π2

)
dθ

<
3

4

√
π

n
ρr+1/2(2 − ρ)r (1 − ρ)1/4−3r enh1(ρ). (59)

Let ρ = 1− r1/3

n1/3 . Note that if r > m, the probability pr (n,m) = 0. Therefore, we can

restrict our attention to r ≤ n
2 + μn2/3

2 . First, we have

ρr(2 − ρ)r

(1 − ρ)3r
=

(n

r

)r
(

1 − r2/3

n2/3

)r

<
(n

r

)r

. (60)

Next, we find

nh1(ρ) <
13

12
r + 11

6
μr2/3. (61)

To get (61), we bound h1(ρ) as follows

h1(ρ) = − r1/3

n1/3
− log

(
1 − r1/3

n1/3

)
+

(
1 − m

n

)
log

(
1 − r2/3

n2/3

)

< − r1/3

n1/3
+ f1

(
r1/3

n1/3

)
+

(
1 − m

n

)
f2

(
r2/3

n2/3

)
, (62)
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where f1(x) = x + x2/2 + x3/3 + x4 and f2(x) = −x − x2/2 − x3/3. The upper
bound for h1(ρ), (62), is justified since for x ∈ [0,0.7], we have − log (1 − x) <

f1(x) and log (1 − x) < f2(x). After a bit of algebra and in assuming that r/n < 1
we get (61). In using (57) and fr ≤ er/2, we prove that there exists an absolute
constant α1 > 0 such that

n!
(
n(n−1)

m

)
fr

(n − m + r)!
en22m−n−2r−1

π
< α1

( r

n

)r−1/2
(

3

4e

)r

e−μ3/6. (63)

Taking into account (59), (60), (61) and (63), yields

pr (n,m) < α2r
−5/12n−1/12 exp

(
−μ3

6
+ 11

6
μr2/3 +

(
log 3 − 2 log 2 + 1

12

)
r

)
,

(64)
for some constant α2 > 0. Note that, the quantity (log 3−2 log 2+ 1

12 ) = −0,2043 · · ·
< 0. Therefore, for r sufficiently large we have (53). �

5 Conclusion

In this paper, we have studied the probability that a random 2-XOR formula is sat-
isfiable. By means of enumerative and analytic combinatorics we have shown how
one can quantify this probability when the number of variables goes to infinity. With
the choices of appropriate paths of integration in Cauchy’s integral formulas we gave
an accurate description for the scaling window associated to 2-XORSAT transition.
Such proof techniques may be considered relatively new for the study of Constraint
Satisfaction Problems. We hope this work will initiate innovative and promising tech-
niques in this research field.
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